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Muc luc

1. Gidi han ham sb. Tinh lién tuc cda ham sb.
2. Dao ham va tng dung

3. Nguyén ham va tich phan
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Gidi han ham so. Tinh lién tuc cha
ham so.



Gidi han ham s6

GiGi han ham sb tai mot diém
Cho @ #AcR, mbét ham s thuc f: A—R va ae A*. Ta ndi: f cb
giSi han 1a LeR tai a khi va chi khi

Ve>0,38.>0:|f(x)-LI<e,VxeA:0<|x—al < J.

Ky hiéu: lim f(x) = L.

X—a
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Gidi han ham s6

Gidi han mot bén
e Ta néi: f cé gidi han bén phai 1a LeR tai a khi va chi khi
Ve>0,38¢ >0:|f(x)- LI <e,VxeA:0<x—a<8.
Ky hiéu: lim f(x)=L.
x—a*
e Ta néi: f cb gidi han bén trdi 1a L€ R tai a khi va chi khi
Ve>0,38: >0:|f(x)-Ll<e,VxeA:0<a—x <.

Ky hiéu: lim f(x)=L.

X—a"
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Gidi han ham s6

Gi6i han ham s6 tai v6 ciing
Cho mét ham sb thuc f x4c dinh trén (x,+00). Ta néi: f c6 gidi
han 13 LeR tai +oco khi va chi khi

Ve>0,3M>0:|f(x)—L| <€ Vx> M.

Ky hiéu: limy_.oo f(x) = L.

Mét cich tuong tu, ta dinh nghia dugc cac khai niém: gidi han ham
sb tai —oo, gidi han v6 cling tai mot diém, gidi han vo cling tai vo

cung.
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Gidi han ham s6

Tinh chat
Gid st lim f(x)=L; eR va )I(iﬂwag(x) =Ly eR. Khi dé:

. )I(i_rpa((xf(x)) ali,VaeR;
o )I(iLna[f(x) +g(x)] = L1+ La;

o lim[£()£00) = L1.Ly

e lim flx) _ L (diéu kién: L #0).

X—a X) L2

Ta ciing c6 cac két qua tuong tu khi thay Iima f(x) bang
X—
Xll_)n‘;+ f(x),XILn;n_ f(X)’Xl'_,";o f(x) hodc Jim f(x).

PiMA 2019: The Mathematics of Deep Learning




Gi6i han ham sb &

Dinh Iy
Cho @ #AcR, ac A* va ba ham sb thuc f,g, h x4c dinh trén A.
Gia sur:
f(x)<g(x)<h(x) VxeA
va )|(ILT'Ia f(x)= )I(i_r)nah(x) =LeR.
Khi dé )I(iLnag(x) xac dinh va )I(iLnag(x) =
Dinh ly
Cho aeR v3 f 13 mdt ham sb thuc x4c dinh trén mét 1an can cla
a. Khi dé: )I(iLnaf(x) xac dinh khi va chi khi Jim_ f(x) va lim xac

x—at

dinh va bang nhau. Trudng hop )I(i_r»nj(x) xac dinh thi:

lim f(x) = lim f(x)= lim f(x).

X—a x—at X—a"
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Ham so lién tuc

Ham sb lién tuc tai mét diém
Cho @ #AcR,ac AnA* vd mbt ham sb thuc f xic dinh trén A.
Ham sb f lién tuc tai a khi va chi khi

lmnaf(x) =f(a).
Ham sb lién tuc trén mét tap hop
Cho tip @ # AcR. Ham sb thuc f: A— R dugc goi la lién tuc trén
A khi va chi khi f lién tuc tai moi x € A.
Dinh ly
Moi ham sb so cAp déu lién tuc tai moi diém ma ching x4c dinh
tai dé.

PiMA 2019: The Mathematics of Deep Learning 7



Ham sb lién tuc &

Dinh Iy

Gia st f 1a ham sb lién tuc trén doan [a, b] va f(a) # f(b). Khi dé,
v6i moi sb N n3m giita f(a) va f(b), ton tai mdt sb cy € (a, b) sao
cho f(cy)=N.

Hé qua

Gia st ham sb thuc f lién tuc trén doan [a, b] va f(a)f(b) <0. Khi
dé, phuong trinh f(x) =0 c6 it nhit mét nghiém trén (a,b).

Dinh Iy

Gia st ham sb thuc f lién tuc trén doan [a, b]. Khi d6 f c6 gid tri
I6n nhit M va gia tri nhd nht m trén doan [a, b] va
f([a, b]) = [m, M].
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Dao ham va &ng dung



Dao ham

Dao ham cta ham sb tai mét diém
Cho aeR vd mét ham sb thuc f xac dinh trén mdt 1an can cda a.
Ta néi f c6 dao ham tai a néu gisi han
. f(x)-f(a
L f)-1(2)
X—a X—a
ton tai va 13 mét sb thuc. Khi d6, ky hiéu gidi han trén 13 £(x) va

goi la dao ham ciia ham s6 tai x.

Ham sb f: (a,b) — R dugc goi 13 c6 dao ham trén (a,b) khi né cé
dao ham tai moi diém thudc (a, b).

PiMA 2019: The Mathematics of Deep Learning 9



Dao ham &

Tuaong tu véi khai niém gidi han ham b, ta cling cé cac khai niém
dao ham bén trai, dao ham bén phai clia ham sb tai mét diém.
Dao ham hai phia

Cac gi6i han sau (néu tén tai):

jim F)=F(@) ()

x—a* X—a X—a- X

f(a)

a

lan luot duoc goi 13 dao ham bén phai, dao ham bén tréi cia
tai diém a.

Dinh Iy
Ham sb f c6 dao ham (kha vi) tai a khi va chi khi dao ham bén

trai va dao ham bén phai clia f tai a déu tdn tai va bing nhau.
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Dao ham &

Tinh chit

Cho f va g | cac ham sb thuc kha vi trén (a,b) va a,BeR. Ta c6
c4c tinh cht sau:

e Ham (af +Bg) kh vi trén (a,b) va
(af +Bg)'(x) = af'(x) +Pg'(x), Vx € (a, b).
e Ham fg kha vi trén (a,b) va
((f8)(x))" = f'(x)g(x) +f(x)g'(x), Vx € (a, b).

o Néu f(x)#0,¥x € (a,b) thi ham % kha vi trén (a,b) va

(%),(x) =— :;E:;l,Vx €(ab).
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Dao ham &

Dinh ly ham sé hop

Cho f:(a,b) =R va g:(c,d)— R sao cho f(a,b)c(c,d). Gid st f
kha vi trén (a,b) va g kha vi trén (c,d). Khi d6 ham sb hop:
gof:(a,b)— R ciing kha vi trén (a,b) va

(gof) (x) =g'(f(x))f'(x),¥x e (ab).
Dinh ly anh xa ngugc

Cho f:(a,b) — (c,d) la song dnh va kha vi trén (a,b). Khi d6 ham
ngugc 1 :(c,d) — (a,b) khd vi trén (c,d) va

(FY) =

1
W,Vye (¢, d).
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Cac dinh ly vé ham kha vi

Dinh ly Rolle

Cho f 13 ham sb thuc lién tuc trén [a, b] va kha vi trén (a, b). Gia
st f(a) = f(b). Khi d6, c6 mét sb thuc c € (a,b) sao cho f/(c)=0.
Dinh ly Lagrange

Cho f 13 ham sb thuc lién tuc trén [a, b] va kha vi trén (a,b). Khi

dé, cé6 mét sb thuc ce (a,b) sao cho

f,(C) — f(bg: :—(a) )

Xem thém: Dinh ly Cauchy, L'Hopital.
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Ung dung ctia dao ham

1. Khao sat su bién thién ctia ham sbé

Dinh Iy
Cho ham sb thuc f lién tuc trén [a, b], kha vi trén (a, b).
e Néu f/(x)=0,Vx € (a b) va diu bing x3y ra tai hitu han diém
thi f dong bién trén [a, b].
e Néu f/(x)<0,Vx € (a b) va diu bing x3y ra tai hitu han diém
thi f nghich bién trén [a, b].
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Ung dung ctia dao ham

2. Tim cuc tri cha ham so

Cuc tri

Cho mét ham sb thuc f: A— R va mét sb thuc ce A. Ta néi:
e f dat cuc dai tai ¢ khi va chi khi c6 mét sb € >0 sao cho:
f(x)<f(c),YxeA:xe(c—€,c+e).
e f dat cuc tiéu tai c khi va chi khi c6 mét sb € >0 sao cho:

f(x)=f(c),VxeA:xe(c—¢€,c+e).

Diém ¢ thda min mét trong hai tinh chit trén duoc goi 13 cuc tri
dia phuong cua f.
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Ung dung ctia dao ham

Dinh Iy

Cho ham sb thuc f: (a,b) — R va kha vi trén (a,b). Néu c e (a,b)

13 cuc tri dia phuong cda f thi f'(c)=0.

Chay

Néu f:(a,b) — R, f kha vi trén (a,b) va d € (a,b) théa f'(d) =0,

thi ta chua thé két luan d cé phdi cuc tri cha f hay khong.

Dinh ly

e Né&u c6 mét khoang (c—8,c+8) < (a,b) sao cho

f'(x)>0,Vc—-8<x<cva f'(x)<0,Vc<x<c+3 thi c |a cuc
dai dia phuong cta f.

e Nguoc lai, néu f'(x)<0,Vc—-8<x<cva
f/(x)>0,Vc<x<c+d th ¢ Ia cyc tiéu dia phuong clia f.
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Ung dung ctia dao ham .

3. Tim gia tri 16n nhit, gid tri nhé nhat cha ham sb trén
khoang déng [a, b].

Nhic lai

Ham sb f:[a,b] — R lién tuc trén [a, b] thi dat gia tri I6n nhAt va
gi4 tri nhd nhét trén [a, b].

Nhan xét

Néu f:[a,b] — R va f dat gia tri 16n nhit (hodc nhd nhit) tai
ce(a,b) thi c ciing la cuc tri dia phuong cla f.

Tu nhitng diéu trén, ta c6 phuong phap tim gid tri 16n nhit, nhd
nhit cta ham f :[a,b] — R lién tuc trén [a,b], kha vi trén (a,b).
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Ung dung ctia dao ham .

Tim gia tri 16n nhit, nhé nhit cha ham sb thuc f lién tuc
trén [a, b], kha vi trén (a,b):
e Tim tht ca diém ding thudc (a,b), tiic I3 cic diém x € (a, b)
c6 tinh chit f/(x) =0.
e Gid str tip hop cac diém ding thudc (a,b) 1a xg,...,xp. So
sanh céac gia tri f(a),f(x1),...,f(xn), f(b), ta co:

min_f(x)=min{f(a),f(b),f(x1),...,f(xn)};

x€|[a,b]

m[a>é] f(x) =max{f(a),f(b),f(x1),...,f(xn)}
x€|a,
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Nguyén ham va tich phan



Tich phan

Dinh nghia

Dinh Iy
Ham sb thuc lién tuc trén [a, b] thi kha tich trén [a, b].
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Tich phan

Tinh chit

Cho f,g la cic ham sb thuc lién tuc trén [a,b], a,pER va
ce(ab). Ta cé:

e f va of +Pg kha tich trén [a, b];

. fab((xf+[3g f f(x) dx+ﬁf (x)dx;

. Lbf(x)dx:L f(x)dx+fc f(x)dx;
’ sfablf(x)ldx

b b
e Néu f(x) <g(x)Vxe(ab) th‘l/a f(x) dxsfa g(x)dx.

x) dx
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Dinh ly cd ban cha giai tich

Dinh ly co ban cia giai tich

Gia st f 13 ham sb lién tuc trén doan [a, b].

1. Ham sb g dinh béi
g(x):f f(t)dt Vxe|a,b]
a

lién tuc trén [a, b], c6 dao ham trén (a,b) va g'(x) =f(x).

2. Né&u F 13 nguyén ham b4t ki cla f, tdc 1a F/' =7, thi

b
fa F(x) dx = F(b) - F(a).
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Tich phan b4t dinh

Nguyén ham

Ky hiéu ff(x) dx chi nguyén ham bAt ki, theo bién x, clia ham f.
Ky hiéu trén con dugc goi |3 tich phan bt dinh coa f.

Dinh ly

Hai nguyén ham clia f sai khac nhau mét hing sb. Nghia 13, néu F
va G cling |3 nguyén ham cda f thi c6 sb thuc ¢ sao cho F = G +c.

22
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Hai quy tic tinh nguyén ham va tich phan

1. Quy tic ddi bién
o Néu g 13 ham kha vi, mién gi4 tri cta g 13 mét khoang, f lién
tuc trén khodng nay, thi
f Il 60) o= f )
e Né&u g’ lién tuc trén [a,b] va f lién tuc trén mién gia tri cla g,
thi
b g(b)
f Al ) e f ) e
a

g(a)
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Hai quy tic tinh nguyén ham va tich phan

2. Quy tic tich phan tirng phan

o N&u £ vi g I3 hai ham sb c6 dao ham th
ff x) dx = f(x)g(x ff’ x)g(x

e N&u hai dao ham f’ va g’ lién tuc trén [a, b] thi

o] - oo

f f(x)g'(x)dx=f(x)g
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Tich phan suy rong loai |

Tich phéan dang[ f(x) dx
a

Néu [ f(x) dx ton tai véi moi t = a va ton tai gidi han
lim¢—co [£ f(x) dx nhu 13 mdt s6 thuc hitu han, thi ta néi tich phan
[e.0]

suy rcf)ngf f(x) dx héi tu va

a
f f(x)dx= I|mf f(x
a

N&u gisi han néi trén khdng ton tai, ta néi tich phan suy rong
o0

f f(x) dx phan ky.

a

a
Tuong tu, ta dinh nghia dugc tich phan dangf f(x) dx.
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Tich phan suy rong loai |

Tich phéan dang[ f(x) dx

oo
Néu c3 hai tich phan suy réng[

a

a
f(x) dx va f f(x) dx cung hoi

a
tu thi ta néi tich phan f f(x) dx tu, déng thai ky hiéu

f_Zf(x) dx:[aoof(x)dx+f_;f(x) dx.

Néu mét trong hai tich phan néi trén phan ky thi ta néi tich phan
o0

f f(x) dx phan ky.

—00
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Tich phan suy rong loai Il

b
Tich phan dangf f(x) dx véi f xac dinh trén [a, b)
a

Néu [If(x) dx tbn tai véi moi t € [a, b) va ton tai gii han
lime_p- fa x) dx nhu 13 mét sb thuc hitu han, thi ta néi tich

phan suy réng f f(x) dx hoi tu va
a

[abf (x)dx = ||mf f(x

Né&u gisi han trén khong tdn tai thi ta néi tich phan suy rong
J2£(x) dx phan ky.
d
Tuong tu, ta dinh nghia dugc tich phan f g(x) dx véi g xac dinh
G
trén (c,d|.
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b
Tich phan dang[ f(x) dx véi f xac dinh trén (a,b)
a

Vi ¢ thudc (a,b) bat ki, néu ca hai tich phan suy réng [ f(x) dx
va [P f(x) dx cling hdi tu thi ta néi tich phan suy réng [ f(x) dx
héi tu va

fabf(x)dx:facf(x) dx+fcbf(x) dx.

Néu mét trong hai tich phan trén phan ky thi ta néi tich phan
J2£(x) dx phan ky.

b
Tich phéan dang[ f(x) dx v6i f xac dinh trén [a,c)n(c, b]
a
, c b
Néu ca hai tich phan suy r(’jng[ f(x) dx va [ f(x) dx hoi tu thi
a C

b
ta néi tich phan suy réng[ f(x) dx héi tu.
a
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Tai liéu tham khao
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