Tbi uu hod (Optimization)

Thién L&, tham khdo tu Telgarsky

Tham khao lecture 29/8, 26/9, 3/10, 10/10, 17/10 ciia Matus Telgarsky CS581
MLT FA18, UIUC

Thién L&, tham khao tir Telgarsky Téi wu hoé (Optimization)



Sd lugc

So lugc

Thuéat todn Perceptron
= Bai todn
= Thujt todn perceptron
Recap
m Bai toan ML la bai toan t8i uu hoa
n D6 phL’Ic tap cla optimization
= Tim kiém hy vong glal
= Tim kiém céch gidi téng quat
H Thuit todn Gradient Descent
= Don bién
= Da bién
B Sau hon vé gradient descent
m Loi (convexity)
m Lipschitz
= Mét sb dinh Iy v& gradient descent
H Variants
m Thuat todn SGD
m Thujt todn Frank-Wolfe, primal-dual analysis

L&, tham khao tir Telgarsky 6i uu hoa (Optimization)



Thuédt toan Perceptron
Bai toan
Thuat toan perceptron

So lugc

Thuéat todn Perceptron
= Bai toan
= Thujt todn perceptron

i vu hod (Optimization)



Thuédt toan Perceptron

Bai toan
Thuat toan perceptron

m Cho ((xi,yi))l; € RY x {-1,1}
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Thuédt toan Perceptron

Bai toan
Thuat toan perceptron

m Cho ((xi,yi))l; € RY x {—1,1}
w Gia s tdn tai it nhit 1 siéu phing chia dit liéu thanh 2 phan
y=1lvay=-1
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Thuédt toan Perceptron

Bai toan
Thuat toan perceptron

m Cho ((xi,yi))l; € RY x {—1,1}
w Gia s tdn tai it nhit 1 siéu phing chia dit liéu thanh 2 phan
y=1lvay=-1

» Tim 1 siéu phing chia cit dit liéu
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Thuédt toan Perceptron
Bai toan
Thuat toan perceptron

Thuat toan perceptron

m Chonwg =0

m L3p lai:
= Chon dit liéu x;, y; bAt ky chua xem qua
Bw; =W+ XYl xy<o
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Thuédt toan Perceptron

Bai toan
Thuat toan perceptron

Thuat toan perceptron

m Chonwg =0

m L3p lai:
= Chon dit liéu x;, y; bAt ky chua xem qua
Bw; =W+ XYl xy<o

Theorem (Perceptron Convergence Theorem)

Gid st tén tai u € RY, ||u|| = 1, d5t v := mm,{u xjyi} > 0, thi
Thuat toan perceptron update khéng qia —5 lan.

Thién L&, tham khao tir Telgarsky Téi wu hoéa (Optimization)



Thuédt toan Perceptron

Bai toan
Thuat toan perceptron

Thuat toan perceptron

m Chonwg =0

m L3p lai:
= Chon dit liéu x;, y; bAt ky chua xem qua
Bw; =W+ XYl xy<o

Theorem (Perceptron Convergence Theorem)

Gid st tén tai u € RY, ||u|| = 1, d5t v := mm,{u xjyi} > 0, thi
Thuat toan perceptron update khéng qia —5 lan.

Chiing minh.

£ b id 1w 2 _ 1 P
Tém tat: kiém soat §||m —ul|c = — Tl (wj, u) véi moi i [

Thién L&, tham khao tir Telgarsky Téi wu hoé (Optimization)



Bai toan ML Ia bai toan toi vu hoa
D& phiic tap cha optimization

Tim kiém hy vo

Tim kiém céch gi ong quat

So lugc

Recap
= Bai todn ML I3 bai toan t6i uu hos
n D6 phL’Ic tap cla optimization
= Tim kiém hy vong glal
= Tim kiém céch gidi téng quat

ién L&, tham khao tir Telgarsky i uu hod (Optimization)



phirc tap cha o
ém hy vor
Tim kiém cach g

Bai toan ML

ML

Cho: gia dinh ham sb #, ham m&t mét L : % — R
Tim: f* € H sao cho L(f*) dat gia tri nhd nhit

Optimization

Cho: tap hop A, hamsb f : A > R
Tim: X € A sao cho gié tri clia f(X) nhd nhit

Thién L&, tham khao tir Telgarsky Téi wu hoéa (Optimization)



Bai toan ML Ia bai toan téi wu hod
D3 phirc tap cha optimization

Tim kiém hy vong
Tim kiém céch gi ng quat

D6 phiic tap cha optimization

Bai toan optimzation téng quat la bai toan khé

L&, tham khao tir Telgarsky i uu hoa (Optimization)



Bai toan ML Ia bai toan téi wu hod
D6 phirc tap cha o ation
=

n hy vong
Tim kiém céch giai tong quat

D6 phiic tap cha optimization

Bai toan optimzation téng quat la bai toan khé
Néu cé thudt todn "nhanh" "gidi" optimization tbng quat thi
P = NP
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Bai toan ML 13 bai toan tbi wu hoad
D3 phirc tap cha optimization
Tim kiém hy vong giai

Tim kiém céch giai téng quat

Nhung khdng phai optimization nao ciing khé...

Optimization dé&

Mbt sb dang optimization cu thé thi d& hon.
Vi du: h6i quy tuyén tinh

Chién thuat

Dua v& mét bai toin optimization d& rdi tim nghiém chinh xéc
hodc tim nghiém xap xi

hodc dung cac phuong phap dodn nghiém (heuristics)
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Bai toan ML Ia bai to
D6 phirc tap cha o
Tim kiém hy von,

Tim kiém céch gi

Dua vé bii toan da hon

Vi du Parameterization

Khi H = {f : x — ax + b|a, b € R} gia dinh ham tuyén tinh, ta
néi H dugc tham sb hod (parameterized) béi a va b.

Bai toan ML trén 7 ndy véi loss L bt ky 13 bai toin optimization
trén R?
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Bai toan ML la bai toan t6i uu hoa
D6 phirc tap chia optimization

Tim kiém hy vong gi 1

Tim kiém céch giai téng quat

Parameterization

Parameterization

Théng thudng, H dugc tham sb hod (parameterized) trong mot
tap hop con cla R”

= trong nhiéu trudng hop, bai todn ML 13 bai todn optimization
trén mét tap con cla R".

= mét cdch gidi: dung cong cu giai tich trén R” (dua vé bai toan
tim nghiém) (cé thé thanh cong c6 thé khong)

Thién L&, tham khao tir Telgarsky Téi wu hoé (Optimization)



Bai toan ML la bai toan t6i uu hoa
D6 phirc tap cha o tion

Tim kiém hy vor

Tim kiém cach giai téng quat

Cong cu giai tich

R A o 4 L
Diém yéu cla cong cu giai tich

= C6 thé thanh cbng, c6 thé khong (dua v& mét bai todn tim
nghiém chua chic d& hon)

m Chic chin khéng dua vé& bai toan d& hon dugc cho cac bai
todn optimization "khé"

m Phai c¢6 ngudi gidi dao ham, hodc dung thuat todn gidi dao
ham tu déng
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Bai toan ML la bai toan t6i uu hoa
D6 phirc tap clia optimization

Tim kiém hy vong gi3

Tim kiém cach giai téng quat

Thuat todn doan nghiém (heuristic)

Can nhiing thut toan nhanh gon, 4p dung dugc cho nhiéu trudng
hop, cho ra dap 4n "chip nhan dugc" cho dii bai toan
optimization c6 "khé".

= heuristics.

Thién L&, tham khao tir Telgarsky Téi wu hoéa (Optimization)



Thuat todn Gradient Descent

So lugc

Thuit todn Gradient Descent
= Don bién
m Da bién

ién L&, tham khao tir Telgarsky

Don bién
Da bién

i vu hod (Optimization)



Thuat todn Gradient Descent

(negative)
gradient

starting point

value of weight w,

(Source: Christian Fei)
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Dan bién
Thuat todn Gradient Descent Da bién

Dao ham bac nhit "chi hudng" téi mot cuc tiéu dia phuong (local
minimum)

= nhich di theo huéng chi = kiém tra xem c6 & cuc tiéu dia
phuong khéng (kiém tra bing cach nao?)

= néu phai thi trd v&, néu khéng thi nhich tiép

Thién L&, tham khao tir Telgarsky Téi wu hoé (Optimization)



Dan bién
Thuat todn Gradient Descent Da bién

Mot budc cia Gradient Descent

Cap nhéit cta gradient descent

Cho mdt tham sb hoa ctia H trong R theo tham s6 a, ham L(x)
kha vi, hanh dong nhich di theo hudéng dao ham bac nhit dugc viét

dp = dn—-1— al-/(an—l)

Trong d6, a > 0 tuy chon, thé hién nhich 16n hay nhé.
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Dan bién
Thuat todn Gradient Descent Da bién

Thu4t todn don bién

Chon € > 0, d3y (g, a1, p,...) > 0, thuc hién:
Chon ap ngiu nhién
Lapvsii=1,2...
= Néu L'(x;) < € thi trd V& a;
m D3t aj1 = a5 — a;l/(a))
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Don bién
Thuét toan Gradient Descent Da bién

Da bién - Mét budc

Cho mdt tham sb hod ctia # trong R theo tham s x, ham mét
mét L(x) cé gradient, hanh dong nhich di theo huéng dao ham
bac nhat dugc viét

X =Xj_1— OszL(X,'_l)

Trong d6, o > 0 tuy chon, thé hién nhich 16n hay nhé.
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Don bién
Thuét toan Gradient Descent Da bién

Thuit todn da bién

Chon € > 0, d3y (ap, a1, ap,...), thuc hién:
Chon xg ngiu nhién
Lap véii=1,2,...
m Néu L'(x;) < e thi trd v& x;
m Dit x; =x;_1 — anL(x,-_l)

Thién L&, tham khao tir Telgarsky Téi wu hoéa (Optimization)



Loi (convexity)
Lipschitz

Sau hon vé gradient descent Mot so dinh ly vé gradient descent

So lugc

B Sau hon vé gradient descent
m Loi (convexity)
m Lipschitz
= Mét sb dinh Iy v& gradient descent
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Loi (convexity)
Lipschitz
Sau han vé gradient descent Mot so dinh ly vé gradient descent

Dinh nghia 16i

Dinh nghia 15i

Cho mét tham sb ho4 clia H trong R theo tham sb x, ham mit
mat L(x) kha vi, L 16i néu

Va,b € RY YA € [0,1], L(Aa+ (1 — \)b) < AL(a) + (1 — A\)L(b)

hoac

Va,b € R?, (Vyf(a) — Vxf(b),a—b) >0
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Loi (convexity)
Lipschitz
Mot so dinh ly vé gradient descent

Sau han vé gradient descent

Convex optimization dé

Convex optimization d&

Nhin chung, néu L 18i thi bai toan optimization cho L d&.

V6i mot s6 diéu kién clia H (vi du, tap hop 18i), thi moi local
optimum |3 global optimum.

N&u da gid dinh cha gradient descent thi gidi chinh xc bai toan
ML néu L va  16i.

Thién L&, tham khao tir Telgarsky Téi wu hoé (Optimization)



Loi (convexity)
Lipschitz

Sau han vé gradient descent Mot so dinh ly vé gradient descent

Dinh nghia Lipschitz

Dinh nghia

M6t ham sb f : R? — R duoc goi 1a B-Lipschitz néu

Vx,y € RY, |f(x) — f(y)| < Blx — vl
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Loi (convexity)
Lipschitz .
Mot so dinh ly vé gradient descent

Sau han vé gradient descent

Lipschitz gradient

Dinh nghia

Cho mbdt tham sb hod cia H trong R theo tham sb x, ham mét
méat L(x) kha vi, L c6 Lipschitz gradient véi hing s6 3 (mét sb tai
liéu goi la S-smooth) néu VL B-Lipschitz.

Vi du

Ham loss trong OLS L(w) = || Xw — y||3 c6 Lipschitz gradient véi
hang s6 3 trong dé 3 13 singular value I6n nhit cta X
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Loi (convexity)
Lipschitz .
M@t s6 dinh ly vé gradient descent

Sau han vé gradient descent

Cho mét tham sb hod cia H trong R theo tham sb x, ham mat
mét L(x) kh3 vi, L B-smooth, thi

L(x;) Iubn gidm (hodc bing) trong qud trinh descent néu
a<2/p

B Néu o= 1/3 thi sau t lan chay, di tim thdy diém a sao cho
IVxL(a)|| < /2. Diém a khéng nht thiét I3 diém cubi cing
(xt)

Khéng c6 dinh ly vé diém cudi cung sé vé dau
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Loi (convexity)
Lipschitz

Sau han vé gradient descent Motsodinhllylueigtadientidescent

Nesterov-Polyak cubic regularization

const

Thém regularization term bac 3 c6 thé day | VxL(a)|| < <5
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Loi (convexity)
Lij pschitz

Sau han vé gradient descent Mgt s6 dinh 1y vé gradient descent

Smooth va convex

Néu f vira S-smooth vira convex thi cé dinh ly vé diém cudi cung

vt e N,¥x € RY, |f(x:) — f(x)| < b (HXO — x||3 = [|x¢ — xI3)
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Loi (convexity)
Lipschitz .
Sau han vé gradient descent Motsodinhllylueigtadientidescent

Saddle point

Theorem

(Vin tit) GD kh3 ning cao (almost surely) khéng ket & saddle
point. (Lee et. al, 2016. Gradient Descent Only Converges to
Minimizers.)

Thién L&, tham khao tir Telgarsky Téi wu hoé (Optimization)



Thudt toan SGD
Thuat toan Frank-Wolfe, primal-dual analysis

Variants

So lugc

H Variants
m Thult todn SGD
m Thujt todn Frank-Wolfe, primal-dual analysis
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Thuat toan SGD
Thuat toan Frank-Wolfe, primal-dual analysis

Variants

m Cho
= Dif lidu X = (x;)_, € R
= Gia dinh ham / md hinh théng k& H
m Himrisk R: Hx X — R

i vu hoad (Optimization)
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Thuat toan SGD
Thuat toan Frank-Wolfe, primal-dual analysis

Variants

m Cho
= Dif lidu X = (x;)7_, € RY
= Gia dinh ham / md hinh théng k& H
m Hamrisk R: H x X - R
= ERM I3 cich chon ham mét mat L(f) = 1 S°7 | R(f,x;)

T6i uu hoé (Optimization)
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Thuat toan SGD
Thuat toan Frank-Wolfe, primal-dual analysis

Variants

Thu4t todn GD don bién

Chon € > 0, d3y (g, a1, p,...) > 0, thuc hién:
Chon ap ngiu nhién
Lapvsii=1,2...
= Néu L'(x;) < € thi trd V& a;
m D3t a1 = a; — a,l'(a))

Thién L&, tham khao tir Telgarsky Téi wu hoéa (Optimization)



Thuat toan SGD
Thuat toan Frank-Wolfe, primal-dual analysis

Variants

Thu4t todn don bién véi ERM

m Cho

= Dif liéu X = (x;)", gia dinh ham 7 véi tham sb hod theo x
m Ham mit mat L(f) =1 Ly R(F, xi)

Thién L&, tham khao tir Telgarsky Téi wu hoéa (Optimization)



Thuat toan SGD
Thuat toan Frank-Wolfe, primal-dual analysis

Variants

Thu4t todn don bién véi ERM

= Cho
= Dif liéu X = (x;)", gia dinh ham 7 véi tham sb hod theo x
m Ham mit mat L(f) =1 Ly R(F, xi)

Chon € > 0, d3y (g, a1, 2,...) > 0, thuc hién:

Cho mét ham thi sinh f cb dinh

Bl Chon ag ngiu nhién

Lap véi i =1,2.
m Tinh L'(f) := 12 1R’(f" Xj)
m Néu L'(f) < e thi trd vé a;
m D3t aj1 = a5 — o L(f)

Thién L&, tham khao tir Telgarsky Téi wu hoéa (Optimization)



Thuat toan SGD
Thuat toan Frank-Wolfe, primal-dual analysis

Variants

Thuat toan SGD

= Cho
m D lidu X = (x;))_;, gia dinh ham H
= Ham mét mat L(f) == 137 | R(f,x)

L&, tham khao tir Telgarsky 6i uu hoa (Optimization)



Thuat toan SGD
Thuat toan Frank-Wolfe, primal-dual analysis

Variants

Thuat toan SGD

m Cho
m Dit lidu X = (x;)7_,, gia dinh ham H
= Ham mét mat L(f) == 137 | R(f,x)
Chon € > 0, diy (ap, a1, 2,...) > 0, thuc hién:
Cho mét ham thi sinh f cb dinh
Chon ag nggu nhién
Lapvéii=1,2...
m Tinh L'(f) := R'(f, x;) v6i j ngAu nhién
m Néu L'(f) < e thi trd V& a;
m Dat aj+1 = aj — Oz,'L/(f)
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Thuat toan SGD
Thuat toan Frank-Wolfe, primal-dual analysis

Variants

Ly thuyét

m Simon S Du, Chi Jin, Jason D Lee, Michael | Jordan, Aarti
Singh, and Barnabas Poczos. Gradient descent can take
exponential time to escape saddle points. In Advances in
Neural Information Processing Systems, pages 1067-1077,
2017a.

m Simon S. Du, Xiyu Zhai, Barnabas Poczos, Aarti Singh.
Gradient Descent Provably Optimizes Over-parameterized
Neural Networks. ICLR 2019

m Damek Davis, Dmitriy Drusvyatskiy, Sham Kakade, and Jason
D Lee. Stochastic subgradient method converges on tame
functions. arXiv preprint arXiv:1804.07795, 2018.
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Thudt toan SGD
Thuét toan Frank-Wolfe, primal-dual analysis

Variants

Mién gi4 tri go b6

m Bai toan:
m Cho A compact, convex trong mdt vector space
m Cho f : A— R convex, kh3 vi
® Tim x* € A sao cho f(x*) nhé nhAt

L&, tham khao tir Telgarsky 6i uu hoa (Optimization)



Thudt toan SGD
Thuét toan Frank-Wolfe, primal-dual analysis

Variants

Giai véi GD

m Khé khan:
m f chi cé gid tri trong A, GD cé thé khién cip nhat vuct ra
ngoai A
= Gidi quyét:
m Chiéu két qua cda timg budc GD xubng A

Thién L&, tham khao tir Telgarsky Téi wu hoéa (Optimization)



Thudt toan SGD
Thuét toan Frank-Wolfe, primal-dual analysis

Variants

Thuat todn Frank-Wolfe (conditional gradient)

Chon € > 0, d3y (g, a1, p,...) > 0, thuc hién:
Chon ap ngiu nhién
B Lipvéii=12...
m Néu VL(a;) < e thi trd vé
m Tim s; = argmin,c4(VL(a;), s)
m Dit ajp1 = ami — si(1 — ;)

Thién L&, tham khao tir Telgarsky

T6i uu hoé (Optimization)
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