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Dinh nghia

Dinh nghia (Vét)

V&t clhia mét ma tran vudng A 13 t8ng cic phin ti trén dudng
chéo chinh cia ma tran, ki hiéu Ia tr(A).

Nguy&n Mac Nam Trung PiMA 2021

Trace, Norm, Rank 3



Dinh nghia

Dinh nghia (Vét)

V&t clhia mét ma tran vudng A 13 t8ng cic phin ti trén dudng
chéo chinh cia ma tran, ki hiéu Ia tr(A).

Néu A la ma trdn vudng cap n thi
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Tinh vét cta cdc ma tran sau
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Tinh chit 1

Vé6i A,B e R™" va a e R,
m tr(A+ B) = tr(A) + tr(B).
m tr(aA) = atr(A).
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Tinh chit 1

Vé6i A,B e R™" va a e R,
m tr(A+ B) = tr(A) + tr(B).
m tr(aA) = atr(A).

tr 13 mdt anh xa tuyén tinh di tr R™*" vao R.
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Tinh chit 2

V6i A, B e Rmxn Rnxm,

tr(AB) = tr(BA).
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Tinh chit 2

V6i A, B e Rmxn Rnxm,

tr(AB) = tr(BA).

Chitng minh. Dua vao cdng thitc nhdn ma tran,

n

tr(AB) = Z Z a;jbj,- = Z Z bj,-a,-j = tr(BA).

i=1j=1 j=1li=1
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Chu3n trén khong gian vector

Dinh nghia (Chuan trén khéng gian vector)

Cho khong gian vector V trén R, chudn trén V 13 mét ham di tur

V vao R, ki hiéu 12 ||.||, v6i c4c tinh chit sau
[lv]| = 0,Vv e V va ||v|| = 0 khi va chi khi v = 0.
llav]] = laf||v]], Vo € R.

llu+ v|| <|lul| + ||v]|, Yu,v e V.
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Chu3n trén khong gian vector

Dinh nghia (Chuan trén khéng gian vector)

Cho khdng gian vector V trén R, chuan trén V 13 mét ham di tir
V vao R, ki hiéu la ||.]|, véi céc tinh chat sau

[lv]| = 0,Vv e V va||v|| =0 khi va chi khi v = 0.
llav]] = [alllv]], Va € R.
llu+ v|| <|lul| + ||v]|, Yu,v e V.

Nhan xét

D6 dai cac vécto trong R?, R3 (tc“;ng quat 1a R") déu I3 chun.
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Norm

Mot s6 chuan théng dung

Dinh nghia (p - norm)

Vi mbi sb thuc p > 1, dinh ngha ||.||, : R” — R nhu sau

T I

Ixllp = (al® + Pl + - + x| )7,

trong dé x = (x1, x2,...,Xp) € R".

Dinh nghia (maximum norm)

Dinh nghia ||.|| : R” — R nhu sau
||XHOO = max{|x1], ‘X2’7~-- ) ‘Xn|}7

trong dé x = (x1,x2,...,X,) € R".
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Mot s6 ciu hoi

Dé dai trén R” cé phdi 13 p - norm khéng ?

Néu thém mot so6 chudn ma ban trén R”. Dé xuat mét cich dé tao
thém chuin méi tir cic chuin d3 biét.
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Chuan ma tran

Tap cdc ma tran vudng R"*" la mét khéng gian vector.

Mac Nam Trung PiMA 2021

Norm, Rank 10



Norm
0008000000000 0

Chuan ma tran

Tap cdc ma tran vudng R"*" la mét khéng gian vector.
Ma trén cé chuin khéng ? Chuan nao thudng dugc st dung ?
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Frobenius norm

Dinh nghia (Frobenius norm)

Dinh nghia ||.||r : R™" — R nhu sau

IAllF =, D A2
i
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Frobenius norm

Tinh chit 1.
Vé6i A e R™n
|A||F = A/tr(AAT).

Tinh chit 2.

Véi A, B e RM*n,

IABI[F < ||AllF]|Bl|F-
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Operator norm

Dinh nghia

Cho ||.|| 13 m&t chudn trén R”. V&i m8i A€ R"%", dinh nghia

l|Al|op := sup{||Ax]|| : x e R" va

x|| = 1}.

Dinh nghia nhu vady cé 8n khéng 7
C6 thé kiém tra duoc ||.|| 1a chudn ma tran khong ?
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Giai thich khai niém

Supremum ctia mot tdp S < R, ki hiéu sup S, 1a chan trén nhd
nhit cia S. Viduvéi S = {—1 | ne N*} thisupS = 0.

Tién dé clia tap sb thuc

Tap con khac rdng clia R bi ch3n trén thi cé chin trén nhé nhit.
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Operator norm (Special case)

Dinh nghia

V6i mdi A e R™ ", dinh nghia
[[Allop2 = = sup{[|Ax[[2 : x € R” va [[x||2 = 1}

{HH ||H2 XER"véX#O}.
2
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Operator norm (Special case)

Budc 1 : Kiém tra su tdn tai cha sup

Xét bi€u di&n tuyén tinh ctia x qua co s6 {e1,...,e,}
n
X = Z €i X;.
i=1

n n
Suy ra ||Ax||2 < Z Ixi].||Aeill2 < Z ||Aeil|2 hay ||Ax||2 bi chan.
i=1 i=1
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Operator norm (Special case)

Budc 2 : Kiém tra cac tinh chit cda chuin

A
[|Al|op2 = SUP{HH )’(‘“2 :xeR"vax # O} > 0.
X2

va

||Al|op2 = 0 <= ||Ax||2 = 0,Vx € R"
<~ Ax=0,VxeR"

— A=0.
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Operator norm (Special case)

Buéc 2 : Kiém tra cic tinh chit clia chuin

||Al|op2 = sup{|e|||Ax]||2 : x € R" va

X|l2 = 1} = |a[|Al[op2-
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Operator norm (Special case)

Budc 2 : Kiém tra cic tinh chit cha chuin

Véi moi x € R",
1(A + B)x]|2 < ||Axll2 + [|Bx[|2 < ||Allop2 + || Bllop2

nén ||A + Bl|op2 < ||Al|op2 + ||Bl|op2-
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Operator norm

Vi A, B € My(R) thi

1ABllop < [|Allopl[Bl[op-
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Dinh nghia

Dinh nghia.

Gid st A 1a mét ma trén c6 m dong va n cot. Khéng gian cét C(A)
la khdng gian sinh bdi cac vécto cot cia ma tran A. Khéng gian
dong R(A) la khoéng gian sinh béi cic vécto dong clia ma tran A.
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. Tinh dim R(A), dim C(A).

Cho ma trdn A =

A W N =
S N =
QO 01 W N
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. Tinh dim R(A), dim C(A).

Cho ma trdn A =

o Ol W N

11
0 2
0 0
0 0
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Hang clia ma tran

Dinh nghia.

Hang ctia ma trdn A la s6 chiéu cla khéng gian dong cia ma tran
dé, ki hiéu la r(A).

Nguy&n Mac Nam Trung PiMA 2021

Trace, Norm, Rank 24



Rank
0000e0000000000000

Cac tinh hang clia ma tran

\4 tudng : Dua ma tran vé dang bac thang.

O O O O
O O O %

O O O % *
O O % *
O = % % %
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Lam sao dé dua vé dang bac thang ?

Phép khir Gauss : \4 tudng 13 hang (khong gian dong) cta ma trén
khong déi khi thuc hién ba phép ddi so cip sau

hodn vi hai dong : r; < r;.
nhan mét dong véi a # 0 : r; := aur;.

cdng mdt dong véi « 1an dong khic : rj = ri + ar;.
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Vi du.

Cho ma trdn A =

011
0 2 2|.Tinh r(A)
1 33
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011 133 13 3
A=10 2 2| — |0 2 2| — |0 2 2| =rA) =2
133 011 000
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Dinh Iy 1.

Cho ma tran A, khi d6

dim R(A) = r(A)..
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Dinh Iy 2.

Cho 4nh xa tuyén tinh f : R” — R™ cé ma tran biéu dién f qua
capcosd S, T la A. Khi dé,

dimIm(f) = r(A).
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Cho ma tran Ae R™*" B e R™P. Khi dé,
r(A) = r(AT)
r(A) < min{m, n}.
r(AB) < min{r(A), r(B)}.
r(AAT) = r(A).
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Tim hiéu thém vé ma tran full rank

Ta néi ma tran A e R™*" full rank néu r(A) = n.
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Dinh Iy

Ma tran A € R"*" kha nghich khi va A full rank.
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Kiém tra su ton tai nghich ddo clia ma tran

D&i véi cic ma tran cép nhd, ngudi ta c6 mot cong cu dé kiém tra
(tim) nghich ddo ma tran. D6 la tinh dinh thic cia ma trén va
kiém tra dinh thic c6 khac 0 hay khong.
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Dinh thic

Dinh nghia

Cho A e R™" dinh thitc ctia ma tran A, ky hiéu la det A, dugc

dinh nghia
det A= (sen(0) [ [ aio(r):
o€S, i=1
, _ o(i) — (i)
trong dé sgn(o) = H i—j

1<i<j<n
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a11 412 413
A= |ax ax» ax| =detA="?

a31 432 433
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Cho ma tran A, B e R™" Khi dé
det(AB) = det A - det B.
det AT = det A,
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Dinh Iy

Cho ma tran A € R"™" c4c ménh dé sau day |3 tuong duong
A kha nghich,

r(A) = n,
Ax = 0 c6 nghiém x € R" duy nhit 13 x = 0,
det A # 0.
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