Projects in Mathematics and Applications

CONJUGATE GRADIENT
DESCENT

Ngay 29 thang 8 nam 2019

*Huynh Ngoc Tan *Nguyén Thién Nhan
*Nguyén Mac Nam Trung "Ngd6 Nhut Bao Tran

*Trudng Phé Thong Ning Khiéu, DHQG TPHCM
tTruong THPT Chuyén Thoai Ngoc Hau, An Giang



Loi cam on

Nhém ching em xin chan thanh cdm on cac thay co, cac anh chi trong Ban T6 chtc trai he
Todan hoc va Ung dung PIMA da tao diéu kién cho ching em co héi nghién ctiu vé Todn Ung
dung ndi chung va linh vuc Deep Learning ndi riéng, ciing nhu tao co hoi cho ching em trai
qua cac hoat dong nhu choi trd choi 16n, lam du dn nhém dé moi ngudi cé co hoéi tim hiéu,
hoc hoi va gin bé cling nhau. Ngoai ra, chling em xin cdm on cac td chuc tai tro da cé nhiing
su hd tro quy gia cho PIMA. D3c biét, ching em xin gli 16i cdm on dén truong Dai hoc Khoa
hoc Tu nhién, Dai hoc Qubc gia Thanh phé H6 Chi Minh d& hd tro ching em rat nhiéu trong
hon mudi ngay dién ra trai he.

Nhém ching em hy vong nhan duoc nhiing gép y, nhan xét ti moi ngudi vé du an nay dé du
an dugc hoan thién hon.

Tom tat noi dung
M6t ham s6 bac hai nhiéu bién f : R” — R luén cé thé duoc biéu dién dudi dang
1
f(x) = EXTAX —b'x+c

trong d6 A la ma tran dbi xting cap n, b la vector thudc R” va c |a sb thuc. Trong trudng hop
ma tran A xac dinh duong, ham sb f xac dinh nhu trén |3 mot ham 16i nghiém ngat, cé duy
nhat mot diém cuc tri dia phuong déng thoi 1a cuc tri toan cuc trén tap xac dinh R”:

X, = argmin f(x).
XER"
Ta c6 thé xem xét bai toan tim x, dudi hai géc nhin. Bén canh géc nhin tbi uu ham nhiéu bién,
viéc tim X, tuong duong vdéi viéc gidi hé phuong trinh tuyén tinh xac dinh bdi phuong trinh

Ax = b.

Bai bdo cdo nay trinh bay phuong phap Gradient lién hgp (Conjugate Gradient Descent
hay CGD) dé tim gia tri x,. Phuong phap CGD, v6i thuat todn Gradient lién hop (Conjugate
Gradient Algorithm hay CGA) dic biét hiéu qua trong viéc tdi uu ham 16i nghiém ngat bac
hai c6 dang nhu trén. Diém dac biét cla phuong phdp la xét co s6 {di, ..., d,} trong R" c6
tinh chat lién hop v6i ma tran déi xdng, xac dinh duong A. Thuat toan cla ta sé tim duoc gid
tri X, sau khéng qua n budc.

Ngoai ra, 6 phan cudi bai bdo cdo, nhém ciing dua ra cic phién ban cita CGD cho trudng
hop téng qudt 1a t&i uu ham nhiéu bién kha vi bat ki. M6t s6 phién ban thuong ducc dp dung
la phuong phap Fletcher-Reeves va phuong phap Polak-Ribiere. Nhém sé phan tich cac thuat
todn clia nhiing phién ban khac nhau va dua ra nhitng nhan xét vé uu diém, nhuoc diém cua
tng phién ban.

Tuy nhién, trong tam cda bai viét nay 13 tim hiéu thuat toan va y nghia toan hoc cla phuong
phdp CGD trong truong hop ham 16i nghiém ngat bac hai.
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1 Téng quan vé phuong phip Conjugate Gradient Descent

M®i hé phuong trinh dai sb tuyén tinh tuong (ing véi mét phuong trinh ma tran dang Ax = b.
Nhiéu phuong phdp, thuat todn da duoc dé xuit dé gidi phuong trinh ma tran nay. Cac thuat
toan quen thudc thudng gap la: thuat todn Gauss — Jordan cho ma tran A cé kich thudc bat
ki, thuat toan Cramer dbi v6i trudng hop A la ma tran vuoéng. Dic diém chung cua cdc thuat

todn trén la ching thudc loai phuong phdp “truc tiép”, theo nghia néu thuc hién tuan tu hiu
han cdc budc trong thuat todn thi cubi cling ta sé gidi duoc phuong trinh Ax = b.

Tuy nhién, trong thuc té, déi khi ma tran A cé kich thudc rat I6n va viéc thuc hién cac phuong
phadp truc tiép trd nén khé kha thi. Mot loai phuong phap khac dé gidi quyét van dé nay I3
phuong phéap 13p. Y tudng cua phuong phap l3p 1a bt dau tir mét diém xo, ta lan luct cap
nhat cac x; sao cho day {x,} sinh ra sé hdi tu vé gia tri can tim.

Phuong phdp Gradient lién hop duoc dé xuat 1an dau bdi Hestenes va Stiefel vao nhiing nam
1950. N6 duoc xem 1a mdt phuong phdp 13p dé gidi cac hé phuong trinh tuyén tinh véi ma tran
dbi xting, xac dinh duong.

Trong truong hop ma tran A la xdc dinh duong, viéc gidi hé phuong trinh tuyén tinh ciing tuong
duong véi viéc toi uu ham bac hai nén vé sau, phuong phdp nay duoc cai tién va 4p dung trong
cac bai todn tbi uu.

2 Co so toan hoc

Day |3 danh sach nhiing khai niém, kién thiic nén dé xay dung cdac Ii thuyét trong bai bdo cdo
nay.

2.1 Dai s6 tuyén tinh

e Vector va ma tran; Cac phép tinh co ban gilta vector véi vector, ma tran véi vector, ma
tran véi ma tran.

e Khoéng gian vector hiiu han chiéu; T6 hop tuyén tinh, khéng gian con, khéng gian con
sinh bdi tap hop; Déc lap tuyén tinh, tap sinh va co sé.

e Khong gian vector trang bi tich vé hudng; Co s truc giao; Qua trinh truc giao hdéa Gram
- Schmidt.

e Tri riéng va vector riéng.

e Anh xa tuyén tinh; Dang song tuyén tinh; Dang toan phuong.

2.2 Giai tich
e Vi phan ham nhiéu bién; Vector gradient.

e Cuc tri ham nhiéu bién; Ham 16i, ham 15i nghiém ngat.

Trong phan bdo cdo nay, nhém thuong xuyén st dung mét sb thuat ngi: Ma tran dbi xing,
xac dinh duong; Co s6 A - lién hop (trong dé A dbi xiing, xac dinh duong); Ham 16i, ham 16
nghiém ngat. Sau day nhém sé trinh bay lai dinh nghia cac khai niém trén ma khong thao luén
chi tiét vé chung.



Dinh nghia 2.1. Ma tran A € R™", d6i xting, duoc goi 1a xac dinh duong, néu véi moi
vector x € R”, x # 0, ta ludén cé:
x"Ax > 0.

1

Vidu 2.2. Cho A= {_1

_21} . Ta ¢6 A dbi xtiing. M3t khac, véi x = Kl} e R? x #0 tuy v,
2

ta co:

1 -1

Vay ma tran A dbi xting, xac dinh duong.

Dinh nghia 2.3. Cho A € R™" |3 ma tran dbi xting, xac dinh duong. Mét tap hop cac
vector B ={d, ..., d,} clia R" dugc goi la A - lién hgp néu:

d'Ad;=0,V1<i#j<n.

Tu dinh nghia, ta chiing minh duoc mét tap A - lién hop thi doc lap tuyén tinh, do dé B
cliing la mot co sé cua R”.

Nhan xét 2.4. Néu A = |, thi B tré thanh mét co sd truc giao.

Dinh nghia 2.5. Ham s f : R” — R dudc goi 1a ham 18i (convex function) néu:
f(Ox + (1 —0)y) <6f(x) + (1 —6)f(y)
véi moi x,y € R”, v6i moi 0 <8 < 1.

Dinh nghia 2.6. Ham s6 g : R” — R dugc goi 13 ham 16i nghiém ngat (strictly convex
function) néu:
fOx+ (1 —0)y) <0f(x)+ (1 —-6)f(y)

véimoix,y e R": x#y, véimoi 0 <8 <1.

Dinh ly 2.7. Néu f va g la ham 16i nghiém ngdt thi f + g ciing 1a ham 16i nghiém ngdat.

Dinh ly 2.8. Néu f 1a ham 16i nghiém ngdt thi co téi da mét cuc tri toan cuc.




3 Tong quan vé thuit toan Gradient Descent

Gradient Descent la mot thuat todn thuong duoc st dung trong bai todn téi uu hda, cu thé I3
tim diém cuc tiéu clia cdc ham sb nhiéu bién va kha vi. Bit dau tir mot diém xo, ta lan luct
cap nhat cdc gid tri x; véi mong mubn day sb x, cla ta sé hoi tu dén diém cuc tiéu. Tu tudng
cla phuong phap 1a di nguoc chiéu dao ham.

Dir liéu dau vao: Mot ham J(8) can tim cuc ti€u theo bién 6, vd mot gia tri learning rate
a(a > 0) quyét dinh do dai cta budc di (step size) theo hudng gradient.

Budc 1: Khdi tao gid tri ngdu nhién cho bién 6

Budc 2: Cap nhat cho dén khi hdi tu hodc dat dén diéu kién dung:

00— aJ0)

Mot sé dac diém cia Gradient Descent:

Chon learning rate: Viéc chon a ¢6 y nghia quan trong dbi véi két qua cta thuat toan. Néu o
qua 16n thi ta khéng héi tu dugc vé dich, nhung néu a qud nho thi ta lai mat rat nhiéu thoi
gian dé chay thuat todn nay.

Chon 8: C6 thé cuc tiéu tim duoc 1a diém cuc tiéu dia phuong hoic thuat todn sé hoi tu tai
moét diém yén ngua, day |3 diéu ta thuong khdng mong mudn.

4 Thuat toan Conjugate Gradient Descent

4.1 Y tudng thuat toan

Conjugate Gradient Descent (CGD) la moét phién ban phtic tap hon cta Gradient Descent,
phong theo thuat todn xap xi nghiém cta hé phuong trinh tuyén tinh :

Ax = b. (1)

véi A € R™" A dbi xting va xac dinh duong; b € R".
Ta khong tinh truc tiép nghiém x, tu phuong trinh (1), thay vao dé ta sé xay dung thuat toan
tdi uu moét ham sb nhan x, 1a cuc tiéu, 6 day ta xay dung ham sb

1
f(x) = EXTAX —b'x.

Ménh dé 4.1. Ton tai duy nhit x, € R” sao cho f dat gid tri nhd nhat tai x,. Hon niia, x,
chinh Ia nghiém cta phuong trinh (1).

Chiing minh. Ta trinh bay hai y can chiing minh:
e Ham f 16i (tic ham f c6 tdi da mét cuc tri toan cuc);
e Ham f dat cuc tiéu tai x, 1a nghiém cuta phuong trinh (1).

a) Ham f 16i ngat:
Ta ching minh g(x) = x"Ax |a ham 16i ngit 1a di. Ta ching minh bang dinh nghia:
g(x, ¥, ) = Ag(x) + (1 = A)g(y) — g(Ax+ (1 = N)y)
=X Ax+ (1 = A)y"Ay — (Ax+ (1 = A)y)"AQx + (1 = N)y)
=A1-XNx—y) A(x—y)>0,vx €0, 1].



DAu bang xdy ra khi va chi khi x = y nén g 1a ham 16i nghiém ngat.

b) x. 1a diém cuc tiéu cha f:
Do f la ham 16i ngat nén ta chi can chira f(x) > f(x.) v6i moi x € R". Dit e = x — x,.
Ta co:

F(x) = F(x + €) = %(x* +e) Al + ) — b (x. + )

1 1

= E(x*)TAx* + el Ax, + EeTAe +b'x,—b'e
1

=f(x,)—e'b+bTe+ EeTAe

1
= f(x,) + EeTAe > f(x,).

Xay dung thuat toan t6i uu f

Ta c6 Vf(x) = Ax — b. Ta xay dung thuat todn ban dau tuong dbi gidong Gradient Descent:

e Chon mbt diém xp bat ky, di chuyén diém theo huéng dy = —V£(xo).
e Chon dd dai duong di la ag sao cho f(x + agdp) dat gid tri nho nhat.

e Viéc chon huéng di ciing khd quan trong, ta chon d; dé ké thira duoc f dat cuc tiéu tai
Qgp.

Ta c6 dao ham clia f(x;) theo ag bang 0. Theo quy tic mat xich,ta ching minh ducc V£ (x;)
vuong goc véi dy. nhu vay V£ (x; + ady) vudng goéc véi dp, tu day, ta thu dugc Ad; vudng géc
véi dy. Tu day, ta nghi tdi viéc xay dung cac vector hudéng di lién hgp véi nhau theo ma tran A.

Nhu vay so véi Gradient Descent, ta da c6 nhiing diém méi :

e Cac hudng di sé chon lién hgp véi nhau theo ma tran A.

e Learning rate cap nhat dé tbi uu ham theo huéng di.
Tuy nhién, ta vin chua hinh dung dugc huéng di clia di (truong hop téng qudt hon so véi hai
hudng di dau tién) va chua thdy dudc viéc learning rate trong CGD sé hoat dong hiéu qua thé
nao trong bai todn tdi uu ham bac 2 nay.
4.2 Mabi lién hé gitra cac dai luong trong CGD
DAu tién, ta nhic lai cach di chuyén gitta hai vector trong thuat toan GD:

Xk+1 = Xk + Qdy.

Do ax dugc tinh dua vao viéc tbi thi€u f(xx + axdy) nén ta c6 thé viét :

o, = argminf (xx + ady).



Fk(a) = f(Xk + Otdk)

1
= 5 (Xk + Otdk)TA(Xk + O[dk) — bT(Xk + Oédk)

1 1
— §d[ Ada® + d] (Axy — b)a + <§ka Axy — bTxk) :

Do tinh chit xdc dinh duong cla ma tran A nén Fj cé cuc tiéu va viéc xac dinh cuc tiéu dua

.. OF(a
vao gial K@) =0.
BF.(a)
a
Tacé:0= (,;a = (d] Ad)a + d] (Ax — b).
d] (Ax, — b)
Tur day, ta tinh duoc learning rate : oy = — <~ %~/
Y ' J k dT Ady
VAan dé con lai 13 xay dung thuat toan cap nhat cho di, chi y rang tuong tu véi y tudng trong
truong hop dp, di, ta mong mudn cac cuc tri tai o, o, -+ - , a1 dugc bdo toan, nén ta mong

mudn d] Ad; = 0 v8i moi 0 </ < k — 1. Ta xdy dung dx;1 c6 mbi lien hé véi dy va dai luong
gradient, nén ta cé thé viét :

dit1 = =V (Xkt1) + Brr1dk.

VAan dé cla ta bay gid 13 chon By41 thé ndo dé cac huéng di lién hop v6i nhau theo ma tran
A. Y tudng tu nhién la xi Ii ta tinh Bxy; dua vao dx1 va di va chiing minh dx1Ad;, = 0,
Vi<k+1.

0= dlz—+1Adk = —Vf(Xk+1)TAdk + ,Bk+1 d;Z—Adk

©en ] Vi (xeq1)T Adg
Tu day,ta tinh ducc B = )
M k+1 dZ—Adk

Dé& thuan tién cho tinh todn, ta dat r, = V£ (x,). D& chiing minh dudc dy,Ad; = 0, Vi < k+1,
ta can bd dé sau :

B6 dé 4.2. Gia st nghiém & luot thi k nao dé chua la nghiém, khi dé :

span{ro, r1, -+, re}y = span {ry, Arg, - -+ , Ak} .
span{dy, di, -+, dc} = span {ry, Arg, -, A¥ro} .

Chttng minh. Ta chiing minh ca hai ménh dé bang quy nap theo k, dé& thdy ménh dé ding véi
k= 0.
Gid sir ménh dé ding véi k,ta co:

span{ro, 1, -+, rk, ree1 t = span{ro, 11, - -+, rk, re + axAd} = span{ro, r1, -, rv, Adg}

Tu day, ta suy ra :

span{ro, ri, -+, Ik, res1} € span{ry, Arg, - - ,Ak+1l’0}

Lai c6 : Ak*1ry € span{Apg, Ap1, -+, Apx} ma Ap; c6 biéu dién tuyén tinh qua r; va ri.; nén ta
suy ra A**1ry € span{rg, 1, -+, rert hay span{rg, ri, -+, kg1t = span {ry, Arg, - -+, Ak 1o}
(*). Ngoai ra, ta co : span{do, di, -, dk, dxs1} = span{dy, di, -+, dk, —rksi1 + Bri1dk} =
span{dp, c1, -+, di, rkp1} = span{ro, r1, -+, rk, res1y = span {ro, Arg, - -+, AA g}, (%)

Tu (*),(**), bd dé dugc ching minh. O



Trd lai bai toan, ta sé chiing minh dkTHAd,' =0, Vi < k+ 1 bdng quy nap theo k.
Véi k = 0, ta da xay dung dugc.
Gia s ménh dé cla ta ding véi k bang /,ta sé chiing minh ménh dé ding dén / + 1.

Ta co :
dl 1 Adi = —(VT(x141)) " Ad + Bis1d] Adi = 1/ 1 Ad; + Bi1d] Ad.

Chd y rang
rl,di=0Vi=01--,/

ma Ad; € A span{ry, Arg, -, Alrp} = span {Ary, A’rg, -+ A} € {dp, dy, -+, dip1} nén ta
suy ra dugc r/;Ad; =0,Vi=0,1,---,/—1.

Ma theo ménh dé quy nap,ta cé :
d/Ad;=0Vi=0,1,---,/1—1

nén ta cé
di1Adi=0,¥i=0,1,---,/—1

Ma do nhu cach tinh G,ta da cé : d,TAd, =0, nén ménh dé quy nap duoc chiing minh xong.

Cubi cing, ta sé danh gid thuat toan, bang mét dinh 1y :

Dinh ly 4.3. Sau t6i da n budc thi xy sé di dén x,,.

Chiing minh. Y tudng chimg minh kha don gian nhu sau, ta chiing minh céc huéng di tao thanh

mot co s6, nén ton tai mot bo W = (wy, ws, -+, W,) sao cho X, = Xxg+widy +Wado+- - -+ w,d,
va ta chimg minh w; = o; la du.
Phan 1 d,, d;, -, d,_; tao thanh mot co sé .

Ta chiing minh bang phan ching, gid st nguoc lai tén tai mét chi sé h va cac sb thuc r; sao

n
cho : v, = Z riv;. Tu day, ta tinh dugc v/ Av, = v/ Avy, = 0.
i=1,i#h
Nén aj = 0, tir day,ta thu duoc diéu vo Ii.
Phan2 w,=¢a,, i=1,2,---,n.

n—1
Dat ex = xx — X, va r, = Aex khi do : ey = —Z w;d,.
(1) Laico i ex = Xk — X = Xk — Xo + X0 — X& :ZW,-d,-—l—eo
1 i=0
Nhan d] A vao hai vé clia : df Aeg = — Y _ wid] Ad; = —wd] Ady.
i=0
—dZ_Aek . dZ_I’k —a
dfAdc ~  dlAd, €

TU cac diéu trén,ta thu duoc : wy =

Nhu vay, ta cé cdc mdi lién hé gilra cac dai luong nhu sau:



_ I’,Z—dk
d7 Ady

Xk+1 = Xk + ot dy

Ay =

Mky1 = AXepr — b

ﬁ _ r/z—-FlAdk
k+1 d;Z—Adk
k41 = — kg1 + Br1dk

Ta cling c6 bién d6i dé thanh cong thic 2, cac phép bién déi kha co ban khong trinh bay trong
khuén khé bai viét:

o
Qy =
=
d] Ady
Xk+1 = Xk + ot dy

rk+1 = e + OlkAdk

T
6/( ) rk+1rk+1
+1 = 7
rk Ik

A1 = — g1 + Brg1dk

4.3 Thuat toan

Dudi day la thuat todn CGD cho trudng hop ham 16i nghiém ngat bac hai dudc viét bang ngén
ng(t Python:

x = array([[-1000], [-200], [500]11)
i_max = 100

i=0
r = b - AGx
d=r

delta_new = np.dot(r.T, r)
deltal0 = delta_new

q=20
alpha = 0
beta = 0
while i < i_max and delta_new > le-15xx2xdeltaOl:
q = A@d
alpha = delta_new/np.dot(d.T,q)
print(alpha)
print ("+"
X = x + alphaxd
if i % 50 == 0:
r =b - A0x
else:

r = r - alphaxq
delta_old = delta_new
delta_new = np.dot(r.T,r)
B = delta_new/delta_old
d =r + Bxd
i+=1

return x




5 Tong quat thuat todn CGD

Sau khi ta hiéu duoc thuat toan Conjugate Gradient Descent cho mdt phuong trinh bac 2
(Quadratic Function) bat ki, mét cach tu nhién ta sé nghi dén viéc téng quat hod thuat toan
trén véi mot ham kha vi bat ki. Tuy nhién, truéc khi cdc ban doc phan nay chdng minh xin
phép duoc khdng trinh bay qud chi tiét vao cac cach ching minh cac dinh ly va chi diém qua
nhiing diém quan trong.

Dau tién, ta sé ghi lai cdc buéc cap nhat cic tham sb6 ay(learning rate),Bx cho mdt ham
bac 2 bat ki. Cac budc cap nhat cho mét ham bac 2 nhu sau

Xo € R

hh = AXO —b

do=—ro

k=0

while re # 0 :

_rln
U= JT Ad
Xp41 = X + Qe dy
1 = g + OlkAdk
Broy = rkT+1/'k+1
k+1 = W

A1 = —rk + Brdk
k=k+1

end.

Dua vao thuat todn CGD cla phuong trinh bac 2 ta c6 thé thiy cic tham sb ay, va Bk phu
thudc rat nhiéu vao kha nang dao ham cta ham nay. Nhu vay néu ta c6 mot ham kha vi bat
Ki thi liéu viéc téng quat thuat todn CGD cé gap khé khan hay khong ? Theo [4] ta ¢ 3 kho
khan chinh khi téng qudt hod thuat todn cho mét ham kha vi nhu sau

e (1) : Ta khong thé sir dung cach cap nhat r, nhu trén.
e (2) : Sé phtrc tap hon khi tinh todn a.
e (3) : C6 rat nhiéu cach khac nhau dé cai dat ham .

Ta sé ndi qua cac van dé va huéng gidi quyét clia cac van dé doé.

5.1 Tim kiém theo dudng thing (Line search)

Trong phan nay ta st dung thuat todn line search dé tim kiém o.

O day, ta gidi quyét bai toan cho mét ham kha vi bat Ki khi biét ring ham nay cé tinh giam
(descent property)

Ta sé sir dung diéu kién Wolfe (Wolfe condition) dé thod man tinh chat trén. O trén ta da
biét rang

di = —ri + Brdk-1
Xk = Xk—1 + Olkdk

Diéu kién Wolfe dugc chia lam 2 loai chinh 13 diéu kién Wolfe co ban (Standard Wolfe condi-
tion) va diéu kiéen Wolfe manh (strong Wolfe condition). Ducc néu ra nhu sau



Diéu kién Wolfe co ban (Standard Wolfe condition)
r(xe + aede) " die > ardek
Diéu kién Wolfe manh (strong Wolfe condition)

f(Xk + Olkdk) — f(Xk) S pakrdek
‘l’(Xk + Olkdk)Tdk| S —pakrdek

Trong ca hai diéu kién trén thi ta déu phdic6 0 < p <o < 1.
Nh3c lai diéu kién tinh gidm thi ta c6 thé hiéu né nhu sau :

I’,Z—dk<0

Véi thuat todn CGD thi diéu nay sé ludn ding béi vi ta biét rang dx = —ri + Bkdk_1 nén bang
cach nhan r] vao hai vé ta c6

T, _ T T
re de = —r re + Bri de—1

Vi vay néu thuat toan tim kiém duong thang cla ta ludn thuc hién ducc véi mbi di thi ta sé
c6r]di=0 (Vi=0,k—1).Nhuvay tasécé

r]de = —||r| |2

Vay d, sé ludn giam vi r, # 0.

Tuy nhién trong thuc nghiém, khéng phai & tat ca cac budc ta déu tim dugc dx thod r] d' =
0 (Vi =0,k —1). Vay thi gid dinh dx lién hop véi nhau sé khong con dugc thod man. Thuat
todn cla ta sé chay khéng con chinh xac.

Nhung ta cé cach dé ta cé thé st dung dé |1a dung strong Wolfe condition dé tim kiém. Diéu
kién strong Wolfe duoc sit dung dé danh gia mot cach xap xi gia tri ay. O day ta sé sir dung
bisection dé tim kiém o, & budc thi k. Thuat toan bisection I3 viéc tim kiém nhi phan . O
day ta can tim ay sao cho khi nhin theo huéng cla dj thi ta cé

gla)=d/ri, =0
Dé lam dugc diéu nay, ta dau tién chon 2 diém a, b sao cho g(a)g(b) < 0 . Khi do gia tri o
lam cho ham nay x&p xi bang 0 sé nam trong doan [a,b] va ta sé chon ¢ = % . Ta tiép tuc
kiém tra dau clia g(c). Néu g(c) > 0 thi ta tiép tuc chon b = g(c) va Idp lai qua trinh trén.
Nguac lai, néu g(c) < 0 thi ta chon a = g(c¢) va I3p lai qua trinh trén. Ta c6 thé sir dung e :

g(a) < € dé danh qua gid do chinh xac cla g(a) (xét xem g(a) cé di gan 0 hay khong) trinh
cap nhat.

5.2 Phuong phap Polak-Ribiere-Polyak

Phuong phap Polak-Ribiere-Polyak ducgc 2 nhom Polak-Ribiere va Polyak tim ra déc lap véi
nhau nén dbi khi ta cé thé goi 1a phuong phap Polak-Ribiére-Polyak hay ciing cé thé goi I3
phuong phap Polak-Ribiere. C6 rat nhiéu phuong phap dé diéu chinh B«, nhung & day ching
tdi sé chi néu phuong phdp clia Polak-Ribiere-Polyak dugc sir dung két hop vdi inexact line
search cung diéu kién Wolfe manh. Ta néu céng thuic tinh B, nhu sau

-
BPRP — rye—1(rk = rx)
k+1 /’;Z—fk

D6i v6i cong thic cla Polak-Ribiere-Polyak nhu trén ta c6 mot sb6 dinh ly dé chiing minh
duoc su hoi tu toan cuc (globally convergent) clia cac ham sb6 . O day ching toi xin trinh
bay lai cac dinh ly nhung khéng chiing minh dung dé chiing minh su héi tu cla phuong phap
Polak-Ribiére-Polyak va mét sb dinh Iy khac



Dinh ly 1
Gid sl rang chiing ta c6 ry I'de < 0 thi ta sé chiing minh

Z Irell?
i1

Chuing ta tiép tuc dinh nghia mot tinh chat (*) nhu sau
Gia st ching ta cé thé da biét rang

Ak = —rx + Brdk—1
X = Xk—1 + Olkdk

Khi dé ta néi mot phuong phap cé tinh chat (*) khi ton tai mét hang s6 b > 1 va ¢ > 0 sao
cho Vk :
1Bkl < b
x| < ¢ =
X1 — k|| < ¢ 1Bk| < >h
Ta c6 thé thiy rang phuong phdp Polak-Ribiere-Polyak da cé tinh chit trén theo [3].
Ta c6 thém moét dinh ly cho phuong phdp cla Polak-Ribiere-Polyak vé viéc hédi tu manh
(strongly convergent) clia phuong phép nay la
Dinh Iy 2
Véi dinh ly nay ta sé xét 3 diéu kién sau can phai thoa

e (1)B>0,Vk
e (2) tinh chat (*) dugc thoa
e (3) Diéu kién Wolfe théa man véi moi k
Khi doé ta co
lim (r,) =0

X—00

O hai dinh ly trén ta da thiy dugc su hoi tu cla phuong phap Polak-Ribiére-Polyak tuy nhién
ton tai mot sd trudng hop vé su khéng héi tu cia phuong phap Polak-Ribiére-Polyak va sau
day la cac dinh ly vé su ton tai do .

Trudc khi néi vé dinh ly 4 ta sé dé cap so qua dén cong thic xay dung cho mét phuong phap
khdc (nhung ta sé khong ban dén phuong phdp dé & day, ta chi can mét dinh ly nhd dugc
chiing minh trong céng thiic d6). D6 chinh 13 mét trong nhiing phuong phap dau tién dé ta cé

thé xay dung va phat trién thém thuat toan Conjugate Gradient Descent sau nay dé |a phuong
phap Fletcher-Reeves. Ching ta cung ndi qua cach cap nhat G & dinh ly nay.

Tu day, ching ta can cac B, théa man diéu kién sau
—=FR
0Bk < O',Bk

. 1
Trong dé o dugc dinh nghia nhu & diéu kién Wolfe manh nhu & trén con @ € (0, 5]
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Tur day dan ta t6i dinh ly 3 nhu sau

Néu ta cé
Kk

HrkHZH ﬁFR = u- (*1)

J=2 i=j !

Trong dé u 13 mot hang sb6 bat ki théa man u > 0 thi khi d6
lim inf(||rk]]) =0
k—00

Note: r, & day la cla phuong phap Fletcher-Reeves nén sé khac véi r, & thuat toan Polak-
Ribiere-Polyak. Tuy nhién, tinh chat (x1) van sé dugc st dung trong dinh ly 4

Dinh ly 4 V/6i moi sb € > 0, gia sl rang
B = max{B,"", —€}

va vGi A, dugc chon lam bat ki cuc tiéu dia phucmg cta gi(A) = f(xk + Adk), A > 0. Gid s
tinh chat (**) dugc théa man cung vdi tinh chat r] di < 0, khi dé ton tai mét ham f(x) sao
cho {||rx]|} dugc sinh boi phuong phap Polak-Ribiere-Polyak khéng tién dugc téi gan diém 0.

Cac dinh ly trén chi dugc néu tém tat va cac chiing minh c6 thé duogc tim thiy & trong [3]. C6
thé thiy rang phuong phap Polak-Ribiére-Polyak chi 1a mot trong cac phuong phap dé tim ra
o va 3 cho mot ham kha vi bat ki. C6 rat nhiéu cich khac dua trén nhiéu dinh ly hon cb ging
dé chon B sao cho bai todn tim cuc tiéu c6 thé duoc tbi uu hda mét cich tét nhat nhung dén
nay van chua cé phuong phap dé gidi quyét hoan toan bai todn.
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6 Uu, nhuoc diém cha thuat toan CGD

Thuat toan Conjugate Gradient Descent la mét trong nhiing thuat todn dé téi uu héa ham sé.
Trong thuc té, rat it nhitng thuat todn tdi uu hda cé thé dung dé téng quat hau hét cac bai
todn. Cac thuat todn do con ngudi lam ra ciing ¢6 nhiing uu diém va nhuoc diém nhat dinh va
déi khi nhiing thuat toan Ay chi gidi quyét duoc cho nhiing bai toan cu thé.

Diéu tuong tu ciing dugc ap dung cho thuat toan Conjugate Gradient Descent (CGD). Sau
day ching ta sé diém qua mot sb diém manh va yéu nhat dinh cta thuat todn nay.

6.1 Uu diém

Nhu ta da thy & phan trinh bay thi thuat toan Coujugate Gradient Descent chi thuan loi nhat
khi ching ta gidi quyét bai todn & ham bac 2. Hon nita thuat toan nay sé chi chay nhanh duoc
khi ta may man khdi tao dudc diém dau tién ma ta cé thé khdi tao cac hudng tiép theo hop ly
dé viéc tinh todn phu hop véi nhiing gi ta xay dung trong ly thuyét.

6.2 Nhuoc diém

C6 thé thay thuat toan Conjugate Gradient Descent khéng duoc st dung phd bién hién nay bdi
vi thuc té tu thuc nghiém trong qud khi va ciing nhu hién nay thi thudt todn nay van con gap
nhiéu van dé. O day ta sé liét ké 3 van dé co ban nhu sau:

e (1) : Theo ly thuyét khi ta xay dung ham bac 2 thi ta can c6 cac hudng d; phai lién hop
(conjugate) véi nhau nhung thuc té sé cé rat nhiéu ham kha vi bi pha v3 su lién hgp do
khi ta cap nhat cac bién.

e (2) : Viéc tim kiém learning rate ay sé khé thuc hién hon khi ham dé la mét ham kha vi
bat ki. Khi d6 ta phai st dung cdc phuong phap khac dé tim gid tri cia o nhung ciing
khéng qua chinh xac.

e (3) : Cac phién ban cla Conjugate Gradient Descent trong truong hop téng quat dugc
biét dén hién tai déu cé nhitng mat han ché. Chang han, phuong phép Fletcher - Reeves
cé thé hoi tu cham hon ca thuat todn Steepest Gradient Descent. Trong khi dé, du
phuong phdp Polak-Ribiere thudng ducc st dung va cho ra téc dé héi tu nhanh hon,
nhung c6 nhiing ham sé ma ap dung thuat todn Polak-Ribiere, ta sé khong thé hoi tu
duoc vé diém cuc tiéu.
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7 Ap dung m6 hinh

Source code
Gidi thiéu ham Rosenbrock
Rosenbrock 1a ham duoc dung phd bién dé€ danh gid hiéu qua ctia md hinh tim cuc tri ham sb.
Ta sé dung ham nay dé danh gid hiéu qua cla phuong phap Conjugate Gradient Descent.

N

2
F(x) = F(x0, %0, -+ xn) = Z[b(x%,_1 — X01)? 4 (Xoi—1 — a)?] v6i N chan, a, b |a hing s6 cho
i—1

truéc.

250

2000

def fmin(f

e ¥

1, h):

mesh = np.linspace(l, h, 10000)

return mesh[np.argmin(np.fromiter((f(mesh[i]) for i in range(len(mesh))), mesh.dtype))]

def linesearch(x, d, lim=0.1):

f = lambda a: r(x[@][@] + a * d[e][e], x[1][e] + a x d[1][0])

return fmin(f, -lim, lim)

= fmin(f, -lim, lim)

def gCGD(df, x):
d = -df(x)

while abs(r(x[e][@], x[1][@])) > le-7:
grad_i = df(x)

alpha = linesearch(x, d)

=

x + alphaxd

grad_i_plus_one = df(x)

d

return x

(grad_+i_plus_one.T @ (grad_i_plus_one - grad_i)) / (d.T @ (grad_i_plus_one - grad_i))

-grad_i_plus_one + Bxd
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