Giai tich mét va nhiéu bién
Vit Durc Tai

A. Giai tich mét bién:

I. Mot s6 khai niém quan trong:

1. Piém tu ciia mat tap hop:

Dinh nghia: Diém x, e R duogc goi la diém tu (hay diém gisi han) ciia tap hop U < R néu moi

lan can V cua X, déu chia it nhat mot diém cia U khac x,, tac 1a V A (U \{x,}) =@ véi moi

lancan V cua x, .

2. V6 cung bé va vo cung lon:

2.1. Dinh nghia:

Cho tap hop U c Rco diémtu x, vahamsé f:U > R.

Tan6i f lamot v cling bé (VCB) khi x — x, néu lim f (x)=0.
X=X

Tanoi f lamotvo cang I6n (VCL) khi x — x, néu lim

X—>Xg

f(X)‘=+oo.

2.2. Tinh chat:

(i) Néu f,g lanhitng VCB tai x, thi f+g, fg ciing 1a nhitng VCB tai X, .

(i) Néu f,g lanhiing VCL tai x, thi fg ciing la VCL tai X, .

(iii) Néu f 1amot VCB tai x,, g 1a mot ham sé bi chan trong mot 1an can V' nao d6 ctia X, thi

fg cling la VCB tai X,.
(iv) Néu f 12 VCL tai x, thi % la VCB tai X, .

2.3. So sanh céc vo cung bé:

: . . . F(x
Dinh nghia: Cho f,g la hai VCB tai x,. Gia sir Ilm%ﬂ.

X—>Xg g X

(i) Néu 1=0 thitanoi f 1a VCB bac cao hon VCB g (hoic g la VCB bic thap hon VCB f)
vaky hieula f =o(g)
(ii) Néu 0<|I|<+oo thitandi f,g lahai VCB cung bac. bac biét khi 1 =1 tanoi f,g lahai
VCB tuong duwong va ky hiéu f ~g.
(i) Néu I =+ thi f la VCB bac thap hon VCB g.
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. X f(x
Chua y: Néu khéng ton tai lim % thitandi f,g la hai VCB khong so sanh duoc.
x>% g (X

Tur dinh nghia ta thiy néu f,g,h 1a nhitng VCB khi x —x, va f ~g,g~h thi f ~h.

2.4. Ung dung VCB twong dwong dé khir dang vé dinh:
Ménh d&: Gia s f,g, f,g lanhing VCB tai x, va f ~ f, g~ g. Khi dé:

f(x)

—~2 = lim =—=% néu mét trong hai gigi han nay ton tai.
Cha y: Néu a(x), B(x) 1ahai VCB khi x — x, va #(x)=0(a(x)) thi a(x)+B(x)~a(x).

, N N A 4 0 ¥4 N X - ~ oax LR B , N
Nhu vay, trong qua trinh khtr dang vo6 dinh 6 neu tir so hoac mau so la tong cua cac VCB thi ta

c6 thé thay bang cac VCB tuong duong bang céch bo di cac VCB bac cao.
K§ thuat nay cé thé két hop véi khai trién Taylor dé tim gigi han (s& dugc trinh bay ¢ phan sau).

I1. Phép tinh vi phan ham mét bién:
1. Pao ham cap mét:

1.1. Khai niém:

Dinh nghia: Gia st f :(a,b) >R.Tandiring f c6 dao ham tai diém x, € (a,b) néu ton tai
r I S . F(x,+h)-f

giai han (c6 thé vo6 han): f’(xo):ng (XO r? (Xo)

f’(X,) dwoc goi la dao ham ctia ham sé f tai diém x,
Trong truong hop f'(X,) hitu hantandi f kha vi taix,. Néu f kha vi tai mdi diém

xeEc(a,b) thitanéi f khavitrén E.

Chay:
a. Ta 0 thé dinh nghia dao ham mot phia nhu sau:

f(x+h)—f(x)
h

f/(%)=lim (dao ham phia phai)

h—0*

h—0"

(%) = lim (% ”2_ (%) (a0 ham phia trai)
f c6 dao ham tai x, néuvachinéu f c6 dao ham hai phia va bing nhau f/(x,)= f'(x,)

b. Tandirang f kha vi trén doan [a,b] néu nd kha vi trén (a,b), c6 dao ham phia phai hitu han

tai a va c6 dao ham phia trai hiru han tai b .
1.2.Pinh ly: Néu f kha vi tai x, e(a,b) thi f lién tuc tai x,.
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1.3. Céc quy tic tinh dao ham:
(i) Pao ham c6 tinh chat tuyén tinh, tic 1a (af +bg) (x)=af'(x)+bg'(x) véi a,be R

(ii) Cong thirc dao ham cuatich: (fg) (x)=f'(x)g(x)+ f (x)g'(x)

! ff _ f !
(iif) Cong thitc tinh dao ham cia thuong; (1) (x) =)= T (x)'(x)
g 9°(x)
(iv) Cong thie dao ham ciia ham s6 hop: Néu f lién tuc trén [a,b], kha vi tai xe(a,b), g xac

dinh trén khoang |1 chira mién giatri cia f va g khavitai f(x) thihamsdhop h=go f kha

vitai x va h’(x):[g(f(x))]r =g'(f(x)).f'(x)
(v) Cong thirc dao ham ctia ham s nguoc: Néu y = f (x) kha vi trong 1an can (a,b) cia x, sao

cho f' lién tyc trong (@,b) va f'(x,)= 0 thi ton tai ham sé nguoc x = f *(y) trong lan can

nao do cua y,, ™ khavitai y,=f(x,) va X' (y,)=—
f(%)

2. Pao ham cép cao:

Taxacdinh f, £/, f" % .. f™ trongdo f'* 1adaohamcua £ (i=0,n—-1) véi quy usc

fO=f . Khido f™ duoc goila dao hamcép n cua f .

3. Cac dinh ly co ban cia dao ham (trén doan dong hiru han):

3.1. Pinh ly Fermat:

Nhdc lai vé cuc tri dia phuwong:

Ham f dat cuc dai (tiéu) dia phuong tai X, néu ton tai mot 1an can I caa x, sao cho:
f(x)<f(x) (f(x)=f(x)) vxel

Ham f dat cuc tri dia phuong tai X, néu tai 46 f dat cuc dai hodc cuc tiéu dia phuong.

binh ly Fermat: Gia sit f xac dinh trén [a,b] va c6 cuc tri dia phuong tai X, € (a,b). Khi do,

néu f c6 dao ham tai x, thi f'(x,)=0

3.2. binh ly gia tri trung gian:
Cho f:[a,b]—>R, f liéntuctrén [a,b]. Khi d6, véi moi ¢ nam gita f (a), f (b) ton tai

X, €[a,b] sao cho f(x,)=c.

3.3. binh ly Cauchy:



Giasir f,g:[a,b] > R, lién tuc trén [a,b], kha vi trén (a,b). Khi do, ton tai x, €(a,b) sao

cho: [ f(b)-f(a)].9'(x)=[g(b)-g(a)]-f'(x)

3.4. binh ly Rolle:
Cho f:[a,b] >R; f(a)=f(b), f liéntuctrén [a,b], kha vitrén (a,b) thi ton tai X, €(a,b)

sao cho f'(x,)=0

3.5. Pinh ly vé gia sé ciia Lagrange (hay dinh ly gia tri trung binh):
Giasu f:[a,b]—> R, liéntuctrén [a,b], kha vi trong (a,b). Khi d¢, ton tai x, € (a,b) sao cho:
f(b)-f(a)=(b-a)f'(x)

Hé qud: Gia s f kha vi trong (a,b)

f'(x)>0 vxe(a,b) = f khong giam

f'(x)>0 vxe(ab) = f ting
f’(x)=0 Vxe(a,b) = f lahingsé
(x)<0 vxe(ab

(x)<0 ¥xe(ab

f'(x)<0 Vxe(a,

X)<0 Vxe = f khong tang

)
)
)
) = f giam

3.6. Binh ly gia tri trung gian ctia dao ham:
Giast f khavitrén [a,b] va f'(a)<A< f'(b). Khido, ton tai X, €(a,b) saocho f'(x,)=4
Hé qua: Néu f khavitrén [a,b] thi f’ khong cé gian doan loai mot.

4. Quy tic L'Hospital:
4.1. Pinh ly:
binh ly: Giasue f,g 1a ham thuc kha vi trong (a,b) va g'(x)#0 véi moi xe(a,b), trong do

oo oo T(X)
—wo<a<b<+4oo.Giasaco: lim—=

——=1(hitu han hodc v0 han)
x—>a' g (X)

Néu lim f (x)=lim g(x)=0 hodc lim g(x)=+ow hoic —oo thi Iimmzl

x—a* x—a* x—a* x—a* g (X)

Két qua tuong tur ciing ding néu x — b~

Chuay:



f x . .
a. Khi gip gigi han hai phia lim EX; , X, €(a,b) thi ta van c thé 4p dung quy tac L'Hospital
=% g (X

néu cac gia thiét trong quy tac thoa man khi x tién dén x,theo ca hai phia trai va phai.
... F(x L. f(x
b. C6 truong hop ton tai ImgL, nhung khong ton tai lim ( )
X—>

g(x) =0 g'(x)

c. Quy tic L'Hospital c6 thé &p dung nhiéu lan.

4.2. Ung dung Quy tic L. Hospital trong tim giéi han:
-1 . 3In3 In3

Vidy 1: lim=—==lim =—=log, 3
20241 x>02%In2 In2
2
Vide2 lim X2 fim 2N jim 2 o
X+ X x—>+0 3 x—+0 Qyx

5. Cbng thuc Leibniz:
Chotapmé U <R, f,g:U — R 1a2ham kha vi cap n trén U . Khi d6:

(19)" ()= 2. CkF (9" ()

6. Cong thuc Taylor:
6.1. Pa thic Taylor:

Giasu f:[a,b]—>R c6dao ham lién tuc dén cap n—1 trén [a,b] va c6 dao ham hiru han cap n
tai X, €[a,b]. Ta goi da thirc Taylor cdp n cua f tai X, la da thic sau:

Pn(xo,f):im(x—xo)k

o k!

6.2. Khai trién Taylor véi phan du Peano:
Giasir f:[ab]—>R, f"¥(x) liéntuc trén [a,b], ton tai ™ (x,) hitu han véi x, €[a,b]. Khi
nf ) (Xo)

do: f (x):ZT(x—xo)k +0(X=%,)"

k=0

V6i %, =0 ta c khai trién Maclaurin: f (x)=

6.3. Khai trién Taylor véi phan dw Lagrange:



n+l

Giasu f:[a,b]— R khavilién tuc toi cap n trén [a,b], tdntai £ hiu han trong (a,b).

n £k
Khi do, ta c6 khai trién Taylor sau: f (x)= Zf—(xo)(x— X, )" +r(X)

=

o f (n+1) (C)

(nr1) ddi voi X, %, €[a,b] va ¢ 12 s6 nao d6 ndm giita x va x,.
n+1)!

trong d6 r(x)=(Xx—X,)

6.4. Mét s6 khai trién Taylor thdng dung:
2 n

& =14 Xttt e S
2! n! (n+1)!

2 4 2n 2n+2

COS X :1_X_+X__,_,+(—1)" (;n)! +(_1)"+1 sin(6x) (2n+2)]

2! 41
N VLR 2n+1
sinx:x—§+a—...+(—1)"f !+(—1)” cos(&x)(2n+1)!

n+l

2 3 n n+l
X X

In(1+x) = X_?+?_'"+(_l)n717+(_l)n (n+1)(1+6x)™

ala-1) , a(la-1)..(a—n+1) . a(a-1)..(a—n) .. ot
5 X2 ..+ " X" + (n+1) X" (1+6x)

Trong d6 Ox=c lasd nam giita x va 0, ticla 0< @ <1.

(1+x)" =1+ ax+

6.5. Ung dung khai trién Taylor trong tinh gin ding:

3 5
Vi du 1: Dung cdng thac sin x = x—% thi sai s6 |r| < % Néu mubn sai s6 ndy nho, chang han
e |x|5 5 .
|r| <107 thi can lay ﬁ<10‘ ,tic 1a |x| < 0.6544 ~37.5 .
Vi du 2: Néu mudn tinh s6 e vai sai s6 <107 ta lam nhu sau:
4
e=1+1+£+...+£+ €
2! n! (n+1)!
4
Ir|= € . 3 <107

Canchon n=6.

6.6. Ung dung khai trién Taylor trong tim giéi han:



2
X —J1-x2+x°

Vi du: Tim gigi han Iing

In(1+x%)
, X 4 x° —x? 3
N 14X+ +o(x*) |-[ 1+ , +0(x°)
Loi giai: lim =lim
x>0 In(1+x2) x>0 X2+0(X2)
4 2 3
x4 X g XX
— lim 2
x—0 X
3 X X
—lim 2 22 :§
x—0 X 2

7. Vi phan:

7.1. Vi phan bac nhat:

Bai toan: Giastr y=f :(a,b) >R lién tuc tai X, € (a,b). Ta mudn xap xi

Ay = f (%, +Ax)— f (X, ) bang mot don thic cua Ax, cu thé 1a tim biéu dién f dudi dang
Ay = AAX+0(Ax), xe(a,b), Ax=x-%, (7.1)

trong d6 A la cac hang s6 phai tim.
Ttr khai trién Taylor cap mot suy ra diéu kién can va du dé f cd tinh chattrén la f c6 dao ham

hitu han tai x, vakhi d6 A= f'(x,).

Nhu vay, phan chinh cua vo cing bé Ay = f (x)— f (x,) 1a A(x=%,)= f'(X,)(x=%,). Tir do:
Ay = f (X, +Ax)— f (X,) = AAX+0(Ax) = f'(X,) Ax+0(Ax)

Binh nghia: Tandirang f kha vi tai x, néu dang thtic (7.1) duoc thuc hién. Trong truong hop

do, ta ky hiéu dy = df (x,)= AAx va goi d6 la vi phan cia ham f tai x=x,.

Hién nhién dx = Ax = x—X,.

Tir dinh nghia suy ra df (x,)= f'(x,)Ax = f'(x,)dx; f'(x,)= dfcho)
X
Ta thuong viét tit 1a df = fox, f'zg—f.
X

Tir c4c quy tic tinh dao ham ta co:

d(f+g)=df +dg
d(a.f)=adf
d(fg)=f.dg+g.df



d(éj:—g.df —zf.dg (néu g #0)
Néu H =g(f(x)),y="f(x) thi dH =g'(y) ftx.

7.2. Ung dung vi phan vao phép tinh gan ding:
Taco khi Ax—0 thi f(x,+Ax)= f(x,)+ f'(X,)Ax.
Vi du 1: Tinh gan dung sin 31°

Taco sin(x+Ax)~sinx+Axcosx nén

sin31° =sin30° +——cos 30" ~ 0.5+£.0.01745 ~0.5151
180 2
Vi du 2: Xét ham f(X)=\/;.VOI |Ax| danhotacd: Yx+Ax = ¥x+=. X2 Ax.
n x
bac biét voi x=a"(a>0) tacé Va" +Ax za+A—r)f_l.
na

Chang han /408 ~ 20+Zi20 =20.2

{390 =+/20% -10 ~ 20—% =19.75

7.3. Vi phan cép cao:
Vi phan cép n lavi phan caa vi phan cip n—1: d"f =d(d"*f)

Cha ¥ rang néu x 1 bién s doc lap thi d"x=0 véi n>2,nén d"f = £ (x)(dx)", tac

d"f
£V (x)= .
Chuay:

Dang vi phan bac nhat bt bién khi doi bién x = (t). Thay vay:

df (t) =, (@(t)) e (t)dt = f,(x)dx =df (x)
Tinh chit nay khong con dung véi vi phan bac hai.



B. Giai tich nhiéu bién:
1. Phép bién déi tuyén tinh:

1.1. Vector:
Dé thuan loi khi str dung cac phép tinh ma tran, vector x trong R" duoc viét dudi dang cot:
X
X
x=| "’
Xn
1 0
, . N 1 . . 1 0
Céc vector don vi trong R" dugc viét dudi dang cot: e, =| . |,e,=| . |,....€, =] .
0 0 1

Ta goi cac vector nay 1a co s& ty nhién (chinh tic) cua R".

1

Chuan cua vector x trong R": ||x||:(zn:|xk|2j2

k=1
D& thay rang |x+y| < |x|+]y]

Tich v6 huéng cua 2 vector x,y trong R": <X,y >= Z X Yy
k=1

n n
Taco: Xx=) <X, > = > XE&
P =i

1.2. Dinh nghia:
Vé&i moi x,y e R", vavéi moi a, BeR, tandiring f:R" —R" latuyén tinh néu:

f(ax+py)=af (x)+Bf(y)

1.3. Ma tran biéu dién phép bién déi tuyén tinh:
Ky hiéu {ee,,...e,} 1a coso ty nhiéntrong R", {e/,&},...,er} 1a co s tw nhién trong R™. Khi

do, {f(e,). f(e,)... f(e,)} 1a n vector trong R™, do do: f(ej):zm:<ei’, f(e)>e, j=1Ln
i=1

Nhu vay, néu dit a; =<e/, f(e;)>, i=1n;j=1m



Matran A, =(a;) duoc goi la ma tran biéu dién phép bién doi tuyén tinh f trong co s6 tu

nhién.

Néu x e R" c6 dang X:Zn:xjej thi f Zx f(e)= Zn:x (Zau ,] Z(Zau Jje
j=L j=1 =1\ j=1

Chuy:

a. Néu c6 2 phép bién d6i tuyén tinh f:R" >R™ va g:R™ > R' thi F =go f 1a phép bién doi
tuyen tinh tir R" vao R' va A. = A/A, .

b. Phép bién doi tuyén tinh f :R" — R™ c¢6 anh xa nguoc f* khi va chi khi A, c6 nghich ddo,
tirc det A, 0. Khido: A, = A/

c. Giast f laphép bién déi tuyén tinh tir R" vao R". Phuong trinh y = f (X) ¢4 nghiém duy
nhat khi va chi khi A, c6 nghich dao. Khi d6: x = Ay .

Dudi day ta thuong ding A dé ky hiéu phép bién doi tuyén tinh tir R" vao R™ va viét Ax thay
cho A(x).

1.4. Chuan cia anh xa tuyén tinh:
Giasir A la bién doi tuyén tinh tir R" vao R™. Chuan caa A 1a s6 thyc khong 4m dugc dinh
nghia nhu sau: ||A|| Sup||AX||

<
Cha y rang néu x :ijej x| <1 thi ||x||2 :Zn:‘xjr <1
j=1 =1

Theo Bt dang thuc Cauchy - Schwarz:

I =[5 S ane] -5 S <3 Slaf | Sl |-E Sl 1 <5 S
o A= 551

D& thiy |Ax]<[A[] va |A] =inf {2:]Ax|< Al vx e &}
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2. Sw hgi tu trong R":
2.1. Pinh nghia giéi han day:
Day diém {x,} trong R" Vi X, = (X, X, ) duoc goi 12 hoi tu dén diem a=(a,..,a,) eR"

néu lim |[x, —a|=0.Khido, ta viét: lim x, =a hay x, —a khi k — +o.

k—+o0 k—>+o0

Chuay:
a. D& chang minh: Gidi han trén 13 duy nhat

b. D& chitng minh: Su hoi tu cua day diém trong R" 1a su hoi tu theo toa do.
Tuc 1a: Néu x, —a thi x, —a khi k =+, i=1n.
c. Néu x, = X, y, =y thi ax, + Yy, > ax+8y (a,feR)

d. Néu x, — x thi |x | =[x (tinh lién tuc ciia chuan)

2.2. Dinh ly: (Bolzano - Weierstras)
Trong R" moi day bi chin déu chira mét day con hoi tu

2.3. Nguyén ly Cauchy:
Dinh nghia: M6t ddy diém {x,} trong R" duoc goi la day co ban hay ddy Cauchy néu véi moi

&£ >0 cho trudc, ton tai k, sao cho véi moi k,I >k, taco |x —x[<e.

binh Iy: (Cauchy) Day {x,} = R" hoi tu khi va chi khi n6 1a day co ban.

3. Mt s6 khai niém va két qua khac:

3.1. Lan c4n cha mat diém:

Cho acR",r>0.

Tap B(a,r) ={x eR"[|[x—a] < r} duoc goi 12 hinh cAu mé tam a ban kinh r.

Tap Bla,r]= {x eR"|[x-a|< r} duoc goi la hinh ciu déng tam a ban kinh r.

Trong R", mot tap hop V duoc goi 12 1an can cua diém a néu ton tai mot sé r >0 sao cho
B(a,r)cV.

R6 rang giao ctia mot sé hitu han 1an can cia diém a ciing 13 1an can cua diém a.

3.2. Tap mé va tap dong:

Tap hop G < R" duoc goi la tap mé néu véi mdi diém ae G déu cd mot lan can V cua a sao
cho V G, diéu nay twong duong véi diéu kién: véi mdi ae G ton tai r >0 sao cho
B(a,r)cG.

Tap F = R" duoc goi la tap dong néu F* =R"\F 14 tap mo.
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3.3. Piém tu ctia mét tap hop:
Chotap AcR". Piém x eR" duoc goi la diém tu hay diém gidi han cua tap hop A néu moi
lan can V cua x déu chia it nhat mot diém cia A khac x, tacla VvV n(A\{x})=D.

Tap hop tat ca cac diém tu cua A dwoc goi la tap dan xuit caa A, ki hiéu 1a A’

4. Gigi han cia ham vector:

4.1. Pinh nghia gi¢i han ham:

Cho ham vector f:U cR” »>R" va aeU’. Tandirang beR™ 13 gi¢i han ciaham f tai a
néu véi moi & >0 cho trudc ton tai § >0 (phu thudc ¢) sao cho véi moi xeU thoa man
O<[x-a]<s taco | f(x)-b|<e.

Taviét lim f (x)=b hay f(x)—b khi x—>a.

4.2. Mot sb dinh ly:
Dinhly1: Giast U cR",acU’, f:U > R". Khi do:
a. lim f (x)=b khi va chi khi véi moi déy {x } cU \{a},x —a(k - +x) tacé

X—a

lim f(x)=b.

K—-+o0

b. Néu ton tai gisi han lim f (x) thi gi¢i han d6 1a duy nhat.

c. (Nguyén ly Cauchy) Ham f :U < R" — R"™ c6 gidi han tai a khi va chi khi véi moi ¢ >0
cho truéc ton tai 5 >0 sao cho | f (x)— f (X)| <& voi moi x,X €U théa mén

0<|x—al|<s,0<|x-a|<s.

Dinhly 2: Cho U cR",aeU’ va f,g:U —»R". Giast lim f (x) va limg(x) ton tai. Khi do:

X—a X—a

a. IXiLg(af(x)Jrﬁg(x )=a|xi£r;f(x)+ﬂlxiir;g(x) véimoi o, BeR.
b. Véi m=1thi lim(f(x)g(x))=limf (x).limg(x)

X—a

f(x) lim f (x)

X—a

c. Néu limg(x)=0 thi lim =X .
900 MG 60 " lima (0
binhly 3: Choham f:U cR"—>R", f =(f,.., f,)vab=(b,...b,). Taco
lim f (x) =b < lim f,(x) =b, (i=1,m)

X—a X—>a

5. Ham lién tuc:
5.1. Pinh nghia:
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Chotap U — R". Ham vector f :U — R™ duoc goi la lién tuc tai a €U néu véi moi £ >0 cho
trw6c ton tai 5> 0 sao cho voi moi xe{xeU ||x—a| <5} taco |f (x)-f(a)|<e.

Chuay:

a. Trong dinh nghia nay khong doi hoi x # a.

b. Theo dinh nghia cta giéi han ham nhiéu bién, néu aeU’ thi f lién tuc tai a khi va chi khi
limf (x)=f(a).

c.Ham f:U — R"™ lién tuc tai a khi va chi khi véi moi day {x,} cU,x, —>a tadéu co
f(x.)— f(a) khi k — +oo.

d. Ham f:U cR" - R™ duoc goi la lién tuc tren U néu f lién tuc tai moi diém aeU .

e. Ham f dugc goi la lién tuc déu trén U néu véi moi & >0 ton tai 6 =5(&) >0 (chi phy

thuoc &) sao cho véi moi X, X' eU théa man |x— x| <& tadéuco | f (x)—f(x')

<&.

5.2. Tinh chat:

a.ChoU cR"V ->R".Néuham f:U -V liéntuctai acU vaham g:V — RP lién tuc tai
b=f(a) thiham hop go f :U —RP lién tuc tai a.

b. Giast f,g:U e R" —R" la nhitng ham lién tuc tai aeU . Khi do ham o f + g (o, feR)
cling 1a ham lién tyc tai a.

c.Ham f =(f,..,f,):UeR" > R" liéntuc tai acU khi va chi khi cac ham thanh phan

f,,..., f., ciano lién tuc tai a.

5.3. Ham lién tuc theo tirng bién:

Dinh nghia: Him f :U cR" —R™ duoc goi Ia lién tuc theo bién x; tai diém a=(a,,...,a,)
néu v&i moi & >0 cho truée ton tai § >0 sao cho véi moi

x €A ={xeR|(a,..a, %3

FERRREE

I (i %808, )— f(a.0a,)| <&

Tur dinh nghia ta suy ra ring néu f liéntuc tai a thi f lién tuc theo tung bién x (i =1,_n) tai a.

a,)eU} théaman |x —a] <& tadéuco

Diéu nguoc lai khong ding.

6. Pao ham va vi phan cap mot:
6.1. Khai ni¢m vé anh xa kha vi:
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Khi khong st dung cac phép tinh ma tran, ta ky hiéu f (x)= f
bién va dang ky hicu f (x)=(f,(X),.... £, (X)) =(F, (XX, )i Fy (X110, )) @& chi ham

vector (gdm m toa do) caa n bién.
Giastr U latagp motrong R", f:U — R™ la ham vector xac dinh trén U sao cho vai xeU thi

F ()= (.(%), fn (X)) € R" trong d6 f,:U — R(i =1 m) 1 cc ham thanh phan ciia ham

(%,...,X, ) d& chi ham s6 cua n

vector f xac dinhtrén U .
Dinh nghia: Ham f:U —R™ duoc goi 12 kh vi tai diém a=(a,,...,a,)eU néu ton tai mot

f h)-f (a)-A(h
&nh xa tuyén tinh A:R" — R" sao cho: I|mH (a+h)-f(a)-A( )H

=0 hay la
o b

[t (a+h)- (M= (0l

trong d6 h = (h1 h )e R", £(h)— 0 khi [h|— 0. Trong truong hop ndy, anh xa tuyén tinh

IEEETR A

A dugc goi la dao anh hay dao ham ctia ham vector f tai a va thuong dugc ky hiéu la Df (a)
hay f'(a).

Chuay:
Trong cdng thtc trén, phan tir he R" nén ||h|| 1a chuan ctia phan tir h trong R". Néu ||h|| di nho

thi a+heU do U mo, khido f(a+h)eR" va f(a+h)-f(a)-A(h)eR".
Nhu vay, chuan cia f (a+h)— f (a)—A(h) la chuén trong R™. Hon nita tir dinh nghia ham f

kha vi tai diém aeU taco: |f (a+h)-f(a)-A(h)|=o(|h]).

D& thidy f kha vitai a khi va chi khi cac ham toa d6 cua no kha vi tai a
f,(x) Df,(a)h

cuthé, néu £ (x)=| *)| i of (ayn=| DA
f, (X) Df,, (a)h

trong d6 Df,, i =1,m la cac phép bién ddi tuyén tinh tir R" - R .
Tir dinh nghia ta suy ngay ra rang néu f 1a phép bién ddi tuyén tinh tr R" — R™ thi f khavi
tai moi acR" va Df (a)=f vaeR".

6.2. Pinh Iy 6.2:
Gia thiét tap mo U < R", ham f :U — R™ kha vi tai a<U . Khi d6 ton tai duy nhat mot anh xa
tuyén tinh A:R" —R" sao cho |f (a+h)—f (a)—A(h)|=o(]h]).
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6.3. Pinh ly 6.3:
Chotapms U cR", f:U >R"™,néu f khavitai acU thi f liéntyctai a.

6.4. Pinh 1y 6.4: (quy tic ldy dao ham ham hop)
Gia sir U lamot tap mo trong R", f:U —R™ kha vitai x, €U ; V latap mo chua f(U),
g:V > RP khavitai f(x,).Khido, anhxa F=gof:U —>R" kha vitai x, va

F'(%)=9"(f(x))f'(%)-

7. Pao ham riéng:
Giasu e,,...,e, 1a co so chinh tac trong khong gian R", U 1a mét tap hop mg trong R" va

f:U —R" lamot ham vector cua n bién so, X =(x,,...,x,) €U .

f te.)—f
7.1. Pinh nghia: Giéi han lim (X+ e’) (x)

t—0 t

, Néu ton tai, duoc goi 1a dao ham riéng thir j
cua ham f tai x hay dao ham riéng theo bién x; cuaham f tai x vaky hiéula D;f (x) hay

ﬂ(x) hoac f, (x).

oX.
J
Nhu vay khi m=1thi f, (x) lasé thuc; khi m>2 thi f, (x) la vector thuoc R™.
of
> X
f ]
fl())(() i(x)
Cuthé, néu f(x)= 2,( ) thi i(x): OX,
: OX; :
; :
o %o (x)
axj

Néu ham f c0 tat ca cac dao ham riéng D, f (x), j=1n tai moi diém xeU va cac dao ham
riéng nay l1a nhitng ham lién tuc trén U thi ta ndi rang f thuoc I6p C, trén U, ky hiéu la
feC,(U).

Chuay:
a. Khi tinh dao ham riéng cua ham f theo mot bién nao do thi ta xem cac bién khéc 1a hang sé

va &p dung céc quy tic tinh dao ham caa ham maot bién sé.
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b. Gia st U lamot tap hgp motrong R" va f :U < R" — R la ham kha vi tai aeU . Vector

n
gradient cua f tai a la vector sau Vf (a)=zmej trong d6 (e,,...,€,) 1a co s¢ ty nhién
i1 X

cua R".

Vidu 1: Cho f(x,y)=x", x>0.Khido: i(x,y):yxy’l; q(x,y)zxylnx.

OX oy
Xy
Vidu 2: Cho f(X, y): X6+y3 ((X, y)i(o’o)).Tinh g(O,O) va ﬂ(0,0).
0 ((xy)=(0.0)) ' ¥
Ta co:
%ﬂqmzﬁmf(xm;fwﬁ)zo
Qi(qo)=nn1f(ay)_f(ao)=o
oy y=>0 y

Cha y ring tuy ham f c6 ca dao ham riéng theo hai bién x,y tai (0,0) nhung né khong lién tuc

tai (0,0). That vay, xét day {(llj} ta co (%%} —(0,0) khi n— +o.
n'n

4
Thé nhung f(%’%j:l ! = % Khi N 0.

3
(13+1j n®+1
n\n
7.2.Dinh Iy 7.2

Cho U 1amot tap hop matrong R" va f:U - R.Néu f khavitai acU thi f c6daoham

riéng theo moi bién tai a va f’(a)hzzg—)f((a)hi trong @6 h=(h,,...h )eR".

i=1 i

7.3.Pinh ly 7.3:
Cho U 1amot tap hop matrong R" va f:U - R.Néu f c6 cac dao ham riéng

D, f (x),....D, f (X) trong mdt 1an can nao d6 cua diém a=(a,,...,a,) va ching la cac ham s6

lién tuc tai a thi ham f kha vitai a va Df (a)hzzn:Dif(a)hi.
i=1

Dinh nghia: Ta goi dai luong D_D; f (a)h; la vi phan toan phan cua ham f tai a vaky hiéu

-1
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df (a)=>_D,f (a)h, = f'(a)h
=L
Théng thuong cac sb gia cia cac bién doc 1ap duoc ky hiéu la h, =dx;, j=1n

Khi do: df (2) =YD, f (a)d,
j=1

8. Pao ham theo hwéng; Pao ham Gateaux:

Dé don gian ta xét ham sé nhiéu bién (ham vector tién hanh twong tw). Cho U 1a mét tap hop mé
trong R", aeU, xeR", f:U >R vav=(v,..v,)eR".

8.1. Dinh nghia:

Néuham g:t — f(a+tv) kha vitai t=0 thi g'(0) duoc goi la dao ham ciia f theo vector v

tai a. Ta ky hiéu dao ham cia f theo vector v tai a la %(a) hay f,(a) hodc D, f (a).Nhu

vay thi: %(a): g'(0)=lim f(a+tv)-f(a)

t—0 t
Khi v c6 chuan bang 1, ta goi gisi han nay 1a dao ham cua f theo huéng v.
Gidng nhu nhiéu két qua trén, ta c6: f co dao ham theo vector (huéng) v khi va chi khi céc

ham toa do cta né c6 dao ham theo vector (hudng) v.

. L. . . ) . n of (a
Dinh ly: Néu f khavitai a thi né c6 dao ham theo moi huéng tai a va %(a):z 8( )vi
i1 OX

Vi Mol v = (4,..,v,), tic 1 S () =< VF (@), v>

8.2. Pao ham Gateaux:
Giasir f co dao ham theo moi hudng tai a. Tandirang f kha vi yéu hay c6 dao ham theo

Gateaux tai a néu D, f (a) 1a phép bién doi tuyén tinh (theo v) tr R" vao R.
D& chung minh: Néu f khavitai a thi f khaviyéutai a.

Y2 (22

=—sin(x°+ E)
Can(y) (00

0 (x=0)

Vi dy 1: Xét ham s6 hai bién f(x,y)=

Tai diém (0,0) ta co:

- Ham nay c6 dao ham theo moi huéng v =(cose,sina) vi
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of . f(0+tcosa,0+tsina)—f(0,0)  t*sin?asint?
A lim ~lim>L 2 g
ov 0 t =0 t°cosa

- Ham nay khong lién tuc tai (0,0) vi khi x =y* thi

I|mf(y y)_llmi:—sm(y +y) 1= (0,0)

y—0

. 1
) JX°+y?sin x,y) = (0,0
Vi du 2: Xét ham s hai bién f(x,y): /x2+y2 (( ) ( ))
0 ((x,¥)=(0,0))
D& dang thay rang tai diém (0,0) ta co:

- Ham nay lién tuc.
- Ham nay khong c6 dao ham theo bat ky huéng nao.

Vi du 3: Xét ham s6 hai bién (x,y)=1 x*+y?

Dé thay rang tai diém (0,0) ta co:
- Ham nay lién tuc
- Ham nay c6 dao ham theo moi huéng %(0, 0)=sin’«

of

- Ham nay khong kha vi vi ?(0,0):0; 25(0.0)=1 rong ki d6 v6i (1K) > (0,0) thi
X

f (h,k)-f(0,0)-0h-k h?k

- 0
Jh? +k2 (h2+k2)3 ”

x* +y?)sin x,y)#(0,0
Vi du 4: Xét ham s6 hai bién f (x,y)= ( ) JXE+Y° () =(0.0)
0 (xy)=(0.0))
Dé thay rang tai diém (0,0) ta co:
- . of 8f
- Ham nay kha vi tai (0,0 0,0)=0;—
am nay kha vi tai (0,0) vi 8( ) ay( 0)=0
)~

f( ) (00 0Oh -0k msm 0

h? +k? +k2

=~
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- Ham nay khong c6 cac dao ham riéng lién tuc tai (0,0) vi
] 1 2X 1
2Xxsin - cos X,y)#(0,0
Zf x2+y2 x2+y2 x2+y2 (( y) ( ))
X

0 ((xy)=(0,0))

khong lién tuc tai (0,0).

9. Cong thirc s6 gia hiru han:
Ta goi mot doan trong R" véi hai dau mit a,b e R" latap hop [a,b]={(1-t)a+tb,0<t <1},

Dinh ly: (cong thic sb gia hitu han) Gia sir U 1a mot tap hop mé trong R", [a,b] 1a mot doan

chiatrong U va f:U — R lamot ham kha vi trén U . Khi d6 ton tai ¢ €[a,b] sao cho:

> S (Ob-a)

f(b)- f (a)=Df (c)(b—a):za—x

i=1
trong do a=(a,,....a,);b=(h,....b,)
Chu y: Binh ly s6 gia hitu han néi chung khong dung cho ham vector.

10. Céc phép tinh vé dao anh:

10.1. Pinh ly: Cho U la mot tap hop mé trong R",va f,g:U - R.Néu f,g khavitai acU
thi ta c6 cac cong thirc sau:

(i) D(f+g)(a)=Df (a)+Dg(a)

(i) D(fg)(a)=g(a)Df (a)+f(a)Dg(a)

(iii) Néu g(a)=0 thi D[é}(a)z 9(2)bf (a)-1(2)Dg(a)

9°(a)

10.2. Biéu dién dao ham béi ma tran:
Giasu U 1amot tap hop ma trong R", f =(f,..,f,) l[amotanh xatr U vao R™ va aeU .
Anh xa f kha vitai a khi va chi khi mai ham thanh phan f, kha vi tai a. Khi do:

Df (a)=(Df,(a)....,Df  (a))

Chay:

Taco Df;(a) co biéu dién matran la (D, f,(a),... D, f,(a)). Vi thé, ma tran cta anh xa tuyén
D, f(a) D,f(a) ... D,f(a)
D,f,(a) D,f,(a) ... D,f,(a)

tinh Df (a):R" ->R"™ la: J, (a)= (ma tran Jacobi cua



ham f tai a). Khi m=n, matran nay la mot ma tran vudéng, dinh thirc cua né dugc goi la

Jacobian cua f tai a vaky hiéu la M(a)
D (X Xy)

10.3. Pao ham riéng caa ham hop:
Chocactapmo U e R",V e R" vacacanhxa f:U -V khavitai acU, g:V — R kha vi tai

b= 1 (a). Khi ds: =—(g= f)(a)- Zlgj(b)s; (a), j=Ln

Vidu: Cho f:U cR?® -V cR? xé4c dinh bai
f(xy.2)=(u(xy.2)v(xy.2).t(xy.2)); g:V >R

thi h=gof codang h=g(u(x y,2).v(x y,2),t(x,y,z)). Khi dé, cic dao ham riéng cia h
duoc tinh theo cac cdng thic sau:

oh ag au 89 o 6g ot

X UK ovox ot ox

oh 89 au ag N ag ot

oy o ay v 8y ot oy

oh ag ou 89 ov ag ot

62 Cou oz 8vaz ot oz

10.4. Dung dao ham dé tinh gin ding:
Néu f Iaham sé kha vitai a thitaco: f(a+h)=f (a)+zn:(;£(a)hi +0(||h]) trong d6

i=1 i
h=(h,...h,). Vithé néu ||| dunho, ta c6 cong thirc xap xi: f (a+h)=~ f(a)Jan:%(a)hi .

i=1

Vi du: Tinh gan diing (4.0’ +(3.07)°

Xétham f(x,y)=x*+y’
, of X of y
Taco —= ; — =
VXE+yE 0 X4y
Cac dao ham riéng nay lién tuc trong Ian can cua diém (4,3) nén f kha vi tai (4,3). Ta co:

f (4+0.05,3+007) ~ f (4,3)+%(4,3)0.05+%(4,3)0.07

hay  (4.05) +(3.07) z5+go.05+go.o7 ~5.08

11. Khio sat cuc tri cia ham nhidu bién sé:
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11.1. Pinh nghia: Cho ham f :U mé — R.Diém acU duoc goi 1a diém cuc tri dia phuong
ciia ham f néu ton tai mot s6 r >0 sao cho hinh cau B(a,r)cU vavéi moi x € B(a,r) hiéu
f (x)— f(a) c6 déu khong doi.

Néu f(x)—f(a)<0 véimoi xeB(a,r) thi a dugc goi 1 diém cuc dai caaham f .

Néu f(x)-f(a)=0 véimoi xeB(a,r) thi a duoc goi la diém cyc tiéu cua ham f .

11.2. Pinh ly: (Fermat)

Néu f:U mé cR" — R 1a ham kha vi tai a va a 1a diém cuc tri cia ham f thi g—f(a)
X.

0,

i=1n vadodo Df (a)=0.

11.3. Cuc tri ham nhiéu bién cé diéu kién - Phwong phap nhén tir Lagrange:
Pinh Iy: Gia st U 1a mot tap mo trong R?, f:U > R va (xo, Yo) la diém cuc tri cua ham f

véi dieu kién ¢(X,, Y, )=0. Hon nita, gia st rang:

a. Cacham f (x,y),@(xy) c6 cac dao ham riéng lién tuc trong mot 1an can cua diém (x,, Y, )

0

b. E(D(xo,yo);to

Khi do, ton tai mot sé A, sao cho ciing véi x, va y, tao thanh nghiém caa hé phuong trinh sau

(d6i véi A,x,y):
of op
—(Xy)+A—(x,y)=0
5 (YA (xy)
of 0
—(x, y)+/1—(p(x, y)=0
oy oy

o(x,y)=0

(Pay chinh 1a diéu kién can cua cyc tri rang buoc)

Phwrong phap:
2% _,
OX
bat #(x,y,4)=f(x,¥)+A¢(x,y) (ham Lagrange). H¢ trén tr¢ thanh: %:0
9 _g
oA

Mat khac, véi (x,y) thoaman o(x,y)=0 thi ¢(X,y,4))—d (% Yo: o) = F (X, ¥)—F (X0, ¥o)-
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Do do, néu (X,, Y, ) 1 diém cuc tri caa ham @(x,y, 4, ) thi (X, Y,) ciing 1a diém cyc tri caa ham
f(x,y) voi diéu kign ¢(x,y)=0. Bai toan dua vé viéc tim nghiém cua hé phuong trinh trén.
Chu y: Két qua trén c6 thé mé rong cho céc ham sé véi sb bién nhiéu hon nhu sau:

Chotapmé U c R" vaham f :U — R. Ta xét van dé tim cuc tri cua ham f véi didu kién cac
bién x,,...,x, théa man m didu kién rang budc sau: @, (x,,...x,)=0, i=Lm (m<n) trong d6

@ lacac ham anh xa tr U vao R.

Gia st ring cac ham f va ¢ (i =1,_m) déu thugc 16p C*(U)). Ta lap ham Lagrange:

B (K eer Xys Aryeves Ay ) = f(xl,...,xn)+iﬂ,,(pi (Xpye X, ) trong @6 4, ..., 4, 12 cac hang so.
i=1

Khi @6, diém cuc tri c6 diéu kién caa ham f phai nam trong sé cac nghiém cua hé phuong trinh:

& =o(i=tn)
7, =0(i=1m)

Vi du:
Tim cyc tri cua ham (ba bién) f (x,y,z)=yz véidiéukién x> +y*=1; y+z=0.
Loi giai:
Ta lap ham Lagrange: ¢(x,y,z,4,u)=yz+A(X* +y* 1)+ u(y+2)
4 = 22X
Gy =2+21y+u
Giai hé phuong trinh: < ¢ =y+4=0 tim dugc 4 diém "tiéu chuan" sau:
X +y?-1=0
y+z=0
(0,1,-1,1,-1)
(0,-1,1,1,1)
(XO’ Yo Zovﬂowuo) = (110,0’0’0)
(~1,0,0,0,0)

Thay vao ta cé max f (x,y,z)=0 tai (1,0,0) va (-1,0,0)
min f (x,y,z)=-1 tai (0,1,-1) va (0,-11)
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C. Tai liéu tham khao:
1. Bai giang Giai tich tap I, Il - Nguyén Duy Tién
2. Gi4o trinh Giai tich tap 1, 2 - Tran Btc Long, Nguyén Dinh Sang, Hoang Qudc Toan
3. Tai liéu Chuyén toan Giai tich 12 - Poan Quynh, Trin Nam Diing, Ha Huy Khoai, Dang
Hung Thing, Nguyén Trong Tuén
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