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1 Cuc Tri Trong Giai Tich Nhiéu Bién
1.1 Khéng Cé Diéu Kién Chan

O day, ta chi yéu lam viéc véi ham f : D — R, véi D C R". Gid st f ¢6 dao ham riéng bac
nhat va bac hai lién tuc trén tap xac dinh. Ta bat dau bang cdc dinh nghia sau:

Dinh nghia 1.1 (Cuc tri Dia phuong). Diém x € D dudc goi 1a mét cuc ti€u dia phuong
(local minimum) clia ham f néu ton tai mot lan can

B(x,R) ={y e R"|||x—y|| < R} C D,
véi R > 0 nao do, sao cho:

f(x) <f(y), VyeB(xR).

D&i chiéu bat dang thic trén, ta duoc dinh nghia ctia cuc dai dia phuong (local maximum).

Dinh nghia 1.2 (Cuc tri Toan cuc). Diém x € D dugc goi la mét cuc tiéu toan cuc (global
minimum) cla ham f néu:
f(x) <f(y), VYyeD.

Déi chiéu bat dang thic trén, ta dugc dinh nghia clia cuc dai toan cuc (global maximum).

Ta ¢6 dinh ly sau vé su ton tai cla cuc tri toan cuc:

Dinh ly 1.3. Néu D bj chdn (bounded) va dong (closed, chita moi diém bién), ham f sé
dat duoc cuc dai va cuc tiéu toan cuc trén D.

Dinh ly sau 1a md rong cla moét két qua quen thudc trong gidi tich ham mot bién:

Dinh ly 1.4. Gia st ham f dat duoc cuc tri dia phuong tai diém x. Khi do ta co:

Vf(x) =0.

Chu y rang day chi la diéu kién can, khong phai 1a diéu kién di. C6 nhiing diém x ma tai day,
gradient bang 0, nhung ham sé khéng dat ducc cuc tri; khi d6, diém x sé dudc goi |3 diém
yén ngua (saddle point) (hinh tu [8]):
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Trong trudng hop ham f ¢6 dao ham bac hai, dé xac dinh chinh xdc diém x c6 Vf(x) =0 la
loai diém nao, ching ta c6 thé sir dung phép thir bac hai (second-order test). Ta tinh ma
tran Hessian cua f tai x:

of

ML = 55,

(x).

Nhan xét 1.5.

o Néu Hf (x) la mét ma tran xdc dinh duong (positive definite, tic la moi gid tri riéng
ctia né déu duong), x la diém cuc tiéu dia phuong.

o Néu Hf (x) la moét ma tran xdc dinh 4m (negative definite, tic la moi gid tri riéng
ctia né déu dm), x 1a diém cuc dai dia phuong.

o Néu Hf(x) vira cd gia tri riéng duong, vira cé gia tri riéng am (nhung déu khac 0),
x la moét diém yén ngua.

O cac truong hop khac, ching ta khéong két luan dugc gi.

1.2 C6 Diéu Kién Chan Dang Ding Thiic
Ta xét bai todn tdi uu:

.
WS

thod man:
gi(x) =0, ie{l,2 .., m}

véi cac ham f, g; : R” — R la cdc ham kha vi véi dao ham riéng lién tuc.

Dé giadi quyét bai toan nay, ta sé phat biéu mot diéu kién can dé diém x* 1a mot cuc tri dia
phuong ctia ham f:

Phuong Phap Nhan Tir Lagrange (Lagrange Multiplier Method)
Ta dinh nghia Lagrangian ctia bai toan tbi uu:

L : R"xXR™ — R,

(x,A) — f(x)+ ik,g,'(x).
=
V6i A = [A1, A2, ..., Ap] dugc goi |2 bién dbi ngiu hay vector nhan tir Lagrange.
Néu x* la mot diém cuc tiéu dia phuong cla bai todn téi uu trén, ta co:
AT € R™: Ve L(x", A7) =0.

Dé tim cuc tiéu toan cuc, ta cé thé gidi hé phuong trinh cé dudc tur diéu kién & trén roi
xét thir tat cd cdc bd nghiém tim duoc.

Chitng minh. Tham khao 6 [5]. O
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Y nghia hinh hoc: O day ta néu y nghia hinh hoc trong trudng hdp n=2,m=1,g = g, la
mot dudng tron:

Xét cac duong muc f(x) = w. Gid st dudng mdc nay khong giao g(x) = 0, ta sé di vé
huéng cta g(x) = 0. Nguoc lai, néu f(x) = w cat nhung khong tiép xic g(x) = 0, ta luén
cé thé di vé hudng sao cho gid tri clia f gidm, dén khi f tiép xtc véi g. Diéu nay xay ra khi
Vif = kV,f. Dat A = —k, ta c6 ngay diéu kién V,f + Ag = 0 (hinh chinh sta tur [5]):

Y

-AVg
) w = -17
] w = '16
w = -15
— w = -14

Vi du 1.6. Gia st f, g : R?> = R |2 hai anh xa thod man:

RxR — R,
(x,y) = f(x,y)=23x+4y,
(x,y) = glx,y)=x>+y?>-1.

Tim gid tri nhé nhat cla f trén D = {(x,y) € R? | g(x,y) = 0}.

Chting minh. St dung phuong phap nhan tir Lagrange, ta c6 nghiém tbi uu (néu cd) cla bai
todn tdi uu trén sé |3 nghiém cla hé phuong trinh:

342Xx =0,

24+ Ay =0,

X +y? =1
3 45 34 5
il hé ph inh trén ch hai bo nghié B (=22 Z)wy(ZI_2)
Giai hé phuong trinh trén cho ta hai bd nghiém (x, y, A) a( 5 5,2) va (5,5, 2)

B6 nghiém thi nhat sé cho ta giad tri nhd nhat can tim:

min f(x,y) = —b5.
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2 To6i Uu Trong Bai Toan Hoc C6 Giam Sat

Bai Toan Hoc Co Giam Sat (Supervised Learning)
Bai toan hoc cé giam sat gdm cac yéu tb sau:
o Dii lieu dau vao x € X va nhan y € Y tuong (ing véi mdi x.

o MObi quan hé tuong (ing néu trén dugc cho bdi mét ham muc tiéu g : X — Y, tic
la y = g(x) la nhan tuong tng véi x. Ching ta khéng biét cach tinh ham sb nay;
chiing ta chi biét mot sé cap gid tri (x, g(x)) cu thé. Day la ham sb6 ma ching ta
mudn uéc luong.

o Tap H cac ham gia thuyét h: X — Y. Tu tap H ching ta mudn lua chon moét
ham h dé uéc luong tét nhat ham muc tiéu g.

Vi du 2.1. Dua vao chiéu cao x clia can nha dé du doan gid nha y = g(x), bang cach lua
chon ham s6 dé udc lugng g trong ho cac ham bac hai h(x) = ax? + bx + c.

Dé udc luong mic do sai léch ctia ham gid thuyét A dbi véi ham muc tiéu g tai mot diém x,
ngudi ta thudng sir dung mot ham méat mat L£(h(x), y), v6i h(x) 1a du doan clia h vé nhan
cla x, va y = g(x) la nhan tuong (ng thuc su cta x.

Vi du 2.2. Ham mat mat mean squared error do khoang cédch hinh hoc gitia h(x) va y:

£(h(x).¥) = 1) ~ vIB

Dé& miéu ta tap H, thong thudng ngudi ta chon mét ho cic ham f; ducc tham sé hoa
(parameterized) bdi mot vector 8 € ® nao dé, véi @ duoc goi 1a khéng gian tham sé.
Qud trinh tham s6 hod nay dua bai todn tim kiém cdc ham h trong tap H vé bai todn tim @
trong mdt khéong gian tham sb @, thuong duoc chon |a cac tap s6 quen thudc nhu R”.

Vi du 2.3. Ho céc dudng thang f(x) = ax + b trong truong hop X = Y = IR. Véi mdi vector
tham s6 6 = [a, b] thudc khong gian tham s6 ® = IR?, ta c6 mét dudng thang tuong ting.
Trong thuc tién, doi khi moét cap (xi, y1) xuat hién thuong xuyén hon (x2, y2). Khi do6 sai lam
cta ham gia thuyét trong viéc du dodn (x1, y1) sé xuat hién thudng xuyén hon so véi sai lam
trong viéc du doan (xo, y»).

Ta c6 thé thé hién tan suat xult hién cia mot cdp (x, y) trong thuc tién bang cach xem ching
|a cac bién ngiu nhién c6 khéng gian mau X va Y, phan phdi theo mét phan phbi xac suat
Pdata NA0 dé (dugc goi 12 phan phdi xac suat sinh dii liéu (data-generating distribution)):

(va) ~ Pdata(X:Y)-
Dong thai, ta ciing bé sung gia thuyét cic cap (x;, y;) dugc sinh tir pgasa doc 1ap véi nhau,
tlc la:
p(x2, ya|x1, y1) = p(x2, ¥2) = Pdata(X2. y2).
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Viéc lua chon mét md hinh may hoc f5, tham s6 hod bdi 6, c6 thé duoc biéu dién qua viéc toi
thiéu gid tri ki vong clia mot ham mat mat nao dé (goi |a sai sé tong quat (generalization
error)) trén phan phdi xac suat pyara:

0= arg ergi(BIE(XrY)NPdataE(fb(X)’y)'
Trong thuc tién, chidng ta thuong khéng biét pgars, ma chi c6 mét tap dir liéu hudn luyén

D={(x1,%1),.... (Xn, ¥n)}, 1a Mot mau (sample) tir pyaro. Ching ta sé udc lugng sai sé téng
qudt bang mét dai luong trung binh clia ham mat mat trén D, goi |a empirical risk:

IE(X'y)NPdataL(fe(X)’y) ~ J(G) =

S

éc(r-‘e(x,),y,-).

Viéc tim ham f tbi thiéu ham J dinh nghia nhu trén, véi hi vong rang ham f cling sé cé sai s6
tdng quat thap, duoc goi la bai todn empirical risk minimization:

6 = arg erzg J(6).
Luu y rang viéc gidi bai todn tbi uu trén khong ddm bdo mé hinh sé hoat déng tét khi thir
nghiém trén dir lieu khéng co trong tap huan luyén. Cé nhiing trudng hop mo hinh sé 'hoc
vet', qud chu trong vao nhiing chi tiét khong quan trong cta tap huan luyén (chang han nhu
random noise hay sampling error), anh huéng dén kha ndng téng quat hoa clia mé hinh khi
dugc ap dung vao thuc tién. Hién tuong nay ducc goi la overfitting, va thuong xay ra véi cic
mo hinh phic tap c6 qua nhiéu tham sé (hinh minh hoa tir [6]):

underfit normal overfit

X,

96y + Oz, + Byzy) 9(6o + 012y + &yzz + 0327 4 04z 4 Oszy23) 90 + Oyxy + Oxy + Byx? 4
043 + Oz x5 + Ogzizy 4
02,23 + Ox3z} + By +...)

Vi vay, qud trinh huin luyén hé théng may hoc déi khi khéng ding khi hdi tu tai mot diém cuc
tiéu (dia phuong hay toan cuc) clia ham J(6), ma phu thudc vao mot sé diéu kién diing sém
(xem phan 2.3).

D€ danh gid kha niang téng qudt hod cia mé hinh tur tap dir liéu duoc huan luyén sang dii liéu
bat ki sinh tir pgars, NQUOI ta thudng thir st dung mé hinh trén mot tap di liéu test riéng biét
(ma khéng dugc sir dung dé huan luyén trudc dé), ciing dudc xem 12 mot mau tlir pyata. Gia
tri trung binh ham méat mat (hodc mét metric nao dd) clia mé hinh trén tap di liéu test nay
sé 1a mot "phép thi”, cho ta thdy khad nang cta mé hinh déi vé6i nhiing dii liéu chua ducc hoc
(unseen data).

Chu y rdng doi khi ham mat mat ma ching ta st dung cho empirical risk khac v6i ham mat
mat duoc st dung cho sai s6 téng quat. Diéu nay thuong xdy ra khi ham mat mat ching ta
mubn téi uu 1a mot ham khé tbi uu (chang han nhu khong kha vi). Khi dé, ham mat mat &



empirical risk dugc goi 1a moét ham mat mat thay thé (surrogate loss).

Trong nhiéu trudng hop, viéc st dung ham mat mat thay thé con gitp cho cai thién mé hinh
dudc chon, vi né cé thé sé diat thém cac diéu kién cho md hinh, khién né trd nén tét hon.
Chang han, néu ta sir dung ham mat mat hinge loss thay cho ham mat mat 0 — 1 (0 néu
ding, 1 néu sai), ta sé khong chi khuyén khich mé hinh du dodn ding, ma con khuyén khich
md hinh cai thién muic do chiac chan cua du doan clia minh:

L(fa(x),y) = Z max(0, A — z, + zj),
£y
VGi z; 1a diém cua I6p (class) thir /.
Chi y rang khi danh mé hinh qua tap test, ta van sit dung ham loss ban dau, hodc moét metric
nao dé dugc chon truéc (ma khéng can quan tdm dén tinh kha vi).

Vi du 2.4 (H6i Quy Tuyén Tinh). O bai toan hdi quy tuyén tinh, ta c6 dit lieu dau vao
D = {(x1,y1), ... (X0, ¥n)}, V6i x;, ¥; € R. Chiing ta mudn tim tham sb 6 = [a, b] € R? sao
cho siéu phang y = fa(x) = ax + b 'du dodn tbt’ nhan y tir gid tri cla x.

Khai niém 'du doan tdt’ duoc thé hién qua ham mat mat:

1
L(fa(x),y) = §|ax+ b—yl|?.

Viéc lua chon tham s phu hop cé thé dugc dua vé bai todn tbi uu:

n

| 1o ,
(a, b) = arg min J(a, b) = arg min Egi\ax, +b—yil*.

3 Gradient Descent

Thuat toan tbi uu thudng dung nhit trong cic bai todn may hoc cé ham mat mat kha vi la
thuat toan gradient descent. Y tudng cla thuat todn nam & nhan xét rang vector gradient chi
vé hudng ma ham c6 do tang (rate of increase) 16n nhat. Nhan xét nay xuat phat tir cong
thiic tinh dao ham cé huéng T (véi i 1a mét vector don vi) clia ham J tai diém @ theo vector
gradient:

DgJ(6) = VJ(8) - G = ||VJI(O)|] ||| cos(VI(8), @) = [|VI(6)]| cos(VI(6), ).

Dai luong trén dat gia tri I6n nhat khi 7 cung hudng véi vector gradient, va dat gid tri nho
nhat khi & nguoc hudng véi vector gradient.
Nhan xét trén cho ta thudt todn sau:

Thuat Toan Gradient Descent

Dit liéu dau vao: Mot ham J(6) can tim cuc ti€u theo bién 8, va mét gia tri n quyét
dinh do6 dai cla budc di (step size) theo hudng gradient.

Buéc 1: Khéi tao gid tri ngau nhién cho bién 6.

Budc 2: Cap nhat cho dén khi hoi tu hoac dat dén diéu kién ding:

0 < 6 —nVeJ(6).



Vi du 3.1 (H6i Quy Tuyén Tinh). Tim ma tran hé sb W sao cho:
1
W= inJ(W) = in —||XW - Y|},
arg min (W) arg min 2n|| |5

véi n 13 sb diém dit lieu, X e R™™ W € R™ vaY € R™1.

Chiing minh. Trudc hét ta tinh gradient:

1
(XTXW = XTY).

VwJ(W) = -

Tu day, ching ta c6 cong thiic cap nhat:

Wit & Wi — g(XTXWt ~XTy).

3.1 Mini-batch va Stochastic Gradient Descent

Nh3c lai rdng khi tinh gradient VJ(6), ching ta sl dung toan bd dataset D:

1

VoJ(6) = E(x)epVeL(f(x), ) Y. VeL(fs(x).y).

| | (x,y)eD

Trong trudng hop dataset qua I6n, viéc sir dung toan bd dataset cho mdi lan cap nhat la bat
kha thi. Ta cé nhan xét rang néu ta ldy moét batch D, rdi tinh gia tri trung binh clia ham méat
mat trén D;:

1
CYl 2 VoL(fo(x),y),

Dil (x,y)€D;

ta sé dugc mot uéc lugng kha tét! clia Vg (), néu cic batch D; cé kich c& (gan) bdng nhau.
N

Tu nhan xét trén, ta sé phan hoach dataset thanh ting batch nho D = UD,-, véi moi batch
=1

c6 do6 16n gan bang va hai batch bat ki khéng chia diém chung nao, rdi 1an lugt cap nhat cho

mdi batch:

Thuat Toan Mini-Batch Gradient Descent

Dir liéu dau vao: Mot ham J(6) can tim cuc tiéu theo bién 8, va mot gia tri n quyét
dinh do6 dai cla budéc di (step size) theo hudng gradient.

Budc 1: Khdéi tao gia tri ngau nhién cho bién 6.

Budc 2: Lap lai cho dén khi héi tu hodc dat dén diéu kién ding.

Budc 2a: Phan hoach ngau nhién dataset D thanh N batch nho, moi

batch c6 sb dii liéu (gan) bang nhau.

Buéc 2b: V6i i =1,2,...,N:

1
0—0-—n— Y VoL(fh(x)y).
Dil (x,y)€D;

1 Cu thé 13 mét unbiased estimator
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Khi d6 16n clia mdi batch bang 1, thuat toan dudc goi la Stochastic Gradient Descent.
Ngoai viéc gidm ganh ndng vé bd nhd, thuc tién cho thay batch size cang nhd, kha ning téng
quat hoa clia md hinh mdy hoc cang tbt, dac biét 1a v6i cdc md hinh 16n. Keskar va cac dong
nghiép dua ra gid thuyét rang thuat toan stochastic gradient descent dan dén moét diém tbi
thiéu " phang” hon, khién cho mé hinh hoat déng tét hon & giai doan test, khi ma loss surface
c6 thé bj xé dich so véi loss surface & giai doan train [4]:

Training Function
B

| Testing Function

J(6)

*Flat Minimum Sh:irp Minimum

Samuel Smith va Quoc V. Le gidi thich rang chinh nhiing noise xuat hién qua viéc uéc luong
vector gradient trén mini-batch gitip thuat todn tranh ducc nhiing diém cuc tiéu dia phuong
"nhon” [7].

Tuy nhién, viéc st dung batch size nho lam tang phuong sai clia udc lugng vector gradient,
khién cho thuat toan trd nén thiéu én dinh hon. Diéu nay budc ching ta phai sir dung tbéc do
hoc nhéd, cé thé lam cho qua trinh hoc trd nén cham hon.

Déng thai, véi cac model 16n, viéc st dung batch size I6n sé gitip cho qud trinh training bang
GPU hiéu qua hon. Chi y rang véi cac thiét k& GPU hién tai, batch size 13 luy thira clia 2 sé |a
hiéu qua nhat.

3.2 Diéu Chinh Téc D6 Hoc (Learning Rate Schedule)

Thuat toan gradient descent kha nhay cam véi tbc dé hoc n. Néu m qua I6n, thuat todn sé dé
bd 16 cuc ti€u va tham chi khéng hdi tu (hinh minh hoa tir [3]):

Too high

Too large of a learning rate
causes drastic updates
which lead to divergent
behaviors

8
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Nguoc lai, néu 1 qud nhd, thuat todn sé hoi tu rat cham va kho roi khdi cuc tri dia phuong
hay diém yén ngua (hinh minh hoa tir [3]):

Too low

1(6) |

A small learning rate
requires many updates
before reaching the
minimum point

Thay vi st dung mot tdc dd hoc m cb dinh cho thuat todn gradient descent, chiing ta cé thé
sir dung mot ham n(t) dé diéu chinh do I6n cla tdc do hoc theo thoi gian t (sb lan cap nhat
da thuc hién).

Ham n(t) can cé gia tri 16n ban dau dé thuat todn nhanh chéng tim ra cac khu vuc dé cé cuc
ti€u, va gidm dan dé dam bdo thuat todn hdi tu dén cuc tiéu. Mét sb lua chon cho ham tbc
dd hoc la:

e Ham toc dé hoc mi (exponential learning rate):

v3i Mo 1a tdc dd hoc ban dau, va r 1a hé sb giam.

e Ham toc do hoc luy thira (power learning rate):
t —C
n(t) = o <1+;> :

3.3 Dumng Sém (Early Stopping)

Nhu da nhic & trén, doi khi viec tim 6 toi thi€u J(0) sé khong cho ta mot mé hinh tét nhat.
Dé tranh hién tuong overfit, sau mdi k budc cap nhat chiing ta cé thé thi (validate) mé hinh
dang dugc huan luyén trén mét tap di liéu (thuong duoc goi la validation set hay dev set).
Néu giad tri ham loss trén tap dir lieu nay khéng khéng thap hon gid tri & cac lan thi trudc
vugt qud p 1an thir lién tiép (p duoc goi la patience), ta dirng qud trinh huan luyén lai.

Chui y rang tap validation nay thudng duoc rat ra tir tap huan luyén. Diéu nay cling dong nghia

9
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v4i viéc trong qua trinh huan luyén, ching ta sé phai st dung it di liéu hon. Théng thudng,
ngudi ta sé huan luyén hai lan:

e Lan tht nhat véi tap validation dé xac dinh s6 1an cap nhat hodc loss c6 thé dat duoc
ma khdng overfit.

e Lan thi hai vé6i toan boé di lieu huan luyén cho dén khi dat dugc sb lan cap nhat (hodc
loss giam dén miuc dat dugc & lan dau tién).

Ban doc c6 thé xem thém & phan 7.8 cla [2] dé biét thém chi tiét.

4 Mot S6 Phién Ban Cai Tién Cda Gradient De-
scent

4.1 Cac Khé Khan Khi T6i Uu Bang Thuat Toan Gradient Descent

Thuat toan gradient descent sé hoi tu khi vector gradient (rat gan) bang 0. Tuy nhién, diéu
nay khéng ddm bao rang diém hoi tu sé [a mot diém cuc tiéu toan cuc. Daéi khi, thuat todn sé
hoi tu tai mot diém cuc tiéu dia phuong. Néu khong may, gia tri ham J tai diém cuc tiéu dia
phuong nay sé qua 16n, khién cho md hinh khéng du tét. Truong hop té nhat 1a thuat toan sé
hoi tu tai mot diém yén ngua (hinh tir [9]):

M6t van dé khac la su nhay cam clia thuat todn gradient descent déi véi tbc d6 hoc. Ching ta
da dua ra mét bién phdp thi cong dé diéu chinh téc dé hoc, tuy nhién thuc tién cho ta thay
viéc diéu chinh tbc dd hoc mot cich hop Iy phu thudc hoan toan vao ham mat mat va khong
gian tham sb cutia bai todn va md hinh ma ching ta dang tbi uu. Théng tin nay chi cé thé
duoc tim hiéu phan ndo qua vector gradient & tiing 1an cap nhat.

Hai van dé trén sé dua ta dén vdi cac bién thé sau cla thuat toan gradient descent:

10
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4.2 Gradient Descent vdi Momentum

Y tudng: Ching ta sé luu thong tin cac lan update trudc vao mot vector m. Diéu nay sé gidp
cho thuat toadn vuot qua nhiing viing cta khéng gian hé sé6 ma gradient qud nhd dé thuat todn
c6 thé thoat ra khéi (thuong dugc goi 1a cac "valley”), hay cac local optima:

m <« m+nVeJ(0),
6 «— 6—m.

Vector m thudng ducc hiéu |a momentum (quan tinh) hay acceleration (gia tdc). Tén goi nay
xuat phat tur cach hiéu rang ching ta st dung "da" ti cac lan cap nhat trudc dé vuct qua
nhiing khu vuc khé téi uu.

Hé sb B quyét dinh mic dé quan trong cia momentum trong qud khi déi v6i budc cap nhat
hién tai. B cang nhé, muc dd quan trong cang thap; khi 8 = 0 thi thuat toan tuong duong véi
gradient descent co ban. Theo [1], B thudng dugc chon bang 0.9.

4.3 Thuat toan RMSProp

Y tudng: Phuong nao cang "déc” (thé hién qua do I16n clia thanh phan tuong ting clia vector
gradient), toc dd hoc cang phai nho.
Thuat todan RMSProp tinh chinh buéc gradient theo nhan xét ndy bang cach sit dung mét
vector luu trii d€ luu lai thdng tin vé doé I16n cla vector gradient & mdi huéng & cdc 1an 13p
trudc:

s« Bs+(1-B)VJI(O) ®VI(H).

Cht y ® & day 1a phép nhan theo phan tii. Hé sb phan ra B8 ¢ tac dung lam "diu” lai tbc do
tang cla vector s, va thuong dugc chon la 8 = 0.9 [1].

Céng thic cap nhat cia RMSProp tuong tu nhu cong thic cap nhat chuan cla thuat toan
Gradient Descent, nhung vector dugc céng thém sé dugc chia (theo phan tir) cho mét vector
dugc tinh dua trén vector luu trir:

0+ 0-nVJO)D(Vs+e).

Phan tir € dugc thém vao dé tranh phép chia cho 0, va thudng |1a cac gia tri nhd nhu 1078 [1].
Nhu vay, néu phan tir thi i clia vector gradient cang I16n & cac 1an 13p trudce thi tdc dd hoc
tuong ting cla né & 1an [3p nay sé cang nhé va nguoc lai.

4.4 Thuat toan Adam

Thuat todn Adam la su két hop clia thuat todn momentum va RMSProp:

m <« Bim+ (1—-061)VJ(),
s 52;7+(1—62)VJ(9)®VJ(9),

m o~ ——,
S

1-p%
0 «— 6—nm o (Vs +e).

S <

V6i t 1a s6 1an 1ap tinh dén lan 13p hién lai (tinh tir 1). Chiy rang budc 3 va buéc 4 dam bao
dé thuat todn bat dau bang nhiing buéc 16n hon (do m va s thuong duoc khéi tao bang 0).
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Thuat todn nay |a moét trong nhiing thuat todn théng dung nhat khi huin luyén cac mang
neuron sau (Deep Neural Network).
Theo [1], cac gid tri B1 = 0.9, B> = 0.999, € = 108 13 céc gia tri thuong dugc chon.

5 Phuong Phap Newton (Newton’s Method)

Y tuéng: Phuong phap Newton st dung cdc thong tin dia phuong bac 2 dé tim diém cuc tri.
Xét bai todn tdi uu ham mot chiéu f(x), khai trién Taylor bac 2 cia ham nay quanh mét diém
xz la:

Fx) & fie(x) = Fxe) + F'(xe) (x = xt) + %f”(xt)(x —xt)’

1
= f(Xt) + f/(Xt)AX -+ f//(Xt)EAXQ.
Ta mubn tim budc Ax = x — x¢ sao cho x = x¢ + Ax la mdt diém thod f/(x) = 0. Diéu nay
tuong ducng vdi:
_ df (x) N dfy, (x) B dfy, (x)

— — f/ f//
0==0x dx dAx (xt) + F0x) Ax,
— Ax=-— Fl(xt)
X = f//(xt)'

M& rong ra v6i ham J(6) khong gian nhiéu chiéu, ta dugc cong thic cap nhat sau dé tim mot
di€ém cuc tri cho ham J theo bién 8, véi téc dé hoc 7:

Be-r1 4 0 — N[HI(8:)] " Vo (6e).
V6i HJ(0) la ma tran Hessian ctia ham J(6):

02J

[HJ(9)]i; = W(Q)-

Cha y rdng diém cuc tri ma bai thuat toan tim duoc cé thé 1a tbi thiéu, téi uu, hay 1a diém
yén ngua, tuy thudc vao tinh chit cla ma tran Hessian. Thuat toan chi hoi tu vé diém tbi
thiéu néu ma tran Hessian 13 ma tran xdc dinh duong (positive definite). Mot cach dé " ép”
thuat todn tién vé cuc ti€u |a thuc hién theo céng thic bién déi sau:

@H_l — Qt — ’T][HJ(@t) + a/]_1V9J(0t).

Viéc cong thém al vao ma tran Hessian sé gitip cho moi gid tri riéng cua ma tran Hessian
tang thém mot gia tri a, dé gitip dam bao tinh xac dinh duong clia ma tran duoc nghich dao.
C4c gid tri riéng cla ma tran Hessian cang am, gid tri o cang phai 16n. Tuy nhién, néu a qud
I6n, ma tran duoc nghich ddo sé gan nhu 13 tich cla mét hang sd va ma tran don vi, khién cho
thuat toan tré thanh mot truong hop dac biét cla thuat toan gradient descent.

Trong thuc tién, moét van dé kha 16n cla thuat todn 1a tinh nghich ddo cla ma tran Hessian
HJ(6). Thong thuong, ngudi ta tinh truc tiép gid tri budc Af la nghiém clia hé phuong trinh
tuyén tinh sau:

[HJ(6)]A8 = —VgJ(0).

C4c thuat toan uéc lugng truc tiép [HJ(0)] ™! hay AJ() duoc goi la cic thuat tua - Newton
(quasi - Newton) (thuat todn BFGS, v.v).
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