PHUONG TRINH VI PHAN
< ViiLé Thé Anh >

Phwong trinh vi phan |3 bat ki phwong trinh ndo cé chira mét ham chua biét va mét

hay nhiéu cac dao ham cla no, bat ké dao ham théng thuwdng hay dao ham riéng.

Vi du cha phuwong trinh vi phan trong thyc té rat da dang:

Phuong trinh vi phan Ung dung
dp Quy luat Malthusian cua gia tang dan
— =7
dt P s6
dx N aA L2 . n n
T = k(A —x)? To6c d6 phan ing déng hoc bac 2
d%y  C [/AC\:  rdy\? Nghiém cta phuong trinh la ham m6 ta
dx? - L (T) (ﬁ) hinh dang cha Gateway Arch (St.Louis)
d%x do Phuong trinh mo ta dao dong tat dan
m——+b—+kx = F(t) . o ,
dt dt cua o xo dudi tdc dung luc can
K2 d% 1 Phuong trinh sdng Schrodinger cho hé
gt (E—gke?)w=0 e
2mdx 2 dao dong diéu hoa mot chiéu don gian

Phuwong trinh van der Pol mo ta dong
x"—e(1l—x®)x"+x=0 i ]
dién trong mach cé dién trd phi tuyén

Phuong trinh vi phan cé nhiéu loai, don cl 1a phwong trinh vi phdn théng thuédng va
phuong trinh vi phdn riéng phdn (partial differential equation, PDE). Ngoai ra con ¢6

phuong trinh vi-tich phdn (integro-differential equation).




Cac phuong trinh trong bang trén déu |a vi du ciia phwong trinh vi phan thdng thudng do
chi lién quan dén céc dao ham clia ham mot bién. O dau, néu khdng néi gi thém thi ta

hiéu phuong trinh vi phan 1a phuong trinh vi phan thong thuong.

Phuong trinh vi phan riéng phan bao gdm cdc dao ham riéng cia ham nhiéu bién. Mét vi

du dién hinh cla né la phuong trinh dan nhiét trén mot thanh st cwc méng:

ou 0%u
ot Ox?
Trong d6, u(x, t) 1a nhiét do tai diém x cla thanh sat tai thoi diém t.

Phuong trinh vi-tich phan dung nhu tén goi ctia nd, khdong chi gbm dao ham ma con cd ca

nguyén ham cGa ham can tim. Vi du:

x'(t)=f(t)+ j k(t —uw)x(uw)du

O day, ta chi chd y dén cac phuong trinh vi phan théng thudng, va néu co thé sé néi so
nét vé cac loai con lai.

Cé mot diém dang lvu y 1a nhu nhitng phuong trinh dai s6 thwdng gap trong todn phd
théng, khéng c6 moét cach giai tong quéat ndo cho moi phuong trinh vi phan. Trén thuc té,
ngudi ta chi quan tam dén viéc giai cac loai phwong trinh vi phan cé y nghia thuec tién. C6
thé ndi phwong trinh vi phan di ra tir thye t& va do d6 1a mot cdng cu manh dé mé hinh
hda nhiéu van dé thuc té.

N6i dén mdt s6 khai niém xung quanh phwong trinh vi phan, trwedc hét phai néi dén béc.

Bdc ciia mot phuong trinh vi phan thong thuong la bac

cla dao ham cap cao nhat cé trong phuong trinh.

Vi du:

x" = k(a — x?) 1a phwong trinh vi phan bac 1



2xyy’ + (yy")? = y? cling la mét phuong trinh vi phan bac 1
d*y N . . A N
El— = w(x) la phwong trinh vi phan bac 4

dx*

Nhu moi loai phuong trinh, hé phuwong trinh, phuong trinh vi phan cling cé nghiém.

M6t ham f 1a nghiém cda mét phwong trinh vi phan néu y = f(x) va cac dao
ham cla né thoa phuong trinh. Viéc giai phwong trinh vi phan la tim ra cac

nghiém cta phwong trinh do.

Nghiém cta phuong trinh vi phan cé hai loai:

Nghiém téng qudt |3 mot ho cac phuong trinh khac nhau bdi mot hay nhiéu hang sé c.
Vidu: y = ce* 1a mét nghiém téng quatciay’ =y

hay y = ¢; sinx + ¢, cos x la mét nghiém tong quat cia y"” = —y

Nghiém riéng 1a mot phuwong trinh xac dinh. Nghiém riéng duoc tim thay khi ta cé mot
hay nhiéu diéu kién ban déu cia phuong trinh. Diéu kién ban dau cé thé 1a gid tri cda
ham can tim hodc cadc dao ham cla né tai mot diém nao doé.

Vidu: y = e* Ia mét nghiém riéng clia y' = y vdi diéu kién dau y(0) = 1

hay y = sinx + 2 cos x la mot nghiém riéng clla y'' = —y vdi diéu kién ddu y(0) = 2 va

y'(0) = 1.



Phwong trinh vi phan bac I:
1/ M6 hinh gia tang dan sé:

M&t md hinh gia tang dan sé duoc xay dung dya trén gia thiét 1a tdéc do gia tdng dan sé
cla mot quan thé (ngudi, déng vat, vi khuan,...) ti 1& thuan véi kich thudc quan thé. Gia
thiét nay |a chdp nhan duoc trong diéu kién ly tudng (méi trwdng thuln loi, day dd dinh

dudng, khong cé cac loai nguy hiém, mién nhiém véi dich bénh,...).
Tai thoi diém t, s6 lwgng ca thé (hay dan s6) cda quan thé la P(t). Téc dé gia tang dan so

theo thoi gian duoc do bdi P'(t) hay dP/dt. Gia thiét trén cé thé duoc bidu dién dudi

dang:
apP
P'(t) = kP(t) hay E = kP

Trong d9d, k 1a hang s6. N&u k > 0, dan s6 ting theo thdi gian. N&u k < 0, dan s6 giam theo
thoi gian. Phuong trinh trén 13 md hinh d4u tién cho su tdng trwdng dan sd cdia mét quan
thé, day la phuong trinh vi phan vi né c6 chira mét ham chuwa biét P(t) va dao ham dP/dt
cla no.
Nghiém cha phuong trinh nay duoc cho nhu sau (cach giai sé duoc ban & phia sau):
P(t) = Ce*t

V&i C 1a mot hang s6. Ta cé thé kiém nghiém diéu nay:

P'(t) = (Ce**)' = kCe** = kP(t)

Cé6 thé thay nghiém cla mdt phuong trinh vi phan 1a mdt ho phuong trinh. Trong trudng
hop nay, ta chi quan tdm téi cac phuwong trinh cé P(t) > 0,Vt tirc C > 0. Ngoai ra, ta
cling chi quan tdm khoang thoi gian sau thoi diém ban dau, tlrc trén mién t = 0. Tai thoi
diém ban dau t = 0, s6 lvgng cd thé 1a P(0) = C. Vay ra C chinh Ia kich thuwdc ban dau

cla quan thé.



Nhw d3 néi, phuong trinh trén phu hop trong diéu kién ly tudng. Tuy nhién, ching ta ¢

thé xay dwng mét s& phuwong trinh khdc phu hop hon véi thuc té.

a/ N&u tinh dé&n yéu t6 di tru, gia st téc dd di trd 1a mot hang s m, mé hinh cé thé duoc

hiéu chinh thanh:

b/ Ngoai ra, ngudn tai nguyén clia mdi trwdng sdng 1a cé han, ddng nghia vdi viéc moi
truong chi db nudi dudng mot quan thé cé dan sé téi da la M, hay con goi la mirc bdo hoa
dan s8. D& mo hinh ¢ thé thé hién xu hudng tang trwdng gidm dan khi cang gan ti M,

ta dat ra hai gia thiét:

(1) dP/dt =~ kP v&i P 30 nho (ban dau, téc do tang trudng ti 1é vai P)

(2) dP/dt < 0 néu P > M (dan so s& giam dan khi vuot mirc bdo hoa)

Mot cach biéu dién khi két hop hai gia thiét trén la:

ar Lp (1 P)

dat M
C6 thé thay, khi P nhd (so vdi M) ta c6 thé bé qua P/M nén dP/dt ~ kP.Néu P > M thi
1 —P/M chogidtriamva dP/dt < 0.

Phuong trinh nay dwoc goi la phuwong trinh vi phan logistic, hay mé hinh logistic. D& y thay
P(t) =0 va P(t) = M |a mdt nghiém cha phuwong trinh trén. Diéu nay hop vdi thuc té
b&i vi néu dan sé luén & mirc 0 hodc b3o hoa thi né s& gitr nguyén trang thai dé. Hai

nghiém hang nay dwoc goi 1a nghiém can bang.

¢/ Nguoc lai, mot sé loai cé mirc dan t6i thi€u m dé duy tri ndi giéng. Néu tut xuéng dudi

murc nay thi giong loai do6 sé dén b diét ching. Tuwong ty nhu trén, ta c6 mo hinh:



2/ Cach giai mot so dang:
a/ Dang tach bién:
Phuong trinh tach bién 1a phuong trinh vi phan bac nhat cé thé biéu dién duéi dang:

y' =g@f»)

C6 thé thay phuong trinh trén cé thé tach hai bién x, y vé hai phia cla dau bang. Néu
f(y) # 0, ta tach hai bién vé hai phia réi Idy nguyén ham theo bién x:

I

f()

dy B y’dx

=90 = 5057 ) Fo)

j g(x)dx

Tur d6, ta c6 thé tim ra ham y theo bién x.

Vi du:

Mot vi du cla dang téch bién [a mé hinh tdng trwdng dan sé duwoc ban & trén.

P'(t) = kP(¢t), P(0) = P,

9]
ﬁ_}v

kP il k Pt jkdt de kt + C
=kP>—=k=> | —= = | —=
P P P

= In|P| = kt + C = |P| = e¥t*C = Cekt
Do ta chi quan tdm t&i P > 0 nén c6 nghiém téng quat
P = Cekt
Dan s6 ban dau P, = P(0) = Ce = C.

Vay phuong trinh cé nghiém riéng P = Pye*t



Hodc d6i véi mé hinh logistic:

p = kp(1—5),p(0) _ p,

M
Giai
kP(l P) _MP__ j MdP jkdt
= —— > = —K =
M P(P—M) P(P — M)
> [(~————2)ap=— = In|— |=—
fP M P d kt + C n kt +C
P=M|_  up M
=>— >pP=—
¢ 1+ Ce ¥t
Piéu kién dau
Py=P0)=——=C=——
0= PO 1+C P,
Vay nghiém cla phuong trinh la
p= M
- M
1+ (p—1
(= 1)e™

Minh hoa: Xétk = 0.1,M = 100 va P, = {10,110}:

P, =10 P, =110
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b/ Dang bién thé cua dang tach bién:

Trong mot sd trwdng hop, phuong trinh vi phan cé dang bién thé:

y’=f(z)

X

D& gidi cadc phuong trinh vi phan dang nay, ta dit:

Y ' 1
u=;:oy=ux=>y =ux+u

Thé vao phuong trinh ban d4au, ta cé:

ux+u=fw=>ux=f(u)—u
Néu f(u) = u thi phuwong trinh ban dau cda ching ta la dang tach bién. Thay vi dat u, ta
giai nhu trén.
N&u ton tai cac gid tri u = a thda f(u) — u = 0 thi phuong trinh ban dau cé céc nghiém
y = ax
Mat khac, phuong trinh dugc gidi tiép tuc:

!

u du 1
f—(u)_u=x(:> ff—(u)—u =f;dx=ln|x|+C

Tedétimrauvay = ux.

Vi du: Giai phuong trinh vi phan:

/ . y
[— _+
xy' =xsin>+y

9]
n_)v

Y .Yy
'=xsinz+y(x#0) oy =sin>+=
xy' = xsin> yx#0)ey sin® + 2



Détuz%:y’ =u+u'x.PTtrothanhu +u'x =sinu+u © u'x =sinu
Xétsinu = 0 © u = k.

Vay y = knx (k € Z) la nghiém cla phuong trinh.

u' 1 du dx —d(cosu)
=;@f = —@f—=1n|x|+(]

sinu sinu X 1 —cos?u
1l cosu — 1 In x| 4 C cosu—1 2 1+ Cx?
o —-In———=1In|x & —=(Cx*©ecosu =——
2 cosu+1 cosu+1 1 — Cx?

Vay phuong trinh cé nghiém khac la

1+ Cx?

= X arccos ————

y 1—Cx?
ot A . 1+Cx?
Két luan: y = knx (k € Z) hodc y = x arccos P

¢/ Dang tuyén tinh:
Phuong trinh vi phan bac | tuyén tinh c6 dang:
y' +q()y =pk)
Trong dé: y = f(x) 1a ham can tim va q(x), p(x) la cdc ham theo x d3 biét.

DE giai phuong trinh trén, ta tim mot nguyén ham Q (x) cta q(x) (Q'(x) = q(x)) va nhan

hai vé& véi 2™, Khi d6, phwong trinh tré thanh:

= (e2@y) = £@Wp(x) = Wy = f e?@p(x)dx

Tl d6 tim dugc ham y = f(x).
Vi du: Gidi phuong trinh vi phan:

y' +y =sin(e*)



Giai: Xét x = [ dx, nhan e* vao hai vé clia phuong trinh:

e*y' + e*y = e*sine® & (e*y)' = e*sine”
& ey = jexsinexdx = jsinexd(ex) = —cose*+C

Vay nghiém phuong trinh la

d/ Dang Bernouli:
Doi luc, ta sé gap phuong trinh vi phan cé dang:

y +qx)y=p)yt,n+0n=+1
Dé gidi phuwong trinh trén, taddtu =y > u' = (1 —n)y ™y’
Thé vao phuong trinh, c6: (1 —n)y ™y ' + (1 —n)y "q(x)y = (1 —n)y "p(x)y"
Hay:u' + (1 —n)q(x)u = (1 — n)p(x)
Phuong trinh d3 dwoc dua vé dang tuyén tinh, ta gidi nhu trén.
Vi du: Gidi phuong trinh vi phan sau:

xy' =y = —xy*

Gidi: Ditu =y 2=y lou = -y 2y

=>x(—y2y)—(-y2y)=—x(-y yHeoxu +tu=x

x? x C
<:>(xu)’=x<:>xu=fxdx=—+6(:>u=—+—
2 2 x
Vay
o 1 _ 2x
y=h Ty CTxr+cC
2%
X



Phwong trinh vi phan bac ll:
1/ Mé hinh chuyén déng cta 10 xo:

Phuong trinh vi phan cling dwoc &ng dung nhiéu trong cac mé hinh vat ly. Xét mét hé 1o
X0 gdm mot vat ndng cé khdi lwvgng m treo can bang trén mot 16 xo nam ngang cé do cirng
k. Dinh ludt Hooke cho biét néu 10 xo bj kéo dan (hodc nén) mét dé dai x so vdi trang thai

tu nhién cda nd thi nd sé sinh ra moét luc ti 1é thudn vai x:
F = —kx

D4u trir trong biéu thirc trén thé hién hwdng cda luc sinh ra nay nguwoc chiéu véi dd dan.
Néu bd qua ngoai lyc (ma sat hodc lwc can khéng khi) thi theo dinh luat Il cha Newton, gia
tdc clia mot vat ti 1é thudn vai luc tdc dung |én vat va ti |é nghich véi khéi luvgng, hay F =
ma. Biét rang gia tdc 1a dao ham cua van t6c, hay dao ham bac hai cla do doi:

d*x

mﬁ = —kx

Day [a mét vi du cia phuong trinh vi phan bac hai bdi vi trong nd cé tén tai mét dao ham

cap hai. Phuong trinh nay cé thé viét lai thanh:

d?x k k
dt2 m m

|
|
I
=
I
|
g
Ry
S
I
I

Phuong trinh nay cho thay dao ham cap hai cda x ti 1& thudn v&i x nhung trai dau. Cé thé
nght ngay dén hai ham cé tinh chat nay |a ham sin va cos. Thyc té, nghiém clda phwong
trinh nay ciling chinh 13 su k&t hogp clda hai ham nay va do dé chuyén dong cia mot vat

trong hé 16 xo 1a dao déng diéu hoda xung quanh vi tri can bang.

Tuong tu trén, phuong trinh nay dung trong diéu kién ly twdng khdng cé luc can hay

ngoai luc. Mot s6 luc tac dong cd thé ké dén la:



a/ Trong lwc P: Trong trudng hop 10 xo ndm ngang, trong luc tac dung vudng goc véi mat
san va can bang vdi lwc nang clia mat san, do dé ta khong dé y tdi trong lyc. Tuy nhién,
khi treo vat trén |0 xo thang dirng (vat & dudi hodc trén), hay trén mat san nghiéng, trong

lyc tdc dong rat nhiéu dén chuyén déng cla 10 xo.

P = mg trong d6 g la gia téc trong truwdng. Gia toc trong trudng khac biét & cac noi khac

nhau trén Trdi Dat, nhung thong dung nhat g = 9.8 m/s? hodc g = 10 m/s?.

b/ Lwc can F,;: Luc cdn néi tiéng nhat cd thé ké dén 13 lyc ma sat hodc luc can cla gid.
Nhin chung, lwc can c6 cong thirc:
14

Fy = —ux

Trong d6 u la hé s6 can (u > 0). Dau trir cho thay luc cdn nguoc chiéu véi x’ hay van téc

cla vat, ndi cach khac nguoc chiéu chuyén dong cla vat.
¢/ Ngoai lyc F(t): bat ki luc nao tac dung |én vat co thé goi chung |a ngoai luc.
Xét hé 16 xo thang dirng, chiéu dwong hwdng xuéng.

Luc treo vat, méc du khéng tac dung lwc nhwng vat ndng van chiu tac dung trong luc hudng

xubng dudi, do do 10 xo cé mot bién dang ban dau kAl = mg.

Tai thoi diém t bat ki tir [4c [0 xo bat dau dao dong, dd doi clia vat nang so vdi vi tri can

bang 13 x. Vat ndng luc nay chiu lyc dan hdi F, = —k(Al + x).
Xét vat nang chiu tac dung cta P, Fy,, F4, F(t) c6 gia t6c x”/, ta co:

mx" =P+ F,+F;+F(t)=mg — k(Al + x) — ux' + F(t)
T d6 ta rat ra phwong trinh vi phdn mo t3 chuyén dong cda hé 10 xo nay:

G
M TR T T (©)

Cung vai d6, ta cé cac diéu kién dau: x(0) = x,, x'(0) = v, la d6 doiva van téc ban dau.



2/ Mot s khai niém:
Khi ndi t&i phuong trinh vi phan cap 2 (va cac cip cao hon), cdn cd thém mot s6 khai niém.
Phwong trinh hé sé hang |3 phuong trinh cé dang:

ay”" +by' +cy = G(x)
Trong d6 a, b, ¢ la cdc hé sé hang, a # 0.
Khi G(x) = 0, phuong trinh trén dwoc goi |a phwong trinh thuén nhét (hé s6 hang).
Phwong trinh ddc trwng cGia phuong trinh vi phan bac 2 trén la:

ar’+br+c=0

Chung ta sé tim hiéu cach giai phwong trinh vi phan bac 2 hé s6 hang dua trén ba phuong

trinh trén.
3/ Cach giai phwong trinh vi phan bac 2 hé s6 hang:
a/ Phuwong trinh thuan nhat:
Nhw d3 ndi, phuong trinh thudn nhat c6 dang:
ay" +by'"+cy=0(1)
Xét phuong trinh dac trung:
ar’+br+c=0(2)
Gidi phwong trinh trén ta c6 3 trwdng hop:
TH1: (2) cé hai nghiém phan biét r;, 7, = (1) c6 nghiém téng quat:
y=ce*+ce?*
TH2: (2) cé nghiém képr = r; = r, = (1) cb nghiém tdng quét:

y = (¢ +cx)e™



TH3: (2) v6 nghiém, 2 nghiém phtrc lién hgp cta (2) lar = a + bi

y = (c; cos bx + ¢, sin bx)e®*

Ly bai todn hé 1o xo thdng dirng trén lam vi du. Gia st khong cé ngoai lyc tac dong thi

phuwong trinh trén 13 mot phuong trinh thuan nhat.

S S
M TR T T

Patn = % >0vaw = \/% > 0, phuong trinh duoc viét lai thanh:
x" +2nx' + w?x = 0 (1)
Phuong trinh dic treng: 12 + 2nr + w? = 0 (2) © (r + 1)? = n? — w?
Xét ba trudng hop:
TH1: n > w, (2) c6 hai nghiém phan biétr = —n + \/m
Phuong trinh (1) cé nghiém téng quat:
X = Cle(_"J’\/m)t + cze(_"_ nZ-w?)e

xo=x(0) =¢; +c,

Xét diéu kién dau {Uo = () = (_77 + m)cl n (_77 _ \/m)cz
( (n +n? — 02)x, + v,
Cl ==

o 2.1% — w?
{C =(—n+vn2—w2)x0—v0
kz 2./n? — w?

Vay mot hé 16 xo thang dirng dao ddng diéu hoa khdng cé ngoai lwc s& chuyén dong theo

phuwong trinh:



x = cle(_“m)t + cze(_"_ -?)e
Minh hoa: m = 1kg, u = 0.5,k = 0.05. Vat dwoc cho van téc dau v, = 100 m/s
Phuong trinh: x = 250(e %1t — ¢705¢) dat cyc dai ~ 133.75tait = 2.5In5 = 4 (s)

1504
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TH2:n = w, (2) c6 nghiém képr = —7

Phuwong trinh (1) c6 nghiém téng quat

x = (c; + cyt)e™

s AN N AN x() == X(O) == C1 Cl == XO
Xét diéu kién dau:
o dletiden cat {vo =x"(0) = c; —necy {CZ = Vo + NXg

Ldc nay, hé 16 xo dao dong theo phuwong trinh:
x = [xo + (Vg + nxo)t]e™"
Minh hoa: m = 1kg, u = 0.6,k = 0.09. V4t dwoc cho van téc dau v, = 100 m/s

Phuong trinh: x = 100te™%3! dat cwc dai ~122.63 tait = 10/3 =~ 3.33 (s)
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TH3: 1 < w, (2) cb hai nghiém phuclién hgpr = —n + /w? — n?i

Phuwong trinh (1) c6 nghiém téng quét:

X = (61 cos+/ w? —n?t + ¢, sin/w? — nzt) e Mt

xo =x(0) =¢

Xét diéu kién dau:
' {vo =x'(0) = c;yw? —n% —1n¢y
C1 = xo

&< = Vo + 71X
, = —

Vat hé 10 xo dao dong theo phuong trinh:

Vo +Nx
x = xocosw/wz—n2t+\/02:nozsinw/w2—n2t e M
w* =1

Minh hoa: m = 1kg,u = 0.6,k = 0.9. Vat dwoc cho van téc dau vy, = 100 m/s

10000

Phwong trinh: x = e 93t sin 0.9t
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Trong thuyc t€, 10 xo c6 d6 cing k (N/m) I&n hon rat nhiéu lan so vdi hé s6 can va do d6

chuyén déng nhu treong hgp 3 véi w > n hay k > u/4m la thuwong gép hon ca, tham chi
c6 thé bé qua lyc can.

Trong trwong hop bo qua lwc can, trcn = 0:

Vo .
X = Xy COS wt + —sin wt
0]

2
v 14 N 4 ,
PitA = /xg + —w"z va g = arctan—w0 ta co:

X0
x = A(cos wt cos ¢ + sin wt sin ¢) = A cos(wt — @)
O day, ¢ goi la pha ban d4u va w goi 13 tan s géc cta dao dong didu hoa. x 1a li do va A
goi |a bién d6 cliia dao dong. Dao dong coé li d6 thda man ham trén duoc goi la mot dao
dong diéu hoa.

b/ Phwong trinh hé sd hang:

ay" + by +cy =G(x) (1)



Dau tién, ta gidi phuong trinh thuan nhat twong ing ay”’ + by’ + cy = 0 (2) bang céach
xét phuong trinh dic trung ar? + br + ¢ = 0 (3) nhu trén. Nghiém cla phuong trinh

nay la y¢ (C twong ing complementary, hay bé tro).

Nghiém tong quét cta (1) la y = y¢ + ¥, voi y, la mét nghiém cu thé cta (1).
Cach tim y,, tay thuéc vao ham G(x).

i/ G(x) = P,(x)e™ va&i P,(x) 1a da thirc bac n bién x.

TH1: r khéng la nghiém cla (2)

Chon y, = Q,(x)e™ la mot nghiém cu thé cla (1).

TH2: r la mét trong hai nghiém thyc cda (2)

Chon y, = xQ,(x)e™ la mot nghiém cu thé cla (1).

TH3: r la nghiém kép cla (2)

Chony, = x2Q,,(x)e™ |a mot nghiém cu thé cla (1).

i/ G(x) = e™(B,(x) cos bx + Q,,,(x) sin bx)

Chon s = max{m, n}

TH1: r = a % bi la nghiém phurc cta (2)

Chon y,, = xe®*(R;(x) cos bx + Ts(x) sin bx) la mét nghiém cu thé cla (1).
TH2: r = a * bi khéng la nghiém phtrc cta (2)

Chon y, = e**(R,(x) cos bx + T,(x) sin bx) la mét nghiém cu thé cla (1).

Sau khi tim dwoc dang nghiém cu thé clia (1), ta tim ;' va y;, va thé vao (1) dé tim chinh

xac y, bang phuwong phap déng nhét hé 6.



iii/ Trong trwong hop G (x) khéng thudc cac trwdong hop trén, ta dung phuwong phap bién

thién hang so:
Phuong trinh (1) ¢ nghiém y. = c,y; + )5
Giai hé phuong trinh tim uj va u,

{ yius + yu; =0
a(yiuy +y,u;) =G

Tl d6 tim duoc u, va u,. Nghiém cu thé cda (1) luc nay la:
Yp = U1Y1 T UY>

Ngoai ra, ta c6 nguyén ly chéng chét nghiém:
Hai phwong trinh vi phan

ay”" +by' +cy = G,(x)

ay" +by' + cy = G,(x)
C6 nghiém cu thé lan luot lay, vay,, .
Khi d6, phwong trinh vi phan ay” + by’ + cy = G,(x) + G,(x) cbé nghiém cu thé

Yp = Yp, + Vp,

Lai xét bai todn hé 10 xo nhung trong truong hop dac biét: khong cé lwc can F; nhung co
ngoai luc F(t) tdc dong. Ta cd phuong trinh vi phan:

CF@®
=

x" + w?x
Xét phuong trinh thuan nhat: x”’ + w?x = 0 cé phuong trinh d3c trung 2 + w? = 0 ¢
hai nghiém phurc lién hop r = twi
Phuong trinh thuan nhat c6 nghiém y. = ¢; cos wt + ¢, sin wt = A cos(wt + @)

Dic biét, ngoai luc nay ciling bién thién diéu hoa, tirc cé dang:



F(t) = F, cos(6t + ¢)
Trong d6, 0 la tan s goc va ¢ la pha ban dau.
C6: F(t) = F, cos ¢ cos 0t + F, sin ¢ sin Ot = e~ (B,(t) cos bt + Q,,,(t) sin bt) véi:

P,(t) =Fycos¢p,n=0
Q,(t) =Fysingp, m =0
a=0,b=20

TH1: w # 6, r = +0i khong phai nghiém phirc cia phuong trinh dac trung.
Chon x,, = p cos Ot + g sin 6t la mot nghiém cu thé.
Co: x;, = —p0 sin Ot + qb cos Ot va x,) = —pH? sin Ot — qO? cos Ot thé vao:
(—pH? sin Bt — q6? cos Ot) + w?(p cos Ot + q sin Ot)
F,
= EO (cos ¢ cos Ot + F, sin ¢ sin 6t)
Dodng nhat hé sé ta co:
F, F, w? cos ¢ + 62 sin
—02p + w?q = —sin¢ (p=—0 4 ¢
m (:){

F
2y _ 92 =—0
w°p —04q cos ¢ kq

m w* — 04
_ Fyw’sing + 62 cos ¢
" m w* — 64

_ Fy w? cos ¢ + 6% sinqbCOS ot + Fy w?sing + 6° cos<,1.’)Sin .
= w* —o* m ot —6*

F
= —( 7 : 94) [w?(cos ¢ cos Ot + sin ¢ sin Ot) + 62(sin ¢ cos Ot + cos ¢ sin 6t)]
m(w* —

=l cos(0 — )+ 07 sin (0t + )

Vay phuwong trinh cé nghiém téng quat:

x = Acos(wt + @) + [w? cos(Ot — ¢p) + 0% sin(Ot + ¢p)]

0
m(w* — 0%)
Minh hoa: Cho hé 10 xo véi vat nang m = 3kg, 10 xo c6 do cieng k = 75 N /m dao déng chiu

ngoai lyc F = 10 cos 6t. Biét ban dau vat cé li dé x, = 0.2 m, van téc vy, = —0.1m/s

3x" +75x =10 6t > x = ——1 in 5t + —3 5t — —10 6t
= = =
CosS 10 S1 165 CosS 33 CoS
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TH2: w = 6,r = £0i la nghiém phtrc cha phuong trinh ddc trung
Chon x,, = t(p cos Ot + g sin 6t) la mot nghiém cu thé.
Cé: x, = (q — pOt) sin Ot + (p + qbt) cos Ot
x, = (=2pf — q6%t) sin Ot + (2q0 — pH?t) cos Ot thé vao:
(—2p6 — q62t) sin Ot + (2q0 — pB?t) cos Ot + B2t(p cos Ot + q sin Ot)

0 Fo .
= —cos ¢ cos 0t + —sin ¢ sin Ot
m m

Pong nhat hé s6 ta co:

Fy Fy sin ¢

—2pB = —si = —
p msmqb@ p 2mo
) B—FO _ Fycos¢
1 —mcos¢> 1= 2mo

Fy sin ¢ Fycos¢
xp=t(— G cos Ot + Y sm@t)
Fyt

F
(sin 8t cos ¢ — sin ¢ cos Ot) = —% ¢ sin(0t — ¢)
2me 2mo

Vay phuong trinh cé nghiém téng quat:

F
x = Acos(wt + @) + —2 ¢ sin(wt — o)
2mo



Minh hoa: Cho hé 16 xo v&i vat nang m = 3kg, 10 xo cé do cirng k = 75 N /m dao dong chiju
ngoai lyc F = 10 cos 5t. Biét ban dau vat cé li dé x, = 0.2 m, van téc v, = —0.1m/s

3x" + 75x = 10 cos 5t

1 1 1 1
X = —%sm5t+§c055t+3tsm5t ~ 0.2 cos(5t + 0.1) +3tsm5t

Trong tredng hop téng quat nhat, 16 xo ¢d Iwc cdn va chiu ngoai lyc:

F(t
x" +2nx’ + w?x = F@)
m

Xét truong hop sir dung s6 liéu nhw bai trén nhwng ¢ u = 900:
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