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Gidi thiéu

Preferences

@ https://pimavn.github.io/pdf/2018/lectures-and-
projects/calculus.pdf

o N&i dung bai gidng: Chuong 1, 2.1,2.2,2.4, (optional) 3.1, 3.4.
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Motivation




Gidi han Dinh nghia gidi han
Tinh lién tuc

Lam thé n3o dé dinh nghia gidi han
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Hinh: M& ta gidi han
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Giéi han Dinh nghia gidi han
Tinh lién tuc

Dinh nghia gidi han

Definition (Gidi han)
Cho ham sb f: A C R — R xéc dinh trong mot 1an cén cida a. )
thuc L dugc goi |3 gidi han clia ham sb f(x) khi x — a néu:

Ve > 0,35 >0:|f(x)— L <e&VxeA:0< |x—a| <0

Ta ky hiéu:
lim f(x) = L.

X—a
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Gidi han Dinh nghia gidi han
Tinh lién tuc

Chitng minh bing dinh nghia:

lim x2 = 4.
x—2
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Giéi han Dinh nghia gidi han
Tinh lién tuc

Gidi han mot bén

Definition (Gidi han mét bén)

Cho mdt ham s6 f : AC R — R. Néu f xac dinh trén (a — d, a)
v6i d > 0 ndo dé va tdn tai L € R sao cho:

Ve>0,30 >0:a—d <x<a=|f(x) —L| <e.

Thi ta goi ddy la gidi han bén trai cia f(x), ky hiéu
lim,_,,- f(x) = L.

Tuong tu, ta ciing c6 dinh nghia gi6i han bén phai cla ham sb
f(x) tai a.
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Giéi han Dinh nghia gidi han
Tinh lién tuc
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Hinh: Hai phia tai diém x = 0 clia ham s f(x) = c6 gidi han khic

nhau
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Giéi han Dinh nghia gidi han
Tinh lién tuc

Giéi han tai vo cung

Definition (Gidi han tai v6 cung)

Cho ham sb y = f(x) xéc dinh trén (xo, +00). S& thuc L hitu han
dugc goi 13 gidi han ctia ham s& f(x) khi x — +o0 néu:

Ve >0,3Ac >0: x> A = |f(x) — L| <e.
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Gidi han Dinh nghia gidi han
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2x+3
x+5 °

@ Tinh gidi han lim,_,o- ﬁ

@ Tinh gidi han limy_, 1
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Giéi han Dinh nghia gidi han
Tinh lién tuc

Su tdn tai cla gidi han

Theorem

Cho f(x) la mét ham sb xdc dinh trén mét 13n can cha a. Gidi han
cia f(x) tai a ton tai khi va chi khi gidi han hai bén cia f(x) tai
X = a tén tai va b§ng nhau. Hon nita, néu gidi han clia ham sé tén
tai thi né la duy nhat.
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Giéi han Dinh nghia gidi han
Tinh lién tuc

Tinh lién tuc cta ham so

Definition (Lién tuc tai mot diém)

Cho f la mdt ham s6 xac dinh trén mdt [an cin clha a. Ta néi ham
sO f(x) lién tuc tai a néu

lim f(x) = f(a).

X—a

Definition (Lién tuc trén mét tép)

Ham s6 f : AC R — R lién tuc trén A néu né lién tuc tai tit 3
cic diém x € A.
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Giéi han Dinh nghia gidi han
Tinh lién tuc

© Mbt da thitc P(x) € R[x] bat ky lién tuc trén R.
@ f(x) = L khéng lién tuc tai x = 0.
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Dao ham

© Dao ham
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Dao ham

Dinh nghia

Definition (Dao ham)
Cho ham sb f xac dinh trén mét khoang (c,d) va ¢ < a < d. Gia
tri

f'(a) = lim —f(x) —f(a)

X—a X — a

néu ton tai, thi duoc goi 13 dao ham cla f(x) tai x = a.
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Dao ham

Dinh nghia

Definition (Dao ham)

Cho ham sb f xac dinh trén mét khoang (c,d) va ¢ < a < d. Gia
tri
f(x)—f
f'(a) = lim flx) = f(a)
X—a X — a

néu ton tai, thi duoc goi 13 dao ham cla f(x) tai x = a.

N&u f c6 dao ham tai a, ta néi f kha vi tai a. Tuong tu, ta néi f
kha vi trén khoang (c, d) néu né kha vi tai moi diém a trén dé.

Ta ky hiéu dao ham clia mdt ham f theo bién x 13 (x) hodc 4.
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Dao ham

D6 d&i cha x: Ax = x — a.
D6 dgi cta f: Af = f(x) — f(a).
Céng thiic dao ham c6 thé dugc viét lai thanh:

=9 i &
Cdx Ax—0 Ax
M3 réng: Xét hai ham sb f, g, ta c6 thé dinh nghia:

df _ . Af
dg  ax—0Ag’
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Dao ham

Xét tinh kha vi clia ham s& f(x) = x4 2x + 3 tai diém x = —1.
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Dao ham

Céc cdng thic tinh dao ham

Cho u(x), v(x) 13 hai ham s xdc dinh va kh3 vi trén A C R:
O VsiceR, £=0.
Q VdiacR, % = axa~L
Q@ Vdic €R, ula mét ham sb: (cu) = cu'.
Q Tbng hai ham sb6: (u+v) =u +V'.
Q Tich hai ham sb: (uv) = u'v + V'u.
O Thuong hai ham sb: (1) = Y=Y (y(x) £ 0,Vx € A).
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Dao ham

\% nghia thuc tién cla dao ham
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Hinh: Dao ham 13 hé sb géc cla dudng tiép tuyén
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Dao ham

\% nghia thuc tién cla dao ham

Theorem (D& bién thién ctia ham sb)
Gid st f : [a, b] — R kha vi trén (a, b)
(1) f,,(X) > 0,Vx € (a,b) = f khéng gidm trén [a, b], hon nifa
néu f'(x) = 0 ¢6 hiu han nghiém x € (a, b) thi f ting ngat.
Q f’,(x) <0,Vx € (a,b) = f khéng ting trén [a, b], hon niia
néu f'(x) = 0 ¢6 hifu han nghiém x € (a, b) thi f gidm ngat.
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Dao ham

Tinh phuong trinh dudng tiép tuyén clia db thi f(x) = x3 — 2x + 1
tai diém x = 2.
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Dao ham

Dao ham cta ham hgp - Chain rule

Chof:B —=R,g:A—Rvag(A) CB. Néuf,g kh3 vi thi
fog:A— R ciing kh3 vi va ta cé:

(fog)(x) =f(g(x)g'(x).
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Dao ham

Dao ham cta ham hgp - Chain rule

Chof:B —=R,g:A—Rvag(A) CB. Néuf,g kh3 vi thi
fog:A— R ciing kh3 vi va ta cé:

(Fog)(x) =f(g(x)g'(x).
Dit z = f(g(x)),y = g(x) thita c6 z = f(y). Ta cd

dZ_ / dZ_ / Y d)/_ ’
5~ (Fog)(x); dy—f(y)—f(g(X)), 5~ &)
nén
b _d &
dx dy dx’
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Dao ham

Tinh dao ham ctia ham s6 h(x) = (x® +3x)* — (x®* +3x)3 +5
theo x.
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Cuc tri ham s6

© Cuc tri ham s6
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Cuc tri ham s6

Dinh nghia

Cho ham f x4c dinh trén mién D.

Definition (Cuc dai, cuc tiéu toan mién)

Diém a € D dugc goi 13 cuc dai (cuc tiéu) toan mién cha f néu
Vx € D, f(x) < f(a) (f(x) > f(a)).

Definition (Cuc dai, cuc tiéu dia phuong)

Diém a € D dugc goi 13 cuc dai (cuc tiéu) dia phudng clia f
néu ton tai 6 > 0: (a—d,a+0) € DvaVx € (a—d,a+ ),
f(x) < f(a) (f(x) = f(a)).
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Cuc tri ham s6

Dinh nghia

abs max

loc max

loc min ﬁ
O
b

abs min

Hinh: Mb t3 cuc tri
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Cuc tri ham s6

Céac xac dinh cuc tri

Cho f kh3 vi trén mét Ian can cha a. Néu a 13 mét diém cuc tri dia
phuong cia f thi f'(a) = 0.

Definition (Diém dimg)
Diém dirng clia mét ham sb f 13 nghiém cda phuong trinh
f'(x) =0.
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Cuc tri ham s6

Cach xac dinh cuc tri dia phuong

Gi3 st f xdc dinh trén mét 13n can D cda a.
@ Néu trong mét khodng nhé (a —6,a+ 6) C D, ta cé
f'(x) <0 vdi x < c va f'(x) > 0 vdi x > ¢ thi a la cuc tiéu
dia phuong cia f.
Q@ Néu trong mét khodng nhé (a — 6,a+ 6) C D, ta ¢é
f'(x) >0 vdi x < c va f'(x) < 0 vdi x > c thi a la cuc dai dia
phuong cia f.

N&u chi c6 f'(a) = 0: khong thé két luan.
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Cuc tri ham s6

Xac dinh cuc tri dia phuong bing dao ham bAc hai

Cho f khd vi hai lan trén mét Ian can cia a va f'(a) = 0, khi d6
neu

Q@ f"(a) <0:ala mét diém cuc dai cia f.

Q@ f"(a) > 0: a la mét diém cuc tiéu cia f.

Q f"(a) = 0: khdng thé két ludn gi vé a.
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Cuc tri ham s6

. , R . N A
Xac dinh cic diém cuc tri cGa ham s6

f(x) =x3—9x*4+5x — 7.
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Cuc tri ham s6

Phu luc 1: Céc dinh Iy vé tinh lién tuc

Theorem (Dinh ly gidi han trung gian)

Néu f 13 mét ham sb lién tuc trén khodng [a, b] va
f(a) <y < f(b) thi tén tai c € [a, b] sao cho f(c) = y.

Theorem (Dao ham = Lién tuc)

Néu mét ham sé f xdc dinh trén mét 13n cin cla a va kh3 vi tai
diém a thi f lién tuc tai a.

Theorem (Lién tuc trén mot khodng déng)

Mét ham sb lién tuc trén mét khodng déng thi cé cuc dai va cuc
tiéu toan mién trén khodng déng dé.
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Cuc tri ham s6

Phu luc 2: X4c dinh cuc tri todn mién clia ham sb trén
khoang [a, b]

Cho f 13 ham sb lién tuc trén [a, b] va kha vi trén (a, b).
e Buéc 1: Xac dinh tit c3 cic diém ding cla f trén (a, b), dit
la tép A.
o Xét gia tri clia f tai cac diém thudc AU {a, b}. Gié tri I6n
nhat va nhd nhat trong cic gia tri nay 1a cuc dai va cuc tiéu
toan mién cua f trén [a, b].
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