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1 Game theory - Ly thuyét tro choi

Ly thuyét tro choi (game theory) nghién citu vé nhitng tuong tac chién luge (strategic
interactions) gitta cac ca thé c6 hanh vi 4nh hudéng 1an nhau. Cac ca thé nay co thé
la céc doanh nghiép canh tranh trén cing mot thi truong san pham, cac qubc gia
thuong thao dé dat dén théng nhat trong cac hiep dinh thuong mai chung, hoic
ciing c6 thé 1a mot cap doi quyét dinh xem nén lam gi cho budi t6i thi sau.

Ly thuyét tro choi sit dung cac mo hinh toan gitp li gidi nhitng hanh vi quan
sat duge tren thue té vi du doan cac hanh vi ctia céc ca thé trong tro choi dya trén
luat choi dinh sin va nhitng gia dinh vé muc dich ctia cac c4 thé nay. Ching ta hay
xem xét mot vi du nhd vé cach tinh diém trong mot 16p hoc. Céach tinh diém thi
nhat 1 tat ci hoc sinh sé dugc nang lén ciing mot s6 diém sao cho ngusi duge diém
cao nhat sé dugc s6 diém t6i da (vi dy, 10.0). Tudng tugng ring dé dat diém cao
can nd luc, v mdi hoc sinh chi quan tam dén diém s6 ctia minh. Trong truong hop
nay ching ta dir doan gi vé hanh vi clia cac ban hoc sinh? Phai, tat cd ho sé cing
nop gidy trang va ciing dat diém 10.0. Néu nhu diém sb sé khong duge nang thi tir
kinh nghiém ban than c6 1& cac ban cling doan dudc ring mot s6 nhitng “trao doi
hai bén cling c6 1gi” sé dién ra trong git kiém tra. Mot cach tinh diém khac la diéu
chinh diém theo phan phdi chuan (Bell curve system) dugc sit dung & nhidu trusng
dai hoc ¢ Singapore va M. Ltic nay mdi hoc sinh khong chi ¢6 dong co lam that t6t
bai ctia minh ma quan trong hon 1a lam t6t hon cac ban khac. He thong nay thic
day hoc sinh nd Iyc hét minh va han ché trao ddi trong gio kiém tra, tuy nhién ciing
dong thai han ché viec hoc nhém hay nhitng trao doi tich cuc trong gio hoc.

Nhu vay tuy thuoc vao hanh vi ma ta mong muén 6 ngudi choi (desirable be-

haviours) ma sé c¢6 nhitng co ché (mechanisms) phut hgp. Ly thuyét tro choi giap
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ta dua ra su lua chon nay. Thiét ké co ché (mechanism design) dat ngugce lai van
dé cia ly thuyét tro choi (reverse engineering), 1a cong cu dic hyc cho xay dyng hé
théng luat phap, thiét ké hop dong, diéu hanh thi truong va hon thé nita. Cé thé
noéi chat lieu nghién citu ciing nhu nhitng ing dung ctia 1y thuyét tro choi vao cac

van dé thyc té 1a vo cuing tha vi va phong pht.

1.1 Khai niém co ban
Mot tro choi dude cau thanh bdi ba yéu t6 chinh:
1. Nguoi choi (players), thuong ki hieu la N = {1,...,n}.

2. Tap céc chién luge duge phép cho mdi ngudi choi (strategy sets), ki hiéu 1a S;
cho moéi i € N. Mot vector s = (s, ...,8,) V6l s; € S; cho méi i € N duge goi
13 mot t6 hop chién luge (strategy profile). Ki higu S = S; x ... x S, cho tap
tat ca cac to hop chién luge kha thi. Ta ki hieu s_; = (s1, ..., Si_1, Sit1, ) Sn)
v6i i € N dé chi t6 hop chién luge clia cac ngudi choi khac 4, con goi 1a t6 hop
chién luge do6i thu (opponent strategy profile).

3. Gia tri (payoffs) méi ngusi choi nhan dude ting véi ting to hop hanh dong ciia
tat ca cac nguoi choi, duge bieu dién bdi cac ham gia tri. Ham gid tri (payoff
function) ctia ngusi choi ¢ € N 14 mot ham u; : S — R.

Trude hét, ta sé mo ta hai bai toan don gian (va ndi tiéng) bang ngon ngit 1y thuyét
tro choi. O hai bai toan nay, moi ngudi choi c6 mot tap cac hanh dong, ciing la tap céac
chién luge. Tat cd ngudi choi biét moi thong tin vé tro choi (complete information)

va ho thyc hien hanh dong dong thoi (simultaneously).
Vidu 1 Prisoners’ Dilemma (theo [1])

C6 hai ké tinh nghi bi canh sat bat gitt va cach ly. Chi can mot trong hai nguoi tha
toi 1a da c6 thé khang dinh toi danh ctia hai ngusi nay. Vi canh sat dua ra thoa
thuan sau véi moi ké tinh nghi: néu cd hai ngudi ciing nhan toi thi méi nguoi sé bi
phat 5 nam tu giam; néu chi ding mot ngusi nhan toi nguoi tha toi sé duge khoan
hong va ké im lang sé chiu mic phat cao hon, 13 10 ndm tu giam; néu ca hai nguoi
khong nhan toi thi ci hai sé bi két an cho mot toi nhe va bi phat 1 nam tu giam.

Tro choi nay dude tém tat nhu sau.
1. Players: N = {1,2}.

2. Strategies: S; = {Tht toi (C),Im ling (S)} cho i = 1,2. Nhu vay tap céc to
hop chién luge 1a S = 51 x Sy = {(C,C), (C,9),(S,C),(S,9)}.
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3. Payoffs: u; : S — R v6i i = 1,2, dude biéu dién qua ma tran thudng phat

(payoff matrix) sau

Player 2

C S

Player 1 C | (-5,-5) | (0,-10)
S | (-10,0) | (-1,-1)

Béang 1: Prisoners’ Dilemma

Vi du 2 Cournot duopoly (theo [2])

Hai doanh nghiép canh tranh trén mot thi truong c6 nguon cau c6 dinh sao
cho ham gia ca tit nguon cau (inverse demand function) 1a P(Q) = a — bQ cho
Q € [0,a/b] véi a,b > 0. M&i doanh nghiép sé cung cap mot lugng san pham vao thi
truong, véi muc dich 1a t6i da héa lgi nhuan ctia doanh nghiép minh. Chi phi cho
mdi san pham dugdc san xuat 14 ¢ € (0,a), nhu nhau cho ca hai doanh nghiep. Gia
ci trén thi truong dude quyét dinh bdi can bang cung-cau, véi tong cung bing tong
lugng cung clia hai doanh nghiep.!

1. Players: N = {1, 2}.
2. Strategies: S; ={¢; € R:¢; >0} =R, choi=1,2.
3. Payoffs: ciing chinh 13 1¢i nhuan ctia doanh nghiép. Trudc hét, ta viét gia thi

truong thanh ham cta lugng cung ctia hai doanh nghiép:

P(q1,q2) = max{0,a — b(q: + ¢2) }.

Khi d6 1gi nhuan? ctia doanh nghiép i véi i = 1,2 1a

i(q1,¢2) = (P(q1,q2) — €)as.

'Trong vi du nay, ham cau la Q(P) = % — $ P v6i P € [0,a]. Tai sao thong thudng ham cau lai
ti 1& nghich véi gia ca? Mot ngudi chi mua sdn pham khi gia tri clia sdn pham déi véi ngudi nay

16n hon gia clia san pham dé. Nhu vay khi gid san pham gidm, sé ¢6 nhiéu ngudi mudén mua né

hon, hofic mot ngudi sé muén mua nhidu hon, nghia 1 nhu cu cho sén pham d6 sé tang len. O vi
du nay quyét dinh ciia hai doanh nghiép 1a tung ra thi trudng bao nhiéu sin pham, nhung ciing
¢6 truong hop doanh nghiép quyét dinh mitc gia cho san pham ctia minh. Mo hinh ma hai doanh
nghiép canh tranh dya trén gia cad dugce goi la “Betrand duopoly”.

2Lgi nhuan (profit) = tong thu (total revenue) - tong chi (total cost), v6i tong thu = gia ban
mdi sdn phdm x s6 lugng san pham ban. Trong vi du nay mdi san pham san xudt ra tén chi phi
khong doi ¢, nén ham tong chi 1a TC(g;) = ¢ X g;.
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Chién Iuge hén hop

Chién luge hon hgp (mixed strategies) 1a chién luge cho phép nguoi choi “ran-
domize” giita mot s6 hanh dong, nghia la ngudi choi c6 thé chon ngdu nhién cac

hanh dong theo mot xac suat nao do.
Vi du 3 Tro choi Odan Tu Ti

Hai ban Linh v& Trung choi tro Oan Tu Ti. Nhu thong thuong, mdi ban cé thé ra
Kéo, Btia, hoac Bao; Btia thang Kéo, Bao thing Biua, va Kéo thang Bao. Tap cac
chién luge thuan tiy (pure strategies) ctia Linh (i = 1) va Trung (i = 2) 1a S; =
{Kéo, Biia, Bao} v6i i = 1,2. V6i mdi t6 hgp chién luge thuan tiy (s1, s2) € Sy x So,
ta viét u;(s1, so) dé chi gia tri i nhan dugce khi ngudi choi 1 chon s; v ngudi choi 2
chon s,. Gia st nguoi thang nhan gia tri 1 va thua nhan gia tri -1.

Néu ta cho phép ngudi choi ra Kéo, Bia, hay Bao v6i xac suat nao do, thi
mot chién luge hdn hop duge dinh nghia 13 mot ham o; @ S; — [0,1] sao cho
0i(si) € [0,1] cho méi s; € S; va Y- g 0i(s;) = 1. Khi nay oy(s;) cho bict xdc suat
ma ngudi choi i chon s;. Ki hieu A(S;) cho tap tat ca cac chién luge hon hgp cia 4
va X = A(S]) X ... x A(S,) cho tap tat ca cac t6 hgp chién luge hdn hgp. M4 rong
ham gié tri ctia ¢ sang tap cac to hop chién luge hdn hop, ta c6 u; : ¥ — R, dinh
nghia bdi

wi(o, o) = (H Ji(si)> ui(s) = Y oilsi)ui(si, o).

s€S \ieN 5;€5;

Mé rong

Trong céc tro choi véi “incomplete information”, ta can dinh nghia ro thong tin
ma ting ngudi choi c6. Quay lai véi vi du vé 16p hoc khi diém duge tinh tién, c6
the gia st ring mdi hoc sinh “ex ante” c¢6 xéac suat p la thich cac ban khac bi diém
thap (ké phan boi) va xac suat (1 — p) 1a chi quan tam dén diém va nd lyc phai bd
ra ctia ban than. Mai ban biét minh c6 14 ké phan boi hay khong, nhung khong biét
chinh xac ban chat ciia cac ban khac. Tuong tu khi tham gia dau gi4, thong thuong
ngudi choi biét gia tri clia vat pham dau gia véi minh, nhung khong biét gia tri clia
n6 véi nhitng nguoi choi con lai. Mot truong hop khac 1 tro choi dién ra qua nhiéu
buée tuan ty (dynamic games). Lic nay can dinh nghia cac budc ciia tro choi, va
G moi bude phai xac dinh ngusi choi nao duge phép thuc hién hanh dong cing nhu
thong tin ngusi do6 ¢6 6 bude nay.

Trong nhiing truong hop nay, can phan biét ro gitta chién luge (strategies) va

hanh dong (actions). Hay cuing xem xét vi du sau.
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Vi du 4 Bai todn boc tir 21 hon séi

Linh va Trung cting choi boc séi. Luat choi nhu sau: trén ban c6 21 hon so6i va hai
ban lan lugt béc mot sd lugng soéi tit nhitng hon séi dang con & trén ban, mdi luot
phéi boc 1, 2, hodc 3 hon; ban nao bdc hon séi cudi cuing thua. (Vi thua trong tro
choi Oan Ti Ti, Linh 1a ngusi di trudc!)

Day 1a mot “dynamic game” véi “complete information”, ¢6 thé duge biéu dién
b6i d6 thi hinh cay (tree), gom cdc dot cay (nodes), nhanh cay (edges) va la cay
(leaves). Mdi dot cay gan lien véi mot ngudi choi (Linh/Trung) va toan bo lich sit
ctia tro choi (Linh va Trung da tuan ty béc bao nhiéu hon séi trong nhing lugt da
chai). Géc cay (root) ciing 1a mot dét cay, 1a khdi diém ctia tro choi. Tit mdi dot cay
md ra cac nhanh cay gin véi nhitng hanh dong khé thi ¢ lugt d6 (boc 1, 2, hay 3
hon s6i). Méi 14 cay gan lién véi mot “payoff vector”, cho biét gia tri clia ting ngudi
choi khi tro choi két thic 6 chiée 14 d6 (6 tro choi nay gia sit nguoi thing duge gia
tri 1, thua duge gia tri -1).

Trong khi mot hanh dong cé thé 1a béc 1, 2, hay 3 hon séi, thi mot chién luge
phai cho biét hanh dong ma ngudi choi lya chon tai ting dét cay ma ngudi choi
nay sé hitu. Nhu vay c6 thé hiéu mot chién luge nhu mot “contingent plan”. Tudéng
tugng rang Linh va Trung bi dau bung thi em ctia hai ban nay hoan toan cé thé
chai tro choi nay véi nhau chinh xéc nhut cac anh minh sé choi néu duge biét chién
luge cuia anh minh.

Luu ¥ rang nhiéu tro choi c6 cau tric thong tin phiic tap va dién bién qua nhiéu
giai doan. Vi thoi gian ¢6 han, chiing ta sé chi tap trung vao nhitng tro chci ma
tat cd nguoi choi thuyc hien hanh dong ciing mot ldc va ho hiéu ré dong co clia
nhau (simultaneous-move game with complete information). Chiing ta cling sé tap
trung vao hai khai niém két qua (solution concepts) 1a chién luge ap dédo (dominant

strategy) va can bang Nash (Nash equilibrium).

Hinh 1: Mot trong nhitng subgames ma dén lugt Linh boc s6i va con 3 hon so6i
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1.2 Dominant strategy

Chién Iuge 4p dao ctia mot nguoi choi 1a chién luge dem lai két qua tot nhat cho
ngudi choi nay bat ké chién luge clia tit ca cac ngudi choi con lai. Chinh xac hon,
s; 12 mot chién luge ap ddo manh (strictly dominant strategy) ctia ngudi choi i

néu nhu véi mdi s; € S;\{si},
ui(siys—i) > ui(s}, s-)

cho tat ca cac s_; € S_;. O day, S_; = S1 X ... X S;_1 X Siy1 X ... x S, 1 tap tit ca
cac t6 hgp chién luge ddi thit (opponent strategy profiles).

Chién lugc s; 13 mot chién luge 4p ddo yéu (weakly dominant strategy) néu
nhu v6i mai s, € S;\{si},

(85, 5-5) > ui(sy, 5_;)

cho tat ca cac s_; € S_; v6i it nhat mot dau “>" cho mot t6 hgp chién luge déi thi

nao do.
Quay lai vi du 1, ta thay rang u,(C,C) = =5 > uy(S,C) = =10 va u1(C, S) =
0 > u(S,8) = —1. Nhu vay “tha toi” 1a chién luge ap ddo clia ngudi choi thi

nhat. Tuong ty, “tha toi” cling 1& chién luge ap ddo ciia nguoi choi thi hai. Két
qué (outcome) ctia tro choi nay sé la (C, C'), va moi ngudi choi sé nhan duge gia tri
—5, thap hon so vé6i khi cd hai ciing im lang. Néi cach khac néu ca hai nghi pham
“hgp tac” va cuing im lang thi ca hai cing duge 1¢i hon so véi cung thia t6i, nhung
diéu nay lai khong xay ra. Trén thic té nhiing tinh huéng ma dong co ¢4 nhan mau
thuan véi dong co cia tap thé 1a rat nhiéu. Hay nghi xem tai sao nhiéu ngudi chen
hang khi di mua sam hay lan tuyén khi tham gia giao thong? Tai sao cac quoc gia
lai chay dua vii trang? Tai sao kho dé dat dugc va giit viing nhitng hiep dinh bao vé
moi truong?

Bai tap 1 Second-price auction

C6 mot nhom N = {1,2,...,n} ngudi ciing dau gid cho mot moén dd cd. Mdi ngusi
sé viét mot con s6 dé dau gid vao mot to gidy va gii lai cho ngudi t6 chite. Ngusi
dua ra con s6 dau gia 16n nhat (bid) s nhan dugec mén do d6, nhung chi phai chi
trd con s6 dau gia cao thit nhi. Trong truong hop c6 nhiéu ngusi ciing dua ra gia
dau cao nhat, thi ngusi c6 thit tir wu tién cao hon sé duge nhan mén do va chi tra
sO tien minh da dau. Thit ty wu tién dude quy dinh theo cach ta danh dau ngusi
choi. Nhitng nguoi dau gia thua khong c6 duge moén do va ciing khong phai chi tra
gi. Chitng minh rang dua ra gia dau bang dung gia tri ctia mén do d6 véi minh 1a

chién lugc ap ddo yéu clia mdi ngusi choi.
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Gai y: Gid st N = {1,2,3} va gia tri clia san pham d6 véi ho 1 (vy, vy, v3) =
(4,6,5). Néu s6 dau gia 1a (by, by, bs) = (3,3,4) thi ngudi choi 3 thing san pham va
nhan gia tri 1a 5 — 3 = 2; gia tri nhitng ngudi choi con lai nhan duge 1a 0. Néu s6
dau gia 14 (3,4,4) thi ngusi choi 2 thing sdn pham va nhan gia tri 13 6 — 4 = 2.
Dé chitng minh chién luge b; = v; 1a mot chién luge 4p dao yéu, ta can chitng minh:
v; € argmax,, u;(b;, b_;) (>) v6i timg b_;; v6i moi b} # v;, ton tai t6 hop chién luge
ddi thit b_; sao cho dau gia v; t6t hon han dau gia b, (>). Mau chdt dé chia truong
hop trong bai toan nay 1a chi can so sanh gia dau cta ¢ véi gia dau cao nhat trong

gia dau ctia nhitng ngusi choi con lai.

1.3 Nash equilibrium

Can bang Nash (Nash equilibrium) 1& mot khai niem két qua dic biet quan trong
trong ly thuyét tro choi, duge dit tén theo nha toan hoc John Forbes Nash (1928 -
2015). Cau chuyén vé John Nash va luan van Tién si toan dai 28 trang clia ong vé
“noncooperative game theory” 1a mot cau chuyén noi tiéng dén tan ngay nay. Mot
két qua quan trong dudc ong ching minh 14 néu mot tro choi ¢c6 n ngudsi choi ma
mdi ngudi choi chi duge cho phép mot s6 lugng gidi han (finite) hanh dong va duge
stt dung céc chién luge hdn hop (mixed strategies) thi tro choi dé c6 it nhat mot
can bang Nash. Nhu ching ta sé thay, can bang Nash 1a mot khai niem két qué yéu
hon so v6i chién luge ap ddo, tuy nhién it khi ngudi choi c¢6 chién luge ap dao con
can bang Nash lai ton tai trong nhiéu moi truong.

Trong chién luge thuan tuy

Mot t6 hgp chién luge (strategy profile) s* = (s, ..., s) dudc goi la mot pure-
strategy Nash equilibrium (PSNE) néu nhu vé6i mdi nguoi choi i € N,

wi(si, %) > wi(sh, s*;)

v6i moi s, € S;. Néi cach khac, khong ¢6 ngudi choi nao c6 dong co dé thay doi chién
luge clia minh néu nhitng ngudi choi khac gitt nguyén chién luge ctia ho. Can bang
Nash cling c¢6 thé duge dinh nghia dua vao ham dap tra téi uu (best response

correspondence) cia cac ngudi choi, BR; : S_; = S; sao cho v6i moi s_; € S_;,

BR;(s—;) = argmaxu;(s;, s_;)
S, €S;

= {s; € S;:wi(si,5-5) > wi(s},s_;),Vs; € S;}
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Khi d6 s* 1a mot PSNE néu nhu véi moi ¢ € N,
s € BR;(s™;).
Nhu vay, néu ta dinh nghia BR : S = S béi
BR(s) = BRy(s-1) X ... X BR;(5-;) X ... X BR,,(5_p)

thi mot PSNE s* 1a mot “fixed point” ctia ham BR, nghia la s* € BR(s*).?
Hay cung tim PSNE ctia tro choi sau.

Vi du 5 Battle of the Sexes

Mot cap doi dang ki tham duy vii hoi clia truong va vl hoi yéu cau ban nam va ban
nit trong ciing mot cap doi phai mac trang phuc c6 mau giong nhau; ban nit thich
mau trang hon mau den, con ban nam thich mau den hon mau trang; va ca hai ban

déu biét vé sd thich nay ctia nhau. Ma tran thuéng phat ciia tro choi nay nhu sau.

Boy

W B
Girl W [ (3,1) | (0,0)
B 1(0,0) ] (L3)

Béang 2: Battle of the Sexes

Dé tim nhanh cic PSNEs: (i) ¢6 dinh mot ngusi choi 16i tim ra payoffs cao nhat
c6 thé clia ngudi choi nay cho méi to hop chién luge déi thi va gach chan dudi
payoffs nay, (ii) lam tuong tu cho tat ca cac ngusi choi, (iii) to hop hanh dong tuong
tng v6i t6 hop gia tri ma tat ca gia tri déu duge gach chan chinh 1a mot PSNE. Nhu
vay PSNE ciia tro choi nay 1a ci hai cing mic mau trang, hodc ca hai cling mic
mau den. Ta ciing c¢6 thé kiém ching ring cd hai nghi pham cling thd t6i 1a mot
PSNE ciia tro choi Prisoners’ Dilemma. Hon nita, két qua nay 1a can bang Nash duy
nhat ctia tro choi.

Y tudng vé can bing Nash that ra da xuét hien tit bai toan canh tranh Cournot
(Cournot competition), truée ca khi khai niem nay duge John Nash dinh nghia trong
luan van ctia minh. Chiing ta sé tim PSNE trong bai toan canh tranh Cournot don
gidn gom hai doanh nghiép, gi6i thieu trong vi du 2. Trude hét ta tim BR; : Ay — A;.

Doanh nghiép 1 mudn tdi da hoéa lgi nhuan

30 day ta dinh nghia BR; : S_; = S; dé nhén manh ring ham dap tra t6i wu ciia i khong
phu thudc vao chién luge hién tai clia i. Thong thudng, ham dap tra t6i wu dude dinh nghia 1a
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I11(g1, ¢2) = max{—c, (a —c) = b(q1 + @2)} X @
cho mdi lugng san pham ¢, san xuat bdéi doanh nghiep 2. Néu g, > 4>¢ thi Iira chon
t0i uu ctia doanh nghiép 1 la khong san xuat sén pham nao. Néu ¢, < %< thi doanh

nghiép 1 sé san xuat mot lugng bang

a—c g
argmax((a —c¢) = b(q1 + @))q1 = TR
120
Nhu vay,
a—c ¢
BR = 0 —— 5.
1(e2) Hﬁx{’ % b}

Tuong tu

BR 0,1 1
2(Q1) — Inmax y 2[) — ? .

Giai he: (i) ¢f = BR1(g3), (ii) ¢ = BR»(q}), ta dugc PSNE duy nhat

a—=c¢

3b

G =¢=

Lac nay, gia thanh tren thi truong sé 1a P(qf,¢3) = a—3(a—c¢) = $+ % > ¢, chi
phi dé san xuét thém mot san pham. Vay tai sao hai doanh nghiép nay khong san
xuat nhiéu hon? Li do 1a khi ¢6 thém san pham trén thi truong, gia thanh phai gidm
xubng. Diéu nay khong chi &nh huéng dén lgi nhuan tit nhitng san pham dudc san
xuat them ma anh hudéng dén cid phan lgi nhuan c6 duge tit cdc san pham trudc,
vi chi ¢6 mot mic gia duge diit ra cho tat ca cac san pham. Khi trén thi truong c6
it doanh nghiép hon, nhitng doanh nghiép nay c6 kha nang tac dong lén gia thanh
nhidu hon (market power) va do dé c6 dong co dé san xuat it hon nham giit gia
cao hon. Hay thi giai bai toan canh tranh Cournot tugng tu nhu trén nhung véi n
doanh nghiép, ta sé thay rang khi sé6 doanh nghiép tang lén va tién t6i vo cting, gia
thanh can bang trong thi truong sé giam dan va tién t6i chi phi bé ra dé san xuét
thém mot san pham.

Trong chién luge hén hop

Tuong tu nhu trong chién luge thuan tdy, mot to hgp chién luge hén hop o* =
(0%, ...,00) duge goi 1a mot Nash equilibrium néu nhu v6i moi ngudi choi i € N,

ui(o-;ka Uiz) > Uz‘(U;, U*—z)
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v6i moi o} € A(S;). Tuong tr, ta ¢6 the dinh nghia BR : ¥ = ¥ tit ham dap tra t6i
uu ctia ting ca nhan. Khi d6, o* 1a mot can bang Nash khi va chi khi o* € BR(c*).

Nhic lai rang

ui(o) = Z oi(8i)ui(si,0-4).
58
Nhu vay, dé o* € BR(c*), phai ddm béo o} (s;) >0 = s; € BR;(0_;). N6i cach
khac, mot chién luge thuan tay duge choi véi xac suat 16n hon 0 chi khi ban than
chién lugc thuan tiy dé ciing 1a mot chién lude toi wu.

Hay cung tim tat cd cac can bang Nash trong tro choi Battle of the Sexes & vi
du 5. Nhan xét dau tién 14 moi can bang Nash trong chién luge thuan tay ciing 1a
can bang Nash trong chién lugc hén hgp. Thit hai, vi BR;(W) = {W} nén ngudi
choi 1 (nit) sé khong “strictly randomize” gitta B va W khi ngudsi choi 2 (nam) chon
W. Lap luan tuong tu dé thay rang khong thé c6 can biang Nash khi mot ngudi choi
st dung chién luge thuan tiy va ngudi choi con lai “strictly randomize”. Cudi ciing,
ta gid st c4 hai nguoi choi cling “strictly randomize”. Goi p € (0,1) la xac suat ma
ngudi chai 1 chon W va ¢ € (0,1) 1a x4c sudt ma ngudi chai 2 chon W. Ta c6 thé
viét (p,1 — p) cho chién luge hén hgp clia ngudi nit va (¢, 1 — ¢) cho chién luge hon
hop ctia ngudi nam. Duya vao nhan xét trén, ta phai ¢c6 W, B € BRi((q,1 — q)), ¢6
nghia la

w (W, (¢,1—=q)) =w(B,(¢:1-q)).

LHS =3¢+ 0(1 — ¢), RHS = 0g + 1(1 — ¢) nén LHS = RHS khi va chi khi ¢ = 1/4.
Tuong tu, ta phai c¢6

us(W, (p, 1 — p)) = ua(B, (p, 1 — p)),

ding khi va chi khi p = 3/4.

Nhu vay, tro choi nay c¢6 3 NE: (W, W), (B, B), va ((3/4,1/4),(1/4,3/4).

Luu y réng khi chi xem xét cdc chién luge thuan tiy, gia tri (payoffs) chi mang
tinh chét tugng trung, theo nghia la ta cé thé thay doi cac gia tri nay mién la khong
lam thay doi thi tu mong muén clia céc t6 hgp hanh dong déi véi timg ngusi choi.
Trong truong hop nay, ta néi “payoffs” chi mang tinh chat “ordinal”, néom na la khi
so sdanh A va B ta chi can biét A > B, hay A < B, hay A = B. Tuy nhién, “payoffs”
clia céc t6 hop chién luge thuan tay sé quyét dinh dén can bing Nash trong chién
luge hén hgp. Khi d6 “payoffs” c¢6 tinh chat “cardinal”, nom na 1a ta can biét A lén
hon B bao nhiéu, A gap B bao nhiéu lan, v.v,... Dé hi¢u hon vé ¥ nghia ctia ham

gia tri, cac ban c6 thé tham khao [3].
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Bai tap 2 Chién luge ap ddo manh va can bang Nash

Lap luan ching minh rang moi ngusi chai chi c6 t6i da mot chién luge ap ddo manh.
Hon nita, néu mdi ngudi choi déu c6 mot chién luge ap ddo manh, thi tro choi c6
mot NE duy nhat, dé 14 mdi ngudi choi st dung chién ludge 4p ddo manh nay. Tu
day két luan tro choi Prisoners’ Dilemma c6 mot NE duy nhat 1a cd hai ngudi choi

cung tha toi.
Bai tap 3 Can bang Nash ciia tro choi Odn Tu Ti

Hay lap ma tran thudng phat clia tro choi O&n Tt Ti trong vi du 3. Tim tat cad NE

cua tro choi nay.

1.4 Knowledge

Liéu can bang Nash c6 thic sy ty nhién? Diéu gi sé xay ra néu trong tro choi c6
nhiéu can bing Nash?

Tudng tuong rang ban dang bude di tréen mot lan dudng va c¢6 mot ngusi khac
bude dén tir phia doi dieén trén cung lan duong dé va khoang cach tit ngusi d6 dén
ban da kha gan. Da bao nhiéu lan ban gip phai trudng hop ma ca hai cting tranh
nhau roi lai cing ditng lai, nhiéu lan nhu thé dén khi mot nguoi quyét dinh ding yén
con nguoi kia tranh sang mot bén va budce tiép. Tro choi nay tuong tu nhu Battle
of the Sexes, c¢6 hai PSNE: mot la ban di trén lan duong ctia minh con ngudi kia
tranh sang mot bén, hai la ban tranh sang mot bén va ngudi kia di lan duong cta
ngusi d6. Khong c6 cach nao dé ban cé thé chi ding 1y luan ma tim ra can bang
Nash nao sé dugc lya chon duya trén nhitng thong tin ban c6 vé tro choi - gom luat
choi va gia tri cho mdi ngusi choi tuong tng véi timg t6 hgp chién luge. Can bang
Nash can duge cling ¢6 bdi mot gid thiét, rang: modi ngudsi choi biét chinh xac chién
luge clia nhitng nguoi choi con lai. Gid thiét nay c6 thuc té hay khong?

Ngay ca khi tro choi chi ¢c6 mot can bang Nash thi liéu ban c6 chic chan rang
nhitng ngudi choi khac sé lam theo ding chién luge dé ra trong can bang Nash nay?
O tren ching ta da gidi thieu mot s6 tro choi véi “complete information” ma chua
giai thich vé khai niém nay. “Complete information” & day c6 nghia 1a mdi nguoi
chai biét tat ca cac thong tin vé cau tric clia tro choi (ai 1a ngusi chai, ho c6 thé di
nhitng nude di ndo) va ham gid tri (payoff functions) ctia tat ca cdc ngudi choi, hon
thé nita nhitng thong tin nay phai la kién thic phd thong (common knowledge).
Hay ciing quay lai v6i vi du vé cach tinh diém ma diém ctia ca 16p sé dugce tinh tién
dén khi ban hoc sinh dat diém cao nhat 16p dudc s6 diém t6i da. Dé ban c6 thé tu

tin nop giay trang, ban phai chic chin rang trong tait cd nhitng hoc sinh con lai
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khong ai 13 ké phan boi, hon thé nita ban phai chic ching rang khong ai nghi ngo ai
14 ké phan boi va khong ai nghi rang ai d6 nghi ring c6 mot ké phan boi, v.v... Mot
tinh chat duge goi 1a kién thiic chung (mutual knowledge) néu tat ci nguoi choi
biét vé né. Mot tinh chat duge goi la kién thitc pho thong (common knowledge)
néu tat cad nguoi choi biét vé tinh chat do, biét 1a tat cad moi ngudi cing biét ve tinh
chat d6 va biét 1a tat ca moi ngudi ciing biét 1a ai cling biét vé tinh chat do, v.v,...
Dé dé hinh dung, hay tudng tugng cé hai ban diing déi dien nhau va cuing doi mi
mau hong. Mbi ngudi c6 thé nhin thiy mii ciia ngudi doi dien nhung khong biét
ban than doi mit mau gi. Khi d6 “it nhat mot trong hai ngusi doi mii mau hong” 1
“mutual knowledge” nhung khong phai 13 “common knowledge” déi véi hai ban nay.
Tudng tugng thém rang hai ban nay ding gitta 16p. Khi d6, “ca hai ban cting doi
mil mau hong” 14 “common knowledge” clia tat ca cac thanh vien khac trong 16p.
Trong vi du vé tinh tién diém, “khong c6 ké phan boi” phai 1a “common knowledge”
thi can bang Nash “tat ca cting nop gidy trang” mdi bén ving.* Khac véi can bang
Nash, can bang c6 dugc tit chién Iuge ap dao it doi hoi kién thiic clia ngudi choi ve
nhiing nguoi cling choi - nhitng ngudi nay quan tam diéu gi, ho biét gi vé minh va
kha ning suy luan ciia ho téi dau. Ké bi tinh nghi khong can biét lieu tong pham
ctia han 1a mot ké tinh todn khon ngoan hay ngd nghéch, 14 mot ngudi ban trung
thanh hay 1a ké chi quan tam dén lgi ich ca nhan, hay 1a ké chi vi qua hodng loan
ma sé thi toi hodc qua s¢ sét ma sé im lang. Han chi can biét luat choi 1a nhu thé,
rang ban than han muén giam thiéu sé6 nam tu giam, va nhu vay thi hin chic chin
nén thia toi. Vé phuong dién dy doan hanh vi, chién luge 4p ddo 16 rang dang tin
cay hon can bang Nash, tat nhién chi khi n6 ton tai. Tuong tu, khi ta xay dung mot
co ché hoac he thong, sé that 1y tuéng néu hanh vi mong mudn ciing chinh 1a chién

luge 4p ddo (manh/yéu) clia tat ca nguoi choi.

2 Market design - Thiét ke thi truong

2.1 Giéi thiéu

C6 thé hiéu thi truong (market) 14 noi cdc bén thuc hién nhitng trao doi cling c6 1gi
(mutually beneficial exchange). Nhiéu thi truong gom hai bén: “cung” (supply) va

cau (demand), dugc van hanh bdi gia ca, nghia la trao ddi hang-tién chi duge thuc

hién khi mot mic gid dude chap nhan béi ca ca thé bén cung va ca thé béen cau. Khi

Mot bai toan vé “common knowledge” thi vi 1a bai todn vé nhitng ngudi m#it xanh trén
hon déo la (the blue-eyed islanders puzzle). Mot phét biéu clia bai toan nay c6 thé duge tim
thay & https://terrytao.wordpress.com/2008/02/05/the-blue-eyed-islanders-puzzle/. Dé doc them
vé “common knowledge”, cac ban c6 thé tham khao [4].
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ngudi ta c6 the mua ban bang tién va thi truong da day (dong ngusi ban va ngudi
mua), moi viéc dién ra tuong doi troi chay, it nhat 1a vé tinh hieu qua (efficiency).
Thé nhung khong phai thi trudng nao cling cho phép trao doi bang tién.

Mot vi dy dién hinh la thi truong than ghép (kidney exchange market). O nhiéu
qubc gia, trong d6 c6 My va Viet Nam, luat phap chi cho phép ngudi c6 nhu cau
ghép than nhan than hién chi khong cho phép mua than. Diéu nay tuong duong
v6i viee an dinh gia than ghép bang “khong”. Trong khi d6 c6 nhiéu ngudi sin sang
mua than véi gia rat cao, va ciing ¢6 nhiéu ngusi sin sang ban than dé nhan sb tién
tuong tng®. Khong kho hiéu tai sao s6 ca ghép than tren thuc té it hon nhiéu mic
tiém nang.

Mot kho khan khac ctia ghép than la tinh tuong thich cta 1a than ghép véi co
thé ngusi nhan. Mic dit ¢6 thé khong kho dé tim mot nguoi than sin sang hién than
nhung xac suat than ctia nguoi than nay khong tuong thich 1a cao. Gido sy Kinh
té hoc Alvin Elliot Roth va nhiing cong su cia 6ng da thiét ké lai thi truong trao
doi than & My, dua trén ¥ tudng khéi diém sau. C6 hai ngusi Al va Bl cling can
ghép than va ho c6 1an lugt nguoi than 14 A2 va B2 sdn sang hién than cho ho. Tuy
nhién than ctia A2 khong tuong thich véi A1 nhung tuong thich véi B1, than cia
B2 khong tuong thich véi B1 nhung tuong thich véi Al. Khi d6 trao doi sau c6 thé
duge thuce hién:

Al A2

X

B1 B2

Hinh 2: Paired kidney exchange

Cho phép loai trao doi nay da tang lén rat nhicu kha nang tim dude than tuong
thich. Nhém nghién citu ctia Gido st Roth khong nhitng phét trién va hoan thién
thém cac phuong thic trao déi than ghép ma con déng gép quan trong trong viéc
xay dung ngan hang dit lieu 16n vé nhitng nguoi hién than va ngudi c¢6 nhu cau
nhan than, qua dé tang cao kha nang tim dugce than phu hgp. Qua trinh nay doi
héi nhitng hiéu biét vé dac thit ctia thi truong cling nhu nhitng dong co, tuong téc
chién luge gitta cac bén lien quan. Quyen sach “Who gets what - and why” ctia Gido
sut Roth [5] giai thich mot cach thi vi va dé& hiéu nhiing kho khan va y tudng nén
tang clia qua trinh thiét ké thi truong trao doi than cling nhu nhitng van dé quan
trong clia cac thi truong khac. Hi vong vi du nay da gitup ban nhan ra rang nhiing

nghién cttu kinh té khong chi lam x& hoi giau c¢6 hon, ma con cé thé truc tiép ciu

SMot ngudi stic khde tét vAn co thé sinh hoat binh thudng khi mat di mot bén than.
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song nhiéu mang nguoi.

2.2 Bai toan “két duyén”

Van con nhiéu thi trudng khac ma ching ta khong thé trao doi hoan toan bing tien.
Vi dy, ban khong thé mua mot vi tri & mot cong ty hodc mua mot suat hoc ¢ mot
truong dai hoc danh tiéng. Sau bai gidi thieéu nay ching ta sé thuc hien mot de tai
nhé vé thuat toan sip xép hoc sinh vao cac truong dai hoc dua trén diém thi va thi
tu nguyéen vong (preference orderings) ctia hoc sinh. Tat ca cdc ca nhan tham gia
trong thi truong sé noép toan bo nguyén vong cia minh cho mot clearing house va
clearing house sé diing nhimng thong tin nay dé quyét dinh ghép hoc sinh nao vao
truong nao, dya vao mot thuat todn biét trudc bdi tat ci ngudi choi. Vay bai toan
ma chiing ta sé xem xét khac biet nhu thé nao véi dé tai “Phan tuyén hoc sinh vao
16p 6”7 va bai toan “Tim ciap ghép 16n nhat” ciia PIMA 20167

- Thit nhat, viéc danh gia tinh hiéu qua clia thuat toan trong bai toan “Tim cip
ghép 16n nhat” 1a dya trén dé xuit nguyén vong ctia hoc sinh - thé nhung thuat
toan nay lai khong dam bao tat ca hoc sinh sé néi that vé nguyén vong clia minh.
Gia s c6 2 ki tuc xa A, B, va ban thich ki ti x4 A hon B, va thich & ki tic xa B
hon phéi tu tim chd & ngoai truong. Tuy nhién ki tic x4 A duge ua chuong hon béi
nhiéu hoc sinh khéc, c6 phai sé khon ngoan hon néu ban dé xuat ki tic xa B?

- Thit hai, mac dut bai toan “Phan tuyén hoc sinh vao 16p 6” dugc giai dua trén
nhitng s6 lieu “khach quan” nén sé khong gap phai van dé khi danh gia két qua 1oi
giai, viec bai toan nay khong dé cao nguyén vong ctia ca nhan hoc sinh 1a mot diém
yéu. Sap xép nhu vay c6 thé phit hop & bac hoc thap nhung chic chin sé gap nhiéu
phan déi § bac hoc cao.

Qua bai toan “két duyen”, ching ta sé tim hiéu vé nhitng khai niém cin ban
trong bai toan ghép ciap (matchings) va thuat todn Gale-Shapley.® Thuat toan nay

cling sé dude ting dung trong dé tai sap xép hoc sinh vao cac truong dai hoc.

2.2.1 Mo hinh

Trong thi truong hon nhan (marriage market) c6 tap cac ca nhan nam M va tap
cadc cd nhan nit W. M6i ngusi nam m € M c¢6 mot thid tu nguyén vong >, trén
WU{0} va mdi ngudi nit w € W ¢6 mot thit ty nguyén vong >, trén M U {0}. Mot
t6 hop nguyén vong (preference profile) = cho biét thit tit nguyén vong clia moi
ca nhan. Ta viét == (=, ..., =g T wn s s >'w\W\)' Goi P 1a tap hgp chita tat ca
cac to hop nguyén vong tng véi (M, W).

6Nguon tham khéo: [6], [7].
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Vi du 6 Bai todn két duyén 2 nam - 2 ni

Véi M = {my,my} va W = {w;, wy}, mot td hop nguyen vong kha thi la

W1 7 my W2 > my @,

W1 >y 0 = me W2,

My >y M2 >y 0,

Mo =y ML =, .
Khi nay ta hiéu 1a my thich w; hon ws va thich w, hon doc than.”
Mot cach ghép hay két qua ghép (matching) 13 mot ham

p: MUW — MUW uU{d}

xac dinh mdi ngudi nam/nit két duyen véi ai hodc doc than, sao cho
1. V6i méi m € M, p(m) € WU {0} va véi méi w € W, p(w) € M U{0}.
2. Néu p(m) € W thi p(u(m)) = m, va néu p(w) € M thi p(u(w)) = w.
Ki hieu M cho tap hop tat ca cac két qua ghép kha thi.
Mot thuat toan ghép cdp (matching algorithm) 1a mot ham ¢ : P — M xéc

dinh mot két qua ghép cho mdi to hop nguyén vong. Tiép theo ta sé tim hicu vé

mot s6 tinh chat mong muén cia két qua ghép va thuat toan ghép cip.

2.3 Tinh chit mong muén

Véi mdi thit tw nguyén vong >;, ta dinh nghia quan hé (relation) »=; nhu sau: j =; j’
khi va chi khi j =; j/ hodc j = j'.%

Tinh hiéu qua (Efficiency): Tinh hi¢u qua 1a mot tinh chat trong tam trong cac

bai toan kinh té. Mot két qua ghép, phan phdi, trao doi hang hoéa, v.v,..., 1 khong

0 day ta quy dinh mot ngudi luén biét minh thich ai hon gita hai ngudi khac gidi bat ki va
d6i véi mot ngudi khac gisi bat ki luon biét minh c6 thich két duyen véi ngudi dé6 hon doc than
hay khong. Hon nita, nguyén vong clia mdi c4 nhan phai ddm bao tinh “transitivity”, nghia 1a néu
nhu & vi dy trén wy =, Ws VA& Wy =, O thi dong thoi ta phai c6 wy =, 0. Cudi ciing, ching ta
ngam hiéu 14 mot ngudi chi quan tam minh két duyén véi ai ma khong quan tam dén su ghép cip
ctia nhitng ca nhan khéc trén thi truong.

80 day ta ngdm gia dinh la gitta hai déi tugng ghép khéc nhau, mot ngudi sé khong bao gio
“indifferent”.
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hiéu qué (inefficient) néu nhu c¢6 cach nao dé giap ich cho mot ngudi ma khong lam

hai dén bat ki ngudoi ndo khac.
Vidu 7 Trao doi hang - tién

Mot ngugi mubén mua mot san pham va gid tri ciia né véi ngusi do 1a 50.000 dong,
con doéi v6i ngusi ban thi gid tri ctia san pham dé 1a 30.000 dong. Két qua ma hai
ngudi nay khong trao doi 1a khong hiéu qua vi moi giao dich thuec hién véi gia ban ti
30.000 dén 50.000 dong sé lam cho it nhat mot nguoi dugce 1gi ma khong gay thiét hai
cho ngusi kia. Nhitng cach trao ddi nay dude goi la nhitng “Pareto improvements”.

Trong bai toan “két duyen”, mot két qua ghép p € M la hiéu qua (efficient)
néu nhu khong ton tai mot két qua ghép p/ € M\{u} sao cho v6i moi i € MU W,
W' (i) =; p(i). Vi g’ # p, nghia la ton tai ¢’ sao cho p/(i) # u(i), nen /(i) =y u(i’)
kéo theo 1/ (i) =; p(i). Mot thuat toan ghép cap ¢ dugde goi 1a higu qua néu nhu véi
moi t6 hgp nguyén vong =€ P, u = (=) hiu qua theo >.

Tinh bén vitng (Stability): Trong bai toan “két duyen”, mot két qua ghép p € M

bi chin (blocked) bdi mot cap nam, nit (m,w) néu nhu
W = (M) VA m oy, p(w).

Két qua ghép p bi chan béi m néu nhu @ =,, pu(m) va bi chan bsi w néu nhu
0 =, u(w). Mot két qua ghép la bén viing (stable) néu né khong bi chan bdi hai
ngudi nam nit nao hay mot c4 nhan nam hofic nit ndo. Trong ngtt cdnh nay, mot két
qua ghép cip la bén vitng néu nhu sau d6 khong c6 doi nam nit nao sé li di va ciing
khong c6 doi doc than ndo muén két duyén véi nhau. Tinh bén ving duge nhan
dinh 13 tinh chat mau chét cho sy van hanh va duy tri ctia nhitng hé thong phan
phdi tap trung. Ta goi mot thuat toin ghép doi 1a bén vitng néu nhu ting két qua
ghép bén vitng theo t6 hgp nguyén vong tuong dng.

Hay cling tim ra nhiing két qua ghép bén vitng trong bai toan két duyéen & vi du
6, v6i to hop thit tu nguyén vong > sau

miy : wi, wa, D

may : wy, B, wy

wy : My, My, ()

Wy * m?amh@
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my wq my w1y my wq
mao (%] mo W mo %)
(41 1) K3
my wq my w1 my wq my wq
mo W2 mo Wa mo W2 mo %
Ha Hs He M7

Hinh 3: Tat ca cac cap ghép kha thi trong bai todn 2 nam - 2 nit

Viét o — g/ dé chi p bi chan béi ¢/ va dit tén cac cap ghép kha thi nhu trong
hinh 3. Ta ¢6: 1 — pa/ps/pe vi cd mq va wy thich nhau hon la doc than/cad my va
wy thich nhau hon doc than/ca ms va w; thich nhau hon doc than, us — py vi my
tha doc than con hon 14y we, 3 — g Vi cd my va w; thich ngudi kia hon vg/chong
hién tai clia minh, ps — pa/ps, pe — pa/ps, pr — pn/pe/pe, pa 1a ket qua ghép
bén vitng duy nhat.

Tinh “khdng ton tai dong cd néi déi” (Strategy-proofness): Mot thuat toan dugce

goi la strategy-proof néu nhu khong bat ki c4 nhan nao c6 dong co dé néi déi vé thit
tu nguyen vong ctia minh, bat ké thit ty nguyén vong ctia nhitng ngusi con lai. Tuong
tu nhu khi ki hiéu t6 hop chién luge déi thi, ta viét =_,= (15 vy i1y ity ooy 1)
dé ki hieu t6 hop thit tu nguyen vong duge dé xuat bdi nhing ca nhan khéc 4 trong
thi truong.

Mot thuat toan ¢ : P — M duge goi la strategy-proof néu nhu véi moi
i € MUW, moi thit ty nguyén vong that =; va moi dé xuét tht ty nguyen vong =/
cua i,

(=i, i) =i (=7, =)

cho moi =_; dugce dé xuat bdi nhitng ngudi choi con lai.

Vi du 8 Bau ci vdi 2 1ing vién (tham khdo thém & [8])

Cac trai vién ctia ki trai PIMA 2017 thiic hién cudc bau chon cho hing s6 yéu thich,
v6i hai ting vien 1a s6 Pi va s6 Euler. Mdi trai vién bau chon cho mot trong hai
hing s6. Hang s6 nhan dugc nhiéu phiéu bau nhat gianh chién thang, va mdi trai
vién sé viét mot bai ngdn dang trén Facebook vé hing s6 nay. Néu so phiéu bau
cho hai hang s6 nay 1a bang nhau, két qua sé dudge quyét dinh bang cach tung dong

xu. Cach bau cit nhu thé nay dam bao khong trai vién nao cé dong co dé bau chon
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cho hing s6 khac hang s6 yéu thich clia minh, bat ké phiéu bau ctia nhitng trai vien
khac. Vi du nhu c6 tat ca 27 trai vien. Ta cling xem xét xem ban Uyén nén bau nhu
thé ndo. Néu nhu trong 26 ngudi con lai 13 nguoi bau cho s6 Pi va 13 nguoi bau cho
s6 Euler thi s6 Pi sé thang néu Uyén bau cho s6 Pi va s6 Euler sé thing néu Uyeén
bau cho s6 Euler. Néu trong 26 phiéu bau nay c6 > 12 hodc < 14 phiéu bau cho Pi,
thi phiéu ctia Uyen khong thay ddi dugce két qua, nhung Uyeén cling khong thé lam
t6t hon 1a bau cho s6 yéu thich ctia minh. Nhu vay, co ché bau cit nay “strategy-proof”.

Twong tw, hay hinh dung tro choi ma cac cad nhan trong thi truéng cuing nop
dong thoi nguyén vong hoan chinh ctia ho cho clearing house. Dya vao nhitng dé
xuat nguyén vong nay, clearing house quyét dinh két qua ghép cip cudi cing dya
trén thuat toan ¢ duge biét trude bdi tat cd cidc ngudi choi. Nhu vay, yéu cau ¢
strategy-proof ciing tuong tu yéu cau néi that vé nguyén vong clia minh 1a chién
luge ap dao.

Luu ¥ rang mot thi trudng tap trung rat nhiéu nguoi choi nén gia dinh nguoi
choi biét nguyén vong that sur clia tat cd ngudi choi con lai 1a khong thue té. Hon
nita, tro choi ma ngudi choi khong can tinh toan chién luge hay thu thap thong tin
vé nhitng ngudi choi khéc 1a dé choi hon, tiét kiem duge nhiéu thoi gian va cong stic.
Do d6 tinh “strategy-proofness” rat quan trong trong thiét ké thi truong (market
design). Trong nhiéu truong hgp, nhing dit lieu thu thap duge con hitu ich cho cac

nghién citu khéac.

2.4 Thuat toan Gale-Shapley
2.4.1 Mo ta

Thuat toan Gale-Shapley ma bén nam ngé 16i (men-proposing deferred acceptance
algorithm) duge mo ta nhu sau:

1. O bude dau, méi ngudi nam ngd 15i véi ngudi nit ding dau thi ty nguyen vong
ctia minh, trtt khi “doc than” duge xép trén nhét.

2. Mbi ngusi nit sé gitt lai 10i ngd tit ngudi ma co ay thich nhat va thich hon
“doc than” trong nhitng ngudi ngd 1i véi co ay 6 bude trude, va tit choi tat ca
nhitng ngudi con lai.

3. Nhitng nguoi nam bi tit chdi sé ngd 16i véi ngudi ho thich nhat trong nhiing
ngudi chua ting tir chéi ho va van tét hon “doc than” ddi véi ho.

4. Cac budc “ngd 10i” va “tir choi” 1ap di lap lai cho dén khi mdi ngudi nam hoac
1a bi tit chéi bdi tat cid nhitng ngusi phu nit ma anh ta thich hon “doc than”
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hodc c6 mot 10i ngd chua bi tit chéi, va mdi ngudi nit gitt khong qua mot 16
ngd. Khi nay méi 16i ngd chua bi tit chdi tré thanh mot cip ghép, va nhiing
ngudi khac chinh thic doc than.

Bay gio chiing ta sé thit chuyén nhitng mo ta nay sang ngon ngit thuan tién cho viec
lap trinh. Mbi thit tu nguyén vong >, ciia mot ngudi nam m € M c6 thé duge bicu
dién b6i mot day (array) dai |[W| + 1. Trong vi du 6, nguyén vong hoan chinh cua
my c6 thé duge bieu dién bing day a(my) = (w1, 0,ws). V6i mdi day a(m), ta viét
a(m, k) dé chi phan tit thit & ctia day. Tuong tu, mdi thit ty nguyén vong ctia mot
ngudi nit w ¢6 thé duge biéu dién bdi mot day b(w) dai |M] + 1.

Dé biéu dién céc két qua ghép tam thoi, ta st dung ma tran g cé kich thuée
(|IM|+1) x (J[W]+1), véi: g(i,7) nhan gia tri bang “1” hogc “0” cho mdi i € MU {0}
va j € WU{0}; g(m,w) =1 c6 nghia la m dugc ghép véi w; g(m,0) = 1 néu m doc
than va g(0,w) = 1 néu w doc than. Ma tran két qua ghép cudi cung (xuét) phai

théa man riang v6i moi m € M,

Z g(mvw) +g(m>0) =1

weW
va véi moi w € W,

Z g(m,w) + g(0,w) = 1.

meM

Dé theo doi 16i ngd clia bén nam, ta dung day K dai |M|, trong d6 K(m) = k <
a(m, k) (néu a(m, k) #0).

input: tap ngudi nam, tap ngudi nit, bang a thi tu nguyén vong ciia tit cd ngusi
nam, va bang b thit tu nguyén vong ciia tat cd ngudi nit
output: ma tran cip ghép g biéu dién ngusi nam nao duge ghép véi ngusi nit nao

va al doc than
1. cho ¢g 1a mot ma tran toan 0 ¢6 kich thude (M| + 1) x ([W]+1)
2. cho K la mot day toan 0 c¢6 chiéu dai |M]|
3. cho K 1a mot day toan 1 c6 chidu dai | M|
4. while K # K do
5. gan K = K
6. for mé6i m € M do
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7. gan g(m,a(m, K(m))) := 1

8. end for

9. for méi w € W do
10. if {m € M : g(m,w) = 1} # @ then

(a) chon phan tit m* t6t nhat trong tap nay chiéu theo day b(w)
(b) for mdi m € M\{m*} théa g(m,w) =1 then

(c
(d
(e

)
)
) gan g(m,w) := 0
)
)
(f) if 0 xép trudc m* theo b(w) then
)
)
)
)

gén K(m) == K(m) +1
end for
(g) gan g(m*,w) =0
(h
(i
(j) else gan g(0,w) :=0

g
gan g(0,w) =1
gan K(m*) .= K(m*) + 1

11. else gan g(0,w) :=1
12. end for
13. end while
14. return g
Thuat toan Gale-Shapley ma nit ngd 161 duge mo ta tuong tu, v6i vai tro ciia bén

~ N ~ P 2.
ni va bén nam hoén doi cho nhau.

2.4.2 Két qua quan trong
Ki hiéu ¢™ cho thuat toan Gale-Shapley ma nam ngo 16i va ¢* cho thuat toan

Gale-Shapley ma nit ngd 16i.

Dinh 1y 1 ([6, 7]) ¢™ va ¢" 1a cac thuat toan bén ving.
N6i cach khac, voi moi =€ P, o™ (>) va ¢ (>) déu la cac két qua ghép beén
vitng theo = (dit hai két qua ghép nay c6 thé khac nhau).
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Dinh ly 2 ([6]) Thuat toan Gale Shapley cho két qua bén ving t6t nhat cho bén
ngo loi.

Chinh xac hon, gia sit ta c6 dinh mot t6 hop thit tu nguyen vong =€ P. Khi d6
p = ©"(>) thda man rang cho moi cach ghép p/ bén viing theo =, u(m) =, p'(m)
v6i moi m € M. Tuong tu véi ¢v.

Vi du 9 Hay cing thuc hién thudt todn ¢™ va @™ trén to hop nguyén vong = dugc
biéu dién nhu sau:
a(my) = (wq, we, 0)
a(msg) = (wq, wr,0)
b(wy) = (Mg, my,0)
b( 0)

w2) = (m1,m2,

Néu ta sit dung thuat toan ¢™

0 0 0 100 100
000 == lo1o] 25 (010
K=(1,1)
0 00 000 0 00
9= 9o mi — Wy w1 accepts my
Mo — Wa wg accepts meo

w; chi nhan duge mot 16i ngd va 10i ngd nay tét hon “doc than” nén w, dong ¥.
Tuong tu, w, ciing dong ¥ 10i ngd duy nhat ma minh nhan duge. Vi ca hai nguoi
nam déu khong bi tit chdi, sau budc nay K = (1,1), khong d6i. Thuat toan ding.
Két qua ghép 1a (my,wi) — (ma, ws).

O day cac budc trong thuat todn tuong tng dude ki hieu bing bo sb viét tren
dau miii ten. S6 & trudc dau cham ki hieu buéc thuyc hién, s6 ¢ sau dau cham ki
hieu vong lap theo “while”. Ta stt dung ki hiéu tuong tu cho thuat toan ¢v véi dau
phét dé phan biét ring vai tro clia nam va nit da dude hoan déi cho nhau, nhung
gitt nguyén dinh nghia ma tran két qué g.

Néu ta stt dung thuat toan ¢v

0 00 010 010

00 0 KG:—;1)> 1ool 2 (100

000 0 00 000

g = 9o w1 — Mo mi accepts wo
w1 — My mey accepts wy

Két qué ghép 1a (my, wy) — (ma, wy).
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Vi trong vi du nay c& hai nguoi nam 1a “chap nhan dugc” (acceptable) ddi voi
cA hai nguoi nit va ngudc lai, mot két qua ghép bén vitng phai théa man 1a khong
c6 ai doc than. Két qua (my,w;) — (mg, wy) hién nhieén khong thé bi chin bdi mot
c4 nhan nao, va ciing khong thé bi chin bdi mot cap nam-nit vi cd m; va msy dang
duge ghép v6i nguoi nit minh thich nhat. Tuong tu, (my,ws) — (Mg, w;) ciing bén
vitng, ngudi nit duge ghép vdi ngudi nam minh thich nhat. Nhu vay, day 1a hai két
quéa ghép bén viing duy nhat ctia bai toan nay, va két qua ghép sé c6 lgi han cho

bén ngd 16i trong thuat toan tuong tng.”

Dinh 1y 3 ([7]) Khong c6 thuat toan nao vita bén viing vita “strategy-proof”.

Két qua nay bat nguon tit syt “mau thuan” trong 1¢i ich ctia nam va nit. Nhu ta da
thay & vi du 9, khi t6 hgp nguyén vong la = thi két qua ghép sé 1a (mq, wy) — (ma, wy)
néu st dung ¢™ va 1a (my,ws) — (Mg, w;) néu sit dung p*. Bay gio gid st ta van
diing thuat toan ¢™ nhung w;, quyét dinh néi doéi va dé xuat tht tu nguyén vong
b'(wy) = (mg,0,m;). Khi st dung thuat toan ¢™ trén thi tuw nguyén vong

]

(mq) = (wy,ws,0)
a(mg) = (wq, ws,0)
b'(wy) = (mg,0,my)
b(wsy) = (my,ms,0)

ma tran két qua thay doi nhu sau'®

0 00 1 00 0 00
000 =2 fo1o0o] & (o010
K=(1,1)
0 0O 0 00 1 00
g = qo mi — wy wy rejects my
Mo — Wo Wy accepts mo
010 010
—2 s do1o] 2% Jo oo
K=(2,1)
00 1 00
mi — Wo wy no proposal
Mo — Wa wq accepts my

9Luu ¥, mot bai toan c¢6 thé ¢6 hon hai két qua ghép bén viing. Két qua ghép tit @™ va ¥
cling ¢6 thé tring nhau, tiy thuoc vao danh séch nguyén vong. Vi du nhu khi |M| = [W| va m;
thich w; nhat va w; thich m; nhat cho mdi j, thi két qua ghép bén ving duy nhat 1a m; ghép véi
w; cho ting j.

ONhitng 16i ngd mdi duge té6 mau xanh duong nhat.
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010 010
5 100 =5 (100
K=(2,2)

1 00 000

my — Way wy accepts my

Mo — W wq accepts mg

Litc nay két quéa ghép 1a (mq, ws) — (mo, wy), tot hon cho w; theo thit tu nguyen
vong that b(w;). Diéu nay c¢6 nghia 1a w; ¢6 dong co néi doi. Luu § rang wy thude

bén nhan 16i ngo.

Dinh ly 4 ([7]) Néu thuat toan Gale-Shapley dugc st dung, khong c4 nhan nao
d bén ngd 16i c6 dong co noi doi.

N6i r6 hon, gia st ta stt dung ™. Khi d6 v6i moi m € M va moi >,,,

O(ms >—m) Zm @ 1ms = —m)

v6i moi dé xudt ca nhan >~ va moi t6 hop thi tu nguyen vong >_,, dudgc dé xuét

b6i nhitng ¢4 nhan nam va nit khac.
Bai tap 4 Kiém tra thuat todn

Theo déi vector K va ma tran g khi chay thuat toan ©™ trén bai toan két duyen 1
nam va 2 nit véi thi tu nguyén vong sau:

a(my) = (wq,ws,0)

b(wy) = (0,mq)

b(wy) = (my,0).

Chi ra méi lién he giita vector K cudi cling va ma tran g duge xuat ra. Néu co

thé, viét mot chuong trinh nhé dé giai mot bai toan 3 nam - 3 ni.

Nhiéu céc két qua lien quan dén bai toan ghép cip c6 thé duge ching minh kha
ngan gon nho vao cau tric “lattice” dac thu ciia bai toan dé. Néu hitng thi, cac ban
c¢6 thé tham khio [9], [10] cho bai todn one-to-one matchings va [11] hodc [12] cho
bai todn many-to-one matchings.

Khi chiing ta quan tam dén ca hai bén trong thi truong, thuat toan Gale Shapley
dam bao tinh bén ving, va do dé cling ddm bao tinh hieu qua. Tuy nhién, né “thién
vi” mot bén trong thi trucng, va chi ddm bao dong co “néi that” cho bén duge thién
vi. Mat khac néu ching ta gid sit biét rd dong co ctia mot bén (B) va quan tam
dén 1¢i ich clia bén con lai (A), thi thuat todn Gale-Shapley ma bén A ngé 161 ddm

béo tinh “strategy-proofness” va dem lai nhiéu lgi ich cho bén A. Mac du thuat
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toan Gale-Shapley dugc xay dung dé ghép mot ca thé v6i mot ca thé (one-to-one
matching), thuat toan nay c6 thé duge ap dung cho nhiing bai toan ghép mot ca thé
v6i nhiéu c4 thé (many-to-one matching) hoic nhiéu ca thé véi nhicu ca thé (many-
to-many matching) duéi nhitng gid dinh phit hgp vé nguyén vong (preferences) clia
cac ben. Mot vi du ctia bai toan ghép nhiéu ca thé véi mot ca thé 1a bai toan tuyén

sinh.

2.5 Tir bai toan két duyén dén bai toan tuyén sinh
2.5.1 Dat van de

C6 mot tap S hoc sinh va tap C cac truong dai hoc. Mai truong dai hoc ¢ € C ¢6
mot chi tiéu tuyén sinh giéi han g.. M&i hoc sinh s € S ¢6 mot thi tu nguyén vong
= trén cac truong hoc. Moi truong ¢ € C' ¢6 mot thit ty vu tién P, trén céc hoc
sinh (SU{0}) va mot thit ty nguyén vong =. trén cac nhom hoc sinh (2%) véi =,

théa méan cac diéu sau:

1. cho S C S ma

51 Pcs2;

S’ < ge, ta c6 S"U {s1} = S"U{s2} v6i moi 51,59 € " ma

2. cho " C S ma

S| < q., taco S"U{s} =, S v6i moi s € S\S" ma s P.0.

Thit ty nguyén vong . nhu trén duge goi 1a responsive (doi v6i thit ty uwu tien
P.). Gia sit S = {s1, 89,83,84}, C = {c} v6i q. = 2, v& 81 P.$3P. 583 P.() P. 54, ¢
nghia 13 truong c thich hoc sinh s; hon s, hon s3 va khong chap nhan s,. Khi d6 >,

phai thoa man

{51,852} =¢ {51, 83} =¢ {52, 83}
{s1,82} =c {51} »c {52} . @
{s1,83} =c {51} =c {s3} = @
{s2,83} =c {52} ¢ {s3} = @

Hay thiét ké mot hée théng phan phdi hoc sinh vao cac truong dai hoc, sao cho
1. Mbi hoc sinh chi dude hoc mot truong duy nhét.

2. Mai truong khong duge nhan hoc sinh qué chi tieu da dé ra ciing nhu khong
dugc thay doi tieu chi tuyén sinh, vi du nhu t6 hgp mon dé tinh diém hay

cach tinh diém wu tién vimg.

3. Sau cac ki thi chung va riéng, hoc sinh gtii dé xuat nguyén vong dén mot

clearing house. Co quan nay sé st dung mot thuat toan biét truéc phan phoi
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hoc sinh vao cac truong dya vao nhitng dé xuat nguyén vong ciia hoc sinh va

cac tiéu chi da duge thong bao trude doé cia cac truong dai hoc.

Mot két qua ghép kha thi la mot ham p: CUS — 25U C U {0} sao cho v6i moi
ceCvaseSs,

1. u(c) €S va u(s) € CU{d},

2. s € p(c) khi va chi khi u(s) = c.

2.5.2 Lién hé hai bai toan

Ta sé dua bai toan tuyen sinh vé bai toan két duyen bing cach tach méi truong dai
hoc ¢; € C thanh cac suat hoc ¢j1, ¢, ..., Cige; Goi W 1a tap tat ca cac suat hoc
§ tat ca cac truong. Md rong thit tu nguyén vong >, trén cac trudng ctia moi hoc

sinh s thanh thi ti nguyén vong R, trén cac suat hoc trong W duéi dieu kién sau:

Cj s Cyy == Cj1 R,..R, ijch R,...R, Cjr1 R,...R, le7ch/ , (1)

& s @ - Cj1 RS...RS Cj7ch Rs @, (2)

@ s Cj - @RS...CjJ Rs...Rs Cj’ch. (3)

Thit t vu tién ctia moi suat hoc ¢, véi j = 1,...,|C| va k = 1, ..., ¢, 1a mot “prefer-

ence ordering” P, , = P, trén cic hoc sinh. Dat M = S. Khi do ((Rs)sen, (Pe, . )c; rew)
13 mot t6 hop nguyén vong ctia bai toan két duyen (M, W).
Két qua ghép p clia bai toan tuyén sinh lien hé véi két qua ghép v ciia bai toan

két duyén tuong ting nhu sau:
1. v6i moi s € S, u(s) = ¢; khi va chi khi v(s) € {¢j1, ..., ¢jq, },
2. véi moi ¢; € C, u(c;) = {ulcin)  plejn) # 0,k < qe, }

St dung thuat toan ™ véi bai toan nay dam bao céc hoc sinh dé xuat thi tu
nguyén vong that sy ctia minh va cac két qud ghép bén viing, véi tinh bén vitng
duge dinh nghia nhu sau.

Mot minh s chan g néu nhu @ =, u(s). Mot minh ¢ chin g néu nhu ton tai
s € p(c) sao cho ) P.s. Mot cap (¢, s) chan g néu nhu mot trong hai truong hop
sau xay ra: (i) ¢ >4 p(s) va s P.s' cho mot hoc sinh s" € u(c) nao do; (ii) ¢ =5 p(s)
va s P.0 va |p(c)| < q.. Két qua ghép khong bi chan bdi bat ki cdch nao 6 trén thi
bén viing. Trong ngit cAnh ma hoc sinh duge uu tién dya trén diém thi dau vao,
tinh bén vitng c6 thé duge hiéu nhu tinh céng bang (fairness). Gia sit p 1a két qua

ghép tir thuat toan ™, sé khong ton tai hoc sinh s; muén vao truong ¢ ma khong
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duge nhan khi s; dat diém cao hon ban hoc sinh ¢6 diém thap nhat dudge nhan vao
c.

Luu ¥ rang mac dit thuat toan Gale-Shapley ddm bao tinh hiéu qua khi xem xét
cé hai beén trén thi truong (two-sided efficiency), n6 khong ddm bao luon cho ra két
quéa ghép hiéu qui nhat cho mot bén trén thi truong (one-sided efficiency), vi du
nhu phia hoc sinh. Trong bai todn siap xép hoc sinh vao truong hoc (school choice
problems), ngoai thuat toan Gale-Shapley dudc stt dung pho bién, con c6 thuat toan
Top Trading Cycles - thuat toan nay “strategy-proof” va hiéu qua hon (vé phia hoc
sinh) so véi thuat toan Gale-Shapley nhung khong cong bing tuyét ddi. Dé tim hiéu
thém vé cach hai thuat toan nay dugce tng dung trong céc bai toan “school choice” &
MY, cdc ban c¢6 thé tham khéo [13]. Bai viét [14] chi ra ban chét ctia he thong tuyén
sinh c¢ii 8 Thé Nhi Ky 1a college-proposing Gale-Shapley va chi ra nhuge diém ciia
thuat toan nay. Dua trén nhitng diéu kién co ban, nhu két qua tuyén sinh dua trén
diém thi dau vao, bai viét dua ra mot thiét ké he théng tuyen sinh méi diing thuat
toan student-proposing Gale-Shapley. Bai viét nay la mot diém tham khao rat tot
cho dé tai sip xép hoc sinh vao cac truong ¢ Viet Nam, vé cach tiép can deé tai,

phan tich co ché tuyén sinh hién tai va thiét ké co ché méi.

2.5.3 Cau héi mé

C6 rat nhiéu khia canh ctia bai toan tuyén sinh c6 thé dugce tim hiéu va khai thac

thém.

1. O Viet Nam c6 rat nhidu truong dai hoc nén viéc sap xép thi tu clia toan bo
cac truong nay c6 thé kha phién phiic.!* Ngudgce lai, néu méi hoc sinh chi duge
cho phép nop vao mot truong thi mdi hoc sinh sé phai suy tinh rat nhiéu: c6
bao nhiéu ban dugc wu tién hon minh 6 cac truong, cac ban nay thich truong
nio, xac suat ma moi truong hop nay xay ra la bao nhieu. Rat dé& hiéu néu cé
hoc sinh “dang ra da duge nhan vao mot trudng t6t hon”, hodc “mac dit diem
kha cao nhung rét dai hoc”, trong truong hop hoc sinh duge cho phép dé xuat
qué it nguyén vong. Gid st quy dinh mdi hoc sinh khong duge liet ke qua @
truong. Vay @Q bao nhiéu 1 “du t6t”?

2. Nhitng gid dinh vé khong gian nguyén vong ciia cac trudng dai hoc va cac ban
hoc sinh ¢6 phan 4nh ding thyc té khong? Vi du mot ban hoc sinh thuong
khong chi quan tam dén truong dai hoc minh sé hoc ma con quan tam dén

viéc ai sé ciing hoc v6i minh. Nhitng truong dai hoc ciing c6 thé sé quan tam

T4t nhién 1 néu thuat toan student-proposing Gale-Shapley dugc st dung thi mdi hoc sinh
chi can dé xuit nhitng trudng hoc ban than thich hon 14 “khong di hoc”.
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dén phan bo trinh do va can bang gidi tinh ctia 16p hoc, dia ban cu tri hoic
gia canh clia hoc sinh, hay céc gidi thuéng hoc thuat va thé thao ctia ho. Lam

thé nao dé dua nhing yéu t6 nay vao thuat toan?

3. Tinh chat ndo ctia thuat toan la quan trong ddi v6i bai toan ma ching ta xem
xét? Nhitng gid dinh nao trén khong gian nguyéen vong la thiét yéu dé thuat
toan dé ra dat dugc nhiing tinh chat nay? Trong khong gian nao thi thuat
toan nhu thé khong ton tai?

4. Cudi cung, gia st nhitng gid dinh vé khong gian nguyén vong clia ching ta
13 chinh xac, va ldc nay ban da cé trong tay dit lieu vé thit tu nguyén vong
that su cua céc ban hoc sinh (nho st dung thuat toén student-proposing Gale-

Shapley), s6 ligu thong ke nao nén quan tam?

2.5.4 Loi két

Sy sap xép lai mot thi truong thuong bat nguon bang viéc phat hién ra nhiing bat
cap cta thi trudng d6. Nhu khi ching ta thiét ké lai co ché tuyén sinh ctia Viét
Nam, buéc dau tién 1a tim hiéu ré phuong thic hoat dong clia co ché hien thoi va
danh giad n6. Tiép d6 la xac dinh nhitng tinh chat mong muén va thiét ké mot co
ché dat duge nhitng tinh chat nay.

D6i v6i thiét ké thi truong, nhitng dic tinh riéng ctia thi truong déng vai tro rat
quan trong. Vi du nhu trong thi truong viéc lam (labor market), gia tri ciia mot
ting vién c6 thé thay doi tity thuoc vao viec nhan hay khong nhan mot tng vien
khac. Vi du nhu c6 nha tuyén dung can tuyén nhan vién chup hinh va viét lach va
c6 ba 1ing vién w;, we, ws lan lugt chi biét chup hinh va chup gidi, chi biét viét 1ach
va viét gidi, biét ca hai ki nang nay & mitc kha. Nha tuyén dung nay sé chon ws néu
nhu chi duge chon mot ing vién, va chon cd w; vd wy néu nhu duge chon hai ting
vién. Hay nghi xem tai sao trong truong hgp nay thuat toan Gale-Shapley khong
van hanh tét nita.

Xem xét mot vi du khéac: Coca-Cola va Pepsi cling tim ngusi ndi tiéng dai dien
cho thuong hiéu ctia minh. Vi hai hang nay triyc tiép canh tranh v6i nhau, méi hang
c6 dong co dé hai d6i thi bang cach ki hop dong véi nhan vat phit hgp nhat véi déi
thii, ngay ca khi nhan vat nay khong hoan toan phu hgp v6i hang ctia minh.

Tuy vay, gitta cac thi truong van chia sé nhiéu diém chung, va do dé hiéu biét
vé mot thi truong sé gitp ich cho viéc thiét ké nhing thi truong khac. Dién hinh
12 méi lien hé chiit ché gitta bai toan két duyen va bai toan tuyén sinh giéi thieu &

trén.
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