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MLE & MAP

Nhic lai kién thic

m Mbt phép thi thi c6 thé xdy ra 1 trong sb nhiéu két qua
» Su kién: tap hop mét sb két qua c6 thé
= Xac suét:
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Nhic lai kién thic

Mbt phép thi thi cé thé x3y ra 1 trong sb nhiéu két qua
Su kién: tap hop mét sb két qua c6 thé

Xac suit: gan gia tri [0,1] cho su kién

Bién ngiu nhién:
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MLE & MAP

Nhic lai kién thic

Mbt phép thi thi cé thé x3y ra 1 trong sb nhiéu két qua
Su kién: tap hop mét sb két qua c6 thé
Xac suit: gan gia tri [0,1] cho su kién

Bién ngiu nhién: gin gi tri thuc cho két qua
u Phan phdi: mét cich phan chia xic suit cho tht c3 su kién,
dic trung cho mdt bién ngiu nhién
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MLE & MAP

L uUsc lugng tham sb

M6t sb cau héi (c6 thé) d3 gip

Tung ddng xu #1

M6t dong xu c6 xac sudt ra mit ngha 13 80%, hdi xac subt ra mit
ngta khi tung dong xu nay?
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MLE & MAP
L usc lugng tham sb

M6t sb cau héi (c6 thé) d3 gip

Tung ddng xu #1

M6t dong xu c6 xac sudt ra mit ngha 13 80%, hdi xac subt ra mit
ngta khi tung dong xu nay?

Tung ddng xu #2

Thuc hién phép thir tung mét déng xu. Goi X 13 bién ngﬁu nhién
nhan gié tri 1 khi két qua 13 m3t ngira va 0 trong cac trudng hop
khéc. Gia sit X tudn theo phan phdi Bernoulli véi tham sb p = 0.8.
Yéu cau: Tinh P(X = 1).



MLE & MAP
L usc lugng tham sb

M6t sb cau héi (c6 thé) d3 gip

Tung ddng xu #1

M6t dong xu c6 xac sudt ra mit ngha 13 80%, hdi xac subt ra mit
ngta khi tung dong xu nay?

Tung ddng xu #2

Thuc hién phép thir tung mét déng xu. Goi X 13 bién ngﬁu nhién
nhan gié tri 1 khi két qua 13 m3t ngira va 0 trong cac trudng hop
khéc. Gia sit X tudn theo phan phdi Bernoulli véi tham sb p = 0.8.
Yéu cau: Tinh P(X = 1).

Tra 16i: X ~ Bernoulli(p) véi p = 0.8,

P x=1
L) =4 1—p, x=0 , P(X=1)=fg(l) Y
07 X khéC 5”/34



MLE & MAP
L uUsc lugng tham sb

M6t sb cau héi (c6 thé) d3 gip

Do chiéu cao

Chon ng3u nhién mét ngudi Viét Nam va do chiéu cao (mét) cda
ngudi dé. Goi X 13 bién ng3u nhién cé gia tri bing chiéu cao do
dugc. Gid st X tuan theo phan phéi chuin véi tham sb = 1.65
va 02 =0.3.

Yéu cau: Tinh xac sudt ngudi nay thdp hon 1 mét, P(0 < X < 1).
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MLE & MAP
L uUsc lugng tham sb

M6t sb cau héi (c6 thé) d3 gip

Do chiéu cao

Chon ng3u nhién mét ngudi Viét Nam va do chiéu cao (mét) cda
ngudi dé. Goi X 13 bién ng3u nhién cé gia tri bing chiéu cao do
dugc. Gid st X tuan theo phan phéi chuin véi tham sb = 1.65
va 02 =0.3.

Yéu cau: Tinh xac sudt ngudi nay thdp hon 1 mét, P(0 < X < 1).

Tra 18i: X ~ N(u1,02) v6i pp = 1.65 va 02 = 0.3

(x —n)?

-~ 7 1
L e 202 | P(X<1) :/ fu.02(x)dx
0

f,o2(x) =
w) = et
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MLE & MAP

L uUsc lugng tham sb

Diém chung

Xét bién ngiu nhién X tuan theo phan phéi D(0), tirc biét:
m Ho (family) clia phan phéi
m Cac tham sb 6

Chiing ta mubn:

= Truy vin vé két qua (xac sult, ky vong,...)
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MLE & MAP

L uUsc lugng tham sb

Mat sb cau hdi... khic #1

Tung ddng xu #1

Trung nh3t dusc mot ddng xu trén dudng. Anh tung thir 10 Ian thi
thu duoc két qua 1an lust 13 H, T,H,H,H,H, T, T, T, H. Hai xéc
sult tung ducdc mit nglra khi tung ddng xu trén?
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MLE & MAP
L usc lugng tham sb

Mat sb cau hdi... khic #1

Tung ddng xu #1

Trung nh3t dusc mot ddng xu trén dudng. Anh tung thir 10 Ian thi
thu duoc két qua lan lust 13 H, T,H,H,H,H, T, T, T, H. Hdi x4c
sult tung ducdc mit nglra khi tung ddng xu trén?

Tung ddng xu #2

Thuc hién phép thir tung mét dong xu. Goi X 13 bién nglu nhién

c6 gi tri 1 khi k&t qua 13 m3t nglra va 0 trong cac trudng hop

khéc. Gid st X tuan theo phan phéi D.

L&y 10 m3u nglu nhién tir D ta thu dugc {1,0,1,1,1,1,0,0,0,1}.
Yéu cau: tim phan phdi D. ®
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MLE & MAP

L uUsc lugng tham sb

Lay mau ngau nhién

= Phan phdi D xac dinh xac sut cho mdi gia tri (hodc khodng
gia tri)
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MLE & MAP

L uUsc lugng tham sb

Lay mau ngau nhién

= Phan phdi D xac dinh xac sut cho mdi gia tri (hodc khodng
gia tri)
w LAy mAu tir phan phbi: sinh ra gia tri phan anh phan phbi
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MLE & MAP

L uUsc lugng tham sb

M&t sb cau hai... khic #2

Do chiéu cao

Mgi ngu nhién 3000 ngudi dén do chiéu cao. Goi X 1 bién ngiu
nhién c6 gia tri bing chiéu cao do dugc. Gid sit X tudn theo phan
phdi D.

Két qua thu dugc cho biéu dd histogram nhu sau

Yéu cau: tim phan phdi D. (<)
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MLE & MAP

L uUsc lugng tham sb

Diém chung

Xét mét phan phbi D, biét:
w Cac miu ldy tor D
Mubn: tim D
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L uUsc lugng tham sb

Diém chung

Xét mét phan phbi D, biét:
w Cac miu ldy tor D
Mubn: tim D = khé!
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MLE & MAP

L uUsc lugng tham sb

Diém chung

Xét mét phan phbi D, biét:
w Cac miu ldy tor D
Mubn: tim D = khé!

Gia sir biét thém ho clia phan phdi, D(6), ta cin tim:

= C4c tham sb 6
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MLE & MAP

L uUsc lugng tham sb

Bai todn uéc lugng tham sb

Bai todn udc luong tham sb

Cho mdt phan phdi xac sudt D(#) dugc tham s& héa béi 0 chua
biét. Cho x1,x0,...,X, 13 n gia tri thu thap bing cich I3y m3u tir
D(#). Xac dinh 6.
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MLE & MAP

L uUsc lugng tham sb

Bai to4n udc luong tham sd

Bai todn udc luong tham sb

Cho mdt phan phdi xac sudt D(#) dugc tham s& héa béi 0 chua
biét. Cho x1,x0,...,X, 13 n gia tri thu thap bing cich I3y m3u tir
D(#). Xac dinh 6.

Hai hudng tiép can néi bat:
m Hop ly cuc dai (Maximum Likelihood Estimation, MLE)
» Cuc dai hdu nghiém (Maximum A Posteriori, MAP)

12/34



MLE & MAP

L uUsc lugng tham sb

Ngoai 18

Cau hdi thusng hai

Lam thé& ndo dé biét ho phan phéi?
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MLE & MAP
L usc lugng hop ly cuc dai

Table of Contents

Uéc luong hop ly cuc dai

14/34



MLE & MAP
L Uéc luong hop Iy cuc dai

Hop Iy (Likelihood)

Hop Iy

Goi X I3 bién ng3u nhién tuan theo phan phdi D(#). Cho x |3 mét
gia tri cu thé, likelihood ctia x dugc dinh nghia Ia mét ham theo 6,

ky hiéu L(6|x), théa:
L(01x) = fa(x)

15/34



MLE & MAP
L Uéc luong hop Iy cuc dai

Vi du

Hop ly v6i phan phbi Poisson

Cho bién ng3u nhién X ~ Pois(2.5). Tim hop Iy trong trudng hop
x=0,1,...,6.
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MLE & MAP
L Uéc luong hop Iy cuc dai

Vi du

Hop ly v6i phan phbi Poisson

Cho bién ng3u nhién X ~ Pois(2.5). Tim hop Iy trong trudng hop
x=0,1,...,6.
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MLE & MAP
L Uéc luong hop Iy cuc dai

Vi du (khac)

Hop ly v6i phan phbi Poisson

Cho bién ng3u nhién X ~ Pois(\) va gié tri cu thé x = 3. Tinh gi4
tri hgp ly tai A =0,2.5,5.
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MLE & MAP
L Uéc luong hop Iy cuc dai

Vi du (khac)

Hop ly v6i phan phbi Poisson

Cho bién ng3u nhién X ~ Pois(\) va gié tri cu thé x = 3. Tinh gi4
tri hgp ly tai A =0,2.5,5.

Giai
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MLE & MAP
L Uéc luong hop Iy cuc dai

Hop ly cta nhiéu gia tri

Gia st x1,...,x, 12 n gia tri cha X 15y m3u ddc 1ap va cung tir
Dx (6).

L(Ox1, %2, - xa) = fo(x1)fo(x2) . . fo(xn) = [ ] folxi)
i=1
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MLE & MAP
L usc lugng hop ly cuc dai

Uéc lugng hop ly cuc dai

Y tudng: tham s6 "hop ly" nhit véi dit lidu dang c¢6
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MLE & MAP
L Uéc luong hop Iy cuc dai

Uéc lugng hop ly cuc dai

Y tudng: tham s6 "hop ly" nhit véi dit lidu dang c¢6

Uéc lugng hop ly cuc dai

Cé:
m D(0): phan phéi tham s6 héa béi 6
m X1,...,Xn CAC gid tri dugc gid st 13 15y m3u tir D(6)

Tham sb tim duoc theo phuong phap MLE:

One = argmax L(O|xq, . .., Xn)
0
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MLE & MAP
L Uéc luong hop Iy cuc dai

Uéc lugng hop ly cuc dai

Y tudng: tham s6 "hop ly" nhit véi dit lidu dang c¢6

Uéc lugng hop ly cuc dai

Cé:
m D(0): phan phéi tham s6 héa béi 6
m X1,...,Xn CAC gid tri dugc gid st 13 15y m3u tir D(6)

Tham sb tim duoc theo phuong phap MLE:

One = argmax L(O|xq, . .., Xn)
0

Trong nhiéu trudng hop, ta st dung ham déng bién log,

Ope = argmax log L(0]x1, .. ., xp)
: g ®
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MLE & MAP
L Uéc luong hop Iy cuc dai

Vi du

Trung nhit dusc mdt dong xu trén dudng. Anh tung thir 10 I3n thi
thu dugc két qud 1an lust 13 H, T,H,H,H,H, T, T, T, H. Hoi x4c
suit tung dudc mit nglra khi tung dong xu trén?
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MLE & MAP
L Uéc luong hop Iy cuc dai

Vi du

Tung déng xu

Trung nhit dusc mdt dong xu trén dudng. Anh tung thir 10 I3n thi
thu dugc két qud 1an lust 13 H, T,H,H,H,H, T, T, T, H. Hoi x4c
suit tung dudc mit nglra khi tung dong xu trén?

u Chon Dx(#) I phan phbi Bernoulli tham sb p

P x=1
fo(x)=2 1—p, x=0
0, x khac

m Ham likelihood
L(p|1,0,1,1,1,1,0,0,0,1) =
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MLE & MAP
L Uéc luong hop Iy cuc dai

Vi du

Tung déng xu

Trung nhit dusc mdt dong xu trén dudng. Anh tung thir 10 I3n thi
thu dugc két qud 1an lust 13 H, T,H,H,H,H, T, T, T, H. Hoi x4c
suit tung dudc mit nglra khi tung dong xu trén?

u Chon Dx(#) I phan phbi Bernoulli tham sb p

P x=1
fo(x)=2 1—p, x=0
0, x khac

m Ham likelihood
L(p[1,0,1,1,1,1,0,0,0,1) = pb(1 — p)*

20/34



MLE & MAP
L usc lugng hop ly cuc dai

Vi du

m Ham log-likelihood

IOg L(p|1507 13 17 1’ 170707071) = 6|ogp+4|og(1 - p)
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MLE & MAP
L usc lugng hop ly cuc dai

Vi du

m Ham log-likelihood
IOg L(P|1, 07 13 17 1’ 17070707 1) =6 Ing + 4|Og(1 - p)
= Udc lugng hop ly cuc dai

PMLE = argmaXIOg L(p‘l’ 07 17 17 1a 1a 07 07 07 1)
p

21/34



MLE & MAP
L Uéc luong hop Iy cuc dai

Vi du

m Ham log-likelihood
IOg L(P|1, 07 13 17 1’ 17070707 1) =6 Ing + 4|Og(1 - p)
= Udc lugng hop ly cuc dai
pmLe = argmax log L(p[1,0,1,1,1,1,0,0,0,1)
P
m Két qud

6

= ——=06
PMLE 614
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MLE & MAP

L Uéc luong hop Iy cuc dai

Bai tap

Trén chién trudng thé chién 2, phe Ddng Minh tim thiy 4
chiéc xe tdng Dic dédnh s6 hiéu lan luct 13 19,40,42,60. Usc
dodn so lugng xe ting Dic theo tinh than cia MLE.

Giai trudng hop téng quat cha vi du “Tung ddng xu” trén:
Cho phan phoi Bernoulli véi tham s6 p va n quan sat
X1,X2,...,Xn. Udc luong p theo phuong phip MLE.

Ho phan phdi chuin cé 2 tham sb I3 pva 2. Gia st c6 n
quan sat x1,xo, ..., x,. Udc lugng 1 va o2 theo phuong phip
MLE.
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MLE & MAP

LCuc dai hau nghiém

Table of Contents

Cuc dai hau nghiém
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MLE & MAP

LCuc dai hau nghiém

Dong luc

Thiéu sét clia MLE:
= Xem tham sb nhu mot gia tri cb dinh

m Khong thé thém tri thic bén ngoai vao
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MLE & MAP

LCuc dai hau nghiém

Dong luc

Thiéu s6t cha MLE:
= Xem tham sb nhu mot gia tri cb dinh

m Khong thé thém tri thic bén ngoai vao

(lai 13) Tung déng xu

Tinh hudng cii: Trung nhit dugc mét déng xu trén dudng. Anh
tung tha 10 1an thi thu duoc két qua Ian luct |3
HT,HHHHT, T, T H.

Yéu td méi: Thé Anh, anh ho Trung, nhin théy déng XU quen
thudc mdi bdo Trung ring dé 13 ddng xu anh d3 vit di. Thé& Anh
bo anh dung né d& di Ita ngudi khic, nén cb tinh 1am cho mit
sip d& ra hon mit nglra.
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MLE & MAP

LCuc dai hau nghiém

Y tudng

= Xem tham sb 1a mét bién ngiu nhién (c6 phan phéi)

m Dung tri thic va quan sat dé “cap nhat”

25/34



MLE & MAP

LCuc dai hau nghiém

Dinh ly Bayes

P(A|B) =
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MLE & MAP

LCuc dai hau nghiém

Dinh ly Bayes

P(BJA)P(A)

PIAIB) = =2 g

x P(B|A)P(A)

m P(A): x4c sult tién nghiém (prior)

m P(B|A): x4c suit hau nghiém (posterior)

26/34



MLE & MAP

LCuc dai hau nghiém

Dinh Iy Bayes cho bién ng3u nhién
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MLE & MAP

LCuc dai hau nghiém

Dinh Iy Bayes cho bién ng3u nhién

fxj0(x)fo ()
fx (x)

= fo: ham khéi/mat dé clia phan phi tién nghiém (prior)

m fx|g: ham hgp ly (likelihood), fx|9(x) = L(0|x)

= fo|x: ham khdi/m4t dé cia phan phéi hau nghiém
(posterior)

foix(0) = o< fxjg(x)fa(0)
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MLE & MAP

LCuc dai hau nghiém

Vi du

Xac subt hau nghiém véi phan phbi Poisson

Cho bién ng3u nhién X ~ Pois(\) va gia tri cu thé x = 3. Cho A I3
mot gid tri cu thé cia A ~ Exp(2). Tim ham mat d6 h&u nghiém.

A ~ Exp(2) = fa()\) = 27>
Giai

fax=3() o

28/34



MLE & MAP

LCuc dai hau nghiém

Vi du

Xac subt hau nghiém véi phan phbi Poisson

Cho bién ng3u nhién X ~ Pois(\) va gia tri cu thé x = 3. Cho A I3
mot gid tri cu thé cia A ~ Exp(2). Tim ham mat d6 h&u nghiém.

A ~ Exp(2) = fa()\) = 27>
Giai

fix-s) o KomsasH0) = (757 ) (2679



MLE & MAP

LCuc dai hau nghiém

Vi du

Xac sut hau nghiém véi phan phbi Poisson

Cho bién ng3u nhién X ~ Pois(\) va gia tri cu thé x = 3. Cho A I3
mot gid tri cu thé cia A ~ Exp(2). Tim ham mat d6 hau nghiém.

Giai

0.0150

00125

0.0100

0.0075

0.0050

0.0025

0.0000
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MLE & MAP

LCuc dai hau nghiém

Cuc dai hiu nghiém

Cuc dai hiu nghiém (Maximum A Posteriori)

Cé:
m D(0): phan phéi tham s6 héa béi 6
B X1,...,Xn CAC gid tri dugc gid st 13 15y m3u tir D(6)

m Dg(w): phan phdi clia tham s6, tham sb héa béi w
Tham sb tim dudc theo phucng phip MAP:

Opmap = argmax L(f|xq, ..., x,)fo(6)
0

30/34



MLE & MAP

LCuc dai hau nghiém

Vi du

Tung ddng xu

Trung nhit dugc mdt dong xu trén dudng va tung thir 10 Ian thi
thu dugc chudi H, T,H,H,H,H, T, T, T, H. Hdi x4c suit tung
dugc mit nglra clia dong xu, biét né khéng qué 0.5?

= D& xult phan b tién nghiém: P ~ U(0,0.5)

{2, pel0,05]
fp(p) = { 0, p khac
m Ham hiu nghiém ti 1& vdi

2p°(1—p)*, pe[0,0.5]
0, pkhic @

31/34
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MLE & MAP

LCuc dai hau nghiém

Vi du

Tung déng xu
Trung nh3t dugc mdt dong xu trén dudng va tung thir 10 Ian thi
thu duoc chudi H, T,H,H,H,H, T, T, T, H. Hoi x4c subt tung
dugc mat nglra cha dong xu, biét né khdng qua 0.57

» Cuc dai héa xac subt hau nghiém = tim p € [0,0.5] dé tbi uu

2p%(1 — p)* hodc 6logp + 4log(l — p) + log2
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MLE & MAP

LCuc dai hau nghiém

Vi du

Tung déng xu

Trung nh3t dugc mdt dong xu trén dudng va tung thir 10 Ian thi
thu duoc chudi H, T,H,H,H,H, T, T, T, H. Hoi x4c subt tung
dugc mat nglra cha dong xu, biét né khdng qua 0.57

» Cuc dai héa xac subt hau nghiém = tim p € [0,0.5] dé tbi uu

2p%(1 — p)* hodc 6logp + 4log(l — p) + log2

n Két qua: ppap = 0.5 # puLE.

32/34



MLE & MAP

LCuc dai hau nghiém

Bai tap

M6t ho phan phdi thudng dugc chon 1am phan phdi tién
nghiém cho cdc tham s6 thudc loai xac suat (nhu p trong
phan phdi Bernoulli) 13 phan phoi Beta.

1
B(a, b)

a- - _ T(a)r(p)
P p)" B(a,b) = rrpy

farp(p) = (a+ b)

Tim cbng thdc ppap trong trudng hop st dung phan phbi tién
nghiém trén (gidi tong quat véi a, b a hai tham so tu dat).
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MLE & MAP

LCuc dai hau nghiém

Note

» Ching ta vira: cap nhat lai phan phdi clia tham sb tir phan
phai tién nghiém khi c6 thém dir liéu

m MAP: chon ra gia tri c6 kha nang nhit (ham mét do tai d6
cao nhat) trong phan phdi nay

= Ngoai ra: ky vong, phuong sai, suy ludn néi chung vé& tham sb
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