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Loi cam on
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qud nhit. Ddng thoi, PIMA ciing t& chiic cac budi trd chuyén cuc ky bé ich véi cic anh, chi
va thay c6 kinh nghiém trong nganh. Théng qua nhiing co héi dé, ching em da cé thém duoc
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viéc tim kiém dinh huéng cho ban than trong tuong lai. Chdng em mudn gui 16i cadm on chan
thanh dén cac anh chi mentor, dic biét Ia anh Nam Trung va Thé Anh, da luén st sao, tan
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Chting minh cling xin cdm on cac ban trai sinh da tich cuc tham gia, gép phan vao thanh céng
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qua sé theo chan chiing em trén con dudng tuong lai sap téi. Chic PiMA tiép tuc thanh coéng
trong nhiing n3m sap tai.

Mac du da cé nhiéu cé gang nhung khdng thé tranh khdi sai sét, chiing em mong nhan ducc
su gop Yy clia quy ban doc dé hoan thién ban bao cdo nay.

Viét Nam, Ngay 16 thang 8 nam 2021
Nhom tac gia.

Tém tat ndi dung

Supervised Learning (SL) hay Hoc cé giam sat mét trong cac hudng nghién ctu chinh cua
Machine Learning. Trong sb6 cdc thuat todn thudc nhém SL, mét trong nhiing thuat todn néi
bat va duoc sir dung réng rai nhat |3 Linear Regression (hay Hoi quy tuyén tinh). Tuy nhién,
cung véi su phat trién cla xa hoéi, nhu cau nghién cliu ctia con ngudi dan tién xa hon nhiing
gi Linear Regression cé thé thuc hién hiéu qua. D& khiac phuc diéu dé, mét phién ban téng
quat hoa va da dung hon ctia md hinh nay da dugc nghién ciu mang tén Generalized Linear
Model.

Trong paper nay, ching ta sé tim hiéu Generalized Linear Model théng qua cdc muc sau:

1. Linear Regression dudi géc nhin Uéc luong tham sb va déng luc cia Generalized Linear
Model (GLM).

2. Cac thanh phan va cach dinh gia mét md hinh GLM.
3. Udc luong tham sb trong GLM.

4. Thuc hanh ap dung GLM Ién d{t liéu dang Count.



Muc luc

1

Linear Regression (Hoi quy tuyén tinh) 1
1.1 Vidumo dau . . . ., 1
1.2 Dinhnghia . . . . . . 1
1.3 Linear Regression dudi géc nhin udc luong thamsé: . . . . . . . . . . . . . .. 1
Generalized Linear Model 4
2.1 Motivation . . . . . 4
2.2 Cdc thanh phan trong Generalized Linear Model: . . . . . . . . . .. .. ... 5
2.3 Generlized Linear Model dudi géc nhin uéc lugng thamsé . . . . . . . . . . .. 7
24 Danhgidmdéhinh . . . . . . 14
Count data 15
3.1 Generalized Linear Model cho Count Data: . . . . . . ... ... ... .... 15
3.2 Tinh todn MLE déi v6i Countdata . . . . . . . .. . . ... ... ... ..., 16
3.3 Danhgiamdhinh . . . .. . ... 16
3.4 Overdispersion . . . . . . .. 17
3.5 Caidat . . . .o 19
3.6 Viduminhhoa . . . . . . . . . . . 20
Ap dung mo hinh 23

Két luan danh gia 23



1 Linear Regression (Hoi quy tuyén tinh)

1.1 Vi du mé dau

Gia sl ta can tra 1oi cau hoi: Cac yéu to gi anh hudng dén diém trung binh clia mot 16p hoc?
Néu nhu ta quan sat duoc duoc si sé hoc sinh, sb tién phu huynh déng va sb tiét hoc mot tuan
cla I6p dé thi c6 cong cu gi dé€ danh gid mic dé anh hudng cla ba yéu td dé Ién diém trung
binh khéng? Trong todn hoc, ta c6 thé nghién ctiu mdi quan hé gitta cdc diéu ndi trén bang
cach dit chung thanh cac bién nhu sau:

e y |3 diém trung binh cla I6p hoc.

x; 12 s6 hoc sinh.

x> 1a sb tién phu huynh déng gép cho 16p hoc.

x5 1a sb tiét hoc mdt tuan.

Tu cac théng tin trén, cau hoi tré thanh bai todn danh gia mdi quan hé tuong quan giita bién
y va cdc bién xi, X0, x3. Ta goi dang bai toan nay la “Hoi quy.” Cé nhiéu phuong phdp phan
tich héi quy khac nhau, nhung bang cach gid sit mét mdi quan hé tuyén tinh gilta cac bién, ta
c6 mot trong nhiing phuong phap hiéu qua va don gian nhat Linear Regression, hay mo hinh
Hoi quy tuyén tinh. Cu thé, trong vi du nay,

Y =Bo + Bixi + Boxo + B3x3 + €

Vv6i Bo, B1, B2, B3 la cac tham s6 hdi quy, € la bién 16i.

1.2 Dinh nghia
Trong bai toan hdi quy, ta cé mot sb khai niém, ky hiéu sau
e Y |3 bién phan hoi
Cho mot data set {y;, xi1, ...xip}7_, Vi n la sb lugng quan sat va p la sb céc bién doc lap x.
Linear Regression hay Hoi quy tuyén tinh 13 mdt md hinh thé hién mbi quan hé gila giad tri

scalar y; va tap hop céc bién {xi, x2, ..., x,} thong qua mot ham tuyén tinh véi tap hop tham
s6 B ={Bo.B1. ....B,} va gia tri 16i e. Mbi quan hé dé dugc thé hién nhu sau:

Vi=B0+Bix1+ ... +Buxip+e€,i=1..n

Khi xép chdng cdc gid tri clia y; thanh mot vector cot, ta c6 cong thiic tdng quat sau:

y=XB+e€
%1 X; 1 X1 ..o Xxpp Bo €1
T
¥ X 1 X2 o0 X G1 €2
Trong dé: y = |l X= 2l=1 7 " . e . | €=
Yn X;;r 1 Xn1 0 Xnp 5[) €n

1.3 Linear Regression duéi géc nhin uéc luong tham sé:
C6 hai cach duoc st dung phé bién dé uéc luong tham sb 3 sao cho phu hop:
e Phuong phdp Least Square Estimate: Tim 3 sao cho gia tri cac bién €; nho nhat ¢ thé.

e Phuong phap Maximun Likelihood Estimate. O day ta sé quan tdm dén phuong phap
nay.
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1.3.1 Likelihood Function va Maximum Likelihood Estimation:

V6i mot data set duoc gid st tuan theo mot phan phdi tham sb hod, ham Likelihood duoc
dung dé tinh xdc sudt md hinh véi tham s6 duoc chon cé thé sinh ra duoc miu data set da
quan sat duoc. Gid tri trd vé clia ham cang cao thi di liéu sinh ra tir md hinh cang gan véi dir
litu quan sat duoc. N6i cach khdc, ham Likelihood cé thé danh gid mdc do6 phu hop cia tham
sb trong moé hinh. Vi mot bién X ngiu nhién c6 ham phan phdi xdc suat 1a f phu thudc vao
tham sb 0, goi ham Likelihood cla bién 1a L, ta cé:

L(81X =x) = f(X = x|9)

Khi c6 mau di liéu {x1, Xs, ..., X, }, gid st cac bién doc lap va phan phdi nhu nhau, ta cé cong
thuc:
L(O|X = X1, ...,X,) = F(x1]6) . .. F(x,]0)

& LOIX =x1,...,X,) = Hizlf(x,-|9)
Bang cach tbi da hod ham Likelihood, ta sé tim dudc tham sé phu hop nhat véi mé hinh. Day
chinh 13 nén tang cho phuong phdp Maximum Likelihood Estimation.
1.3.2 Ap dung Maximum Likelihood Estimation cho Linear Regression:

Dé uéc luong tham sé B dudi géc nhin Udc luong tham sbé st dung Maximum Likelihood
Estimator, trudc tién ta can gia sir mot sd diéu sau:

e X, Y la cac bién ngiu nhién.

e Bién € ciing 1a mot bién ngau nhién va tuan theo phan phdi chuan véi e ~ (0, 02). Tu
day ta c6 thé hiéu rang: cac gia tri clia bién ngiu nhién Y khi biét X = x cling tuan theo
phan phéi chuan, hay Y|X =x ~ N(x'B, 02).
DéE hiéu ré hon y tudng nay, ta cé hinh 1:
" \ys|9)
A
P(y4|0) f—
P(ys3|0) A A (¥616)
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Cé6 thé thay, véi mbi giad tri x xac dinh, gid tri cla bién ngau nhién Y tuan theo phan phbi
chudn c6 dang nhu trén hinh. O day, gia tri trung binh chinh 12 gia tri y du doan (diém mau do
nam trén dudng thang best-fit): u = y = B;x;;. Gid tri y that su 1a diém mau den, bang gid tri
du doan cong véi gid tri 16i. Khodng cdch tu diém y that dén dé thi cta phan phdi chuan thé
hién xac suat xuat hién cla y, hay P(y;]|8). Xac suit y nam trén duong thang best-fit I3 cao
nhat, cang xa dudng thang (hay 16i cang 16n) thi xac suat xuit hién y cang nho.

1.3.3 Tinh toan MLE trong moé hinh Linear Regression

Nhu ching ta da duoc tim hiéu, ta co:

P(Ynlxn, B, 0%) = \/% exp (—2%2 (¥n —ﬁTxn)z)

Tu do, ta xay dung dugc ham likelihood nhu sau:

L®B) =[] pyalxn.B.0%) =] \/% exp (—% (v —ﬁTxn)2)

Muc dich cua bai toan MLE 13 tinh toan B dé ham Likelihood nhan gid tri 16n nhat, tuy nhién &
day viéc tinh todn gia tri I6n nhat cla ham Likelihood mét cach truc tiép sé rat khé gidi quyét,
bdi vi viéc tinh dao ham theo tich cac bién tuong dbi phiic tap. Nén thay vi vay, ta sé tinh
log(logarit co sb tu nhién) cta ham Likelihood va tinh B8 dé l1am Log-likelihood dat gia tri I6n
nhat. Ta c6 thé thdy rdng ham log 13 mot ham déng bién, nén arg maxg L(B) = arg maxg LL(8).
Tu do, ta tinh ham Log-likelihood nhu sau:

LLB) = Klog V%) — 2(172 (v —BTx,)

n

1 n
— (yn —ﬁTx,,)2 ~3 log(27) — nlog o

202
Ta c6, téng phan du binh phuong (RSS - Residual Sum of Squares) dugc tinh nhu sau:

RSS(B) = (o —B"xs)°

n

Suy ra
1

LL(B) = const — FRSS(ﬁ)

Do dé, ta cé thé thay rang viéc tbi da hdéa gia tri Likelihood cling tuong duong véi viéc toi
thiéu gia tri RSS, nén ta cling c6 thé xem 2 bai toan MLE va OLS Estimation (Ordinary Least
Square Estimation) & day la tuong duong nhau

Goi

N

B = arg mﬁax L(B) = arg méax LL(B)
Suy ra
VeLL(B) =0
Ta tinh toan nhu sau:
1 2 1
VﬁLL(ﬁ) = _T‘QV[-} Z (}/n _ﬁTXn) - _T‘QvﬁHxﬁ - YHE

n

1
= —Fvﬁ(xﬁ — ¥)Vixg—y) |[IXB —ylI3
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Vi

0 DY x?
VA =9 0 = (S5 O B ) = e 2w =2
Nén 1 § ) § .
VoLL(B) = — 55 (XT-2(XB ~y)) = - (X' X8 - Xy)

Vi VgLL(B) = 0, suy ra XTXﬁ = XTy
Do d6, B = (X"X) "Xy

2 Generalized Linear Model

2.1 Motivation

M6 hinh hoi quy tuyén tinh (Linear Regression) rat don gian nhiing da dugc chiing minh vo
cung hitu ich trong mét luong 16n cdc tinh hudng. Tuy nhién, cé6 mét sb trudng hop thi da thay
duoc mat han ché ctia mé hinh nay. Ta xét cic vi du sau :

Vi du 2.1. Dy doan mong mudn hoc tiép sau dai hoc (cé hay khéng) cla sinh vién Viét Nam.
Ta c6 thé quy udc bién cé gid tri 1 néu cau trd I5i 1a ¢, va nhan gid tri 0 néu cau tra 1oi Ia
khéng mong mudn hoc tiép sau dai hoc. Cé nhiéu yéu td anh huéng dén quyét dinh c6 hoc tiép
hay khéng, vi du nhu diém trung binh hoc tap, sb tiét clp hoc trong ki gan nhit, sé tién hién
c6 cho viéc hoc, ... Vi du & day, ta sé xét diém trung binh hoc tap va sb tién hién dau tu cho
hoc tap.

e Input: Tap di lieu gdbm bd 3 sb: diém trung binh hoc tap, sb tién, 1 s6 1 hodc 0.

e Output: Mot mé hinh ma khi biét diém, sb tién sé du doan duoc cé mong mubn hoc tiép
hay khoéng.

Nhin xét 2.2. e Bién phdn hoi cé thé la bién ngdu nhién Bernoulli vi né chi nhan 1 trong
2 gid tri la 0 hodc 1. Do dé, ding phan phbi chuan sé khéng phi hop vi bién phan hoi
trong phan phdi chudn nhan moi gia tri trén R

e Néu ding mé hinh héi quy tuyén tinh, gid tri ki vong khi biét sé diém va sé tién sé la mot
t6 hop tuyén tinh cla 2 yéu toé trén va cd gid tri trén toan bo sé thuc. Do do, ta can xay
dung mét ham f sao cho gid tri d6 qua ham f sé nam trén (0, 1).

Ta xét vi du tiép theo, khong phai dir liéu thudc ki€u nhi phan nira ma 13 kiéu dém.

Vi du 2.3. Du doan sb ca duong tinh v6i COVID-19 tai TPHCM.

Cling tuong tu nhu vi du trén, ta xét yéu t6 anh hudng dén sb ca nhiém bénh (y) la sb luong
nguoi da tiém vaccine phong chong COVID-19 (x1), s6 ngudi ra ngoai bi phat(x), s6 ngusi roi
khéi thanh phd(xs).

e Input: Tap dir lieu gom (x1, X0, X3, ¥)
e Output: Mdt mé hinh ma khi biét xq, xo, x3 sé du dodn duoc y

Nhan xét 2.4. e Bdi vi bién phu thuéc thudc kiéu dir liéu dém, tidc 1a chi nhan gid tri la
cdc sbé nguyén khéng am, phan phdi Poisson 1a mét phan phdi cé vé phu hop hon phan
phéi chudn (phan phbi chuan chi ding cho bién ngdu nhién lién tuc).

e Ciing tuong tu nhu vi du 1, ta ciing can tim mét ham f dé cho gid tri ki vong ctia bién
phdn hoéi nhan gid tri khéng 4m, chi khéng phdi nhan moi gid tri thuc.
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Vi du cubi cling, ta xét mot kiéu dir liéu khac: dir liéu ti 1& (proportion).

Vi du 2.5. Du doén ti 1€ hoc sinh I6p 12 thich Toan cia mot trudng.
Céc yéu tb6 anh huong Ién ti 1é hoc sinh I6p 12 thich Toan (y) ma ching ta xét & day la ti lé
hoc sinh thi HSG mén toan cap trudng (x;), diém trung binh bai kiém tra 1 tiét gan nhat (x.).

e Input: Tap dir liéu gém (x1, X, y)
e Output: Mot moé hinh khi nhdp vao cac gia tri xq, x» sé cho du dodan gid tri cltia y.

Nhan xét 2.6. e Néu dung mé hinh héi quy tuyén tinh thi bién phdn hoi sé tuan theo phan
phdi chuan, ciing khéng phi hop vi bién phan héi la mét ti I1é nén nam trong doan (0, 1).

e Tuong tu, ta ciing can tim mét ham f

Khéng chi ba vi du trén, ma con nhiéu vi du khac cho thay nhiéu tinh huéng mé hinh hdi quy
tuyén tinh khéng con phu hop nita. D€ hoan thién mé hinh nay, ngudi ta da téng quat héa lén
thanh Generalized Linear Model (GLM). bang céch:

e Ngoai phan phdi chuan, bién phan hdi c6 thé tuan theo mot ki€u phan phdi khac, vi du
nhu 1a phan phdi Poisson hay phan phdi Bernoulli.

e Xay dung modt ham f gidia bién quan sat va t& hop tuyén tinh clia bién doc lap.

2.2 Cac thanh phan trong Generalized Linear Model:

Nhu ta da biét, Generalized Linear Model (GLM) la mot truong hop téng quét hod cla Linear
Model. Trong GLM, quan hé gitta Y va X khéng con chic chdn 1a tuyén tinh nita, hon nifa,
phan phbi cla gia tri 16i khdng con nhat thiét phai tuan theo phan phbi chudn ma cé thé sé
phtc tap hon. Khi Y va X khéng con chic chin tuyén tinh, ta can thém mét thanh phan khac.
Nhu vay, trong GLM, ta sé cé téng cdng 3 thanh phan: Random Component (Thanh phan
ngau nhién), Linear Predictor (Du doan tuyén tinh), va Link Function (Ham lién két).

2.2.1 Random Component:

Cho (X,.Y,) e RP x R,n=1,..,i la cdc cap bién ngdu nhién doc Iap sao cho ham phan phoi
clia Y, v6i diéu kién biét X,, = x,, c6 dang 1a mét ho ham exponential (hay exponential family):

ynen - b(@)

(@) + c(Yn, @)

f(vn 0, ¢) = exp {

Trong do:

e 9 duoc goi |a canonical parameter hay natural parameter. Tham sd nay chinh |3 ucua
phan phdi chuan, log (ﬁ) trong phan phdi nhi thic (Binominal Distribution), hay

log(w) trong phan phoi Poisson, van van.

e ¢ dugc goi la dispersion parameter. Thong thuong ham a(¢) = 1, khi d6, ho ham sé
chuyén thanh dang don gian hon: f(y,; 8) = h(y,) exp[y.0, — b(9)].

e b(0) con dugc dugc goi la cummulant function.



Bang viéc gisi han y theo ho ham exponential, ta sé c6 thé:

e Thu duoc general expression cho phuong trinh likelihood clia md hinh, phan phdi tiém
can (asymptotic distribution) clia cdc estimator cho tham sb cla mé hinh, thuat todn dé
fit md hinh.

e Cdc gia tri trong ham sé duoc st dung dé tim dugc E(y,) va Var(y,).

M6t sb vi du vé cac phan phéi thudc exponential family:
e Phan phdi bién ngau nhién lién tuc gdm: Phan phdi chuan, Phan phdi Gamma, ...

e Phan phdi bién ngau nhién rai rac gdm: Phan phdi Poisson, Phan phbi Binomial,...

2.2.2 Linear Predictor:

Thanh phan nay dung dé du dodan mbi quan hé tuyén tinh gitta cac bién doéc 1ap x so v6i mo
hinh. Ta ky hiéu thanh phan nay la n véi:

P .
ni = ,BO + Zj:lﬁjxij' I1=1...n

2.2.3 Link Function:

Cho td6i bay gio ta da thay su xuat hién ctua Y va X, tuy nhién ta van chua lién két duoc ching
v6i nhau. D€ thuc hién dugc viéc dé, ta dung mot ham lién két (link function).

Ta st dung Link Function dé lién két m;va gia tri ky vong, hay gia tri trung binh, clia y, ky hiéu
u = E(y,). Link Function ciia mé hinh GLM dugc ky hiéu:

n=9(w)
Mot Link Function clla GLM phai thod man hai diéu kién:
e Ham nay la ham don diéu.
e Ham nay kha vi.
Dac biét: Néu nhu Link Function cé thé lién két w va cannonical parameter 8 véi dang

n = g(u) = 6, ta goi ham do la Canonical Link Function. St dung dugc Cannonical Link
Function sé c6 mot sb tac dung sau:

e Dam bao théng ké du (Sufficient Statistic): Mot thong ké duoc goi 1a di khi “néu viéc
thém bat ky thong ké nao dugc tinh todn tir cing mau (sample) khéng cung cap thém
théng tin méi vé tham sb ctia md hinh d6.” D6i véi Canonical Link Function, phuong
trinh cé dang g(u) = 8 = XB sé cho phép XTY 13 mot théng ké di cho .

e Don gian hoa viéc tinh toan, don gian hoa qua trinh uéc luong tham s6.



Bang 1: Bang: GLM cho cac phan phbi khic ho exponential.

Tén phan phoi Normal Binominal Gamma
Ky hiéu N(w, 02) B(m, m)/m G(v, p)
Link Function XB = 1 X8 = log (n f u) XG = —p-!
Tham sbé ¢ ¢ = o2 (p:% o= v
Ham b(9) %2 log (1 + €9) —log(—6)
Ham c(y, ¢) —% (% + Iog(27r¢)> log C7), viog(vy) — log(y)

2.3

2.3.1 Generalized Least Square(GLS) va méi lién hé véi Ordinary Least Squares (OLS)
va Weighted Least Squares (WLS)

Generlized Linear Model du6i géc nhin uéc luong tham s6

Least Square Estimation la phuong phap dé xdc dinh tham s6 cia mdét mé hinh théng ké sao
cho phu hop véi nhat véi tap dir liéu, bang cach tbi thi€u Residual Sum of Squares (RSS), hay
con dugc biét téi 1a Sum of Squared Residuals (SSR), Squared Estimate of Errors (SSE), téng
phan du binh phuong.

1. OLS estimation
Ta c6: linear model (mé hinh tuyén tinh) nhu sau,
y=XB+e
Trong do,
e y; 1a bién ngau nhién
e [3; la bién khéng ngdu nhién, nhung ching ta chua xac dinh duoc duoc

e Xx; la bién ngdu nhién, 1a dit liéu ching ta quan sat dugc

e ¢; la bién ngiu nhién va duoc goi |3 bién 16i ngau nhién
Ta ¢6 gid dinh Gauss-Markov nhu sau,

e E[e,] =0,Vn
e Varle,] =02 < 00,Vn

o Covlen €m) =0,Yn#m
Lan luot dat, y = XB + e, § = XB Goi OLS estimator |a
Bovs = arg mﬁin RSS(B) = VgRSS(Boys) =0
Lai cé,
RSS(B) = |lell5 = Ily — XBII3
Suy ra,
Vel IXB =yl = Va(XB — ¥)V x5 |IXB — y[[3 = 2(XTXB — Xy)

Do d¢, ta c6 OLS estimator nhu sau

Bors = (XTX) !XTy
7



2. GLS estimation

Tuong tu, ta ciing co:

y=XB6+e
y=XG+e
y=XB

Gia dinh 13 E[¢] = 0, Var(e) = 02V, trong dé V la ma tran dudc xac dinh Ta cd, o2V la
ma tran hiép phuong sai, trong dé ching ta xdc dinh dugc V 1a ma tran dbi xiing va kha
nghich, khi dé, ching ta cé thé dinh nghia

V =K'K=KK
véi K dugc goi la ma tran can bac hai cia V
Khi do, dinh nghia,
oy =Ky
o X' =KX
o ¢/ =Kle
e e =Kle
Ldc do, chung ta cling xac dinh duac,
o E[¢] =E[K'e] =K lE[e] =K1 x0=0
o Var[e] = Var[K~1€'] = K-Var[B]K™! = K 10?VK™! = ¢?K KKK ™! = ¢?I

D& udc luong duoc B tét nhat ching ta can t8i thiéu RSS diéu chinh nhu sau:

A

RSS(B) =€'"¢’
(v - XB)' (v - XB)
= (K (y=XB8)) (K™ (y-XB))
(y—XB) KK (y—XB)
- <yT —3TXT) vV (y - XB)
=y'Vvly— QﬁTXTV—ly +BTXTV—1XB
Tu do, ta suy ra dugc
vﬁRSS(ﬁOLS) =0
@Vﬁ [yTv—ly o 2ﬁTxTv—1y +ﬁTxTv—1xﬁ] -0
& —2X'Vly+2X'V7(B) =0
B = (XTVIX) XV ly
Do do, ta cé GLS estimator

ﬁGLS = (XTV_IX)_I XTV_ly

3. WLS estimation

Mot trong nhiing han ché ctia GLS Ia ching ta phai chi dinh ma tran V. Ma tran nay
thudng ching ta sé khéng biét duoc va xdc dinh thudng rat khé khan
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WLS 13 trudng hop ddc biét clia GLS, va né cé nhiing gid dinh don gian hon 1a déi voi
ma tran V. Ta gia dinh la € khong tuong quan véi nhau va cac phuong sai ¢ day ciing
khéng bang nhau, Var[e] = 0?W vé6i ma tran W 13 ma tran dudng chéo véi cac phuong
sai. Cac quan sat phuong sai nho hon thi sé cé trong s I6n hon, cac quan sat c6 phuong
sai 16n hon thi sé cé trong s6 nhd hon Do do,

Bus = (XTWX) " XTW 1y

Trong d6é, W con duoc goi |a ma tran trong so

2.3.2 Tinh toan MLE trong moé hinh Generalized Linear Model

Xac dinh bai toan
Nhu ching ta da duoc biét,

ynen - b(en)

f(Yni 60, @) = exp( )

)

Ta sé xay dung ham Likelihood nhu sau,

L®B) =[] F(ni0n &) = [ [ exp (%’9#5)(&’) + c(¥n, ¢))

Ciing nhu bai toan tinh MLE & trong Linear Regression, ta ciing sé di tinh ham Log-likelihood,

LL(B) =) (ye——b(m + c(Vn, qb))

- an(¢)
= ©,)
ynen - b Gn
LL, = ————=— + c(¥a
an(¢) (o 9)
Khi do,
OLL,  yo— b(6,) PLL,  —b"(6,)
o6, an(¢) 002 B an(¢)
Hai két qua cua General Likelihood:
aLL, &LL, aLL,\?
= %] =0 Eb@ﬁ*[(@m)]”

Ta sé chiing minh 1an luot hai céng thdc nay,

Goi

I—n - f(yn; Qn; (b) = exp I—I—n

oLL, _ OlogL, _ 1 oL,
) == %o =l 3
1 0L,
= L_n@_QnLndy

)
~ 88, / Lady

0

- aen/f(ynvenr(b)dy
0
00,

1=0




&2LL, ALL,\? 8 [18L, 10L,)\°
E[ 562 } +E [( 86, ) ] =E |z, (L_,,ae,,ﬂ +E [(L_,,aen) ]
[ 8L, 8L, 8Ln

n"362 ~ 80, 00,

L3
:aZLG
06
—E |2
L, ]

_BQLn

002
= " d
/ L, "

82
~ 962 / Lndy
82
= 69%/f(yn,9ny¢)dy
62
~ 002

1=0

Do do¢, ta co:

Elob(@)] _ ,
{ an(¢) =0 PN { E[yn] =b (Qn)

o) _ b @r] S \E [(y,  b/(6,))7] = B (62)a0(8) = Varly,)

Ta rut ra duoc hai két qua chinh nhu sau

{ Elya] = b'(65) = wn
Var[yn] = bll(en)an((p) =0?

Tiép tuc véi bai toan MLE trong mé hinh Generalized Linear Model
Ap dung céng thic Chain rule:

oLL, OLL, 88, 0u, n,

OBm 06, O, O, OB,

Trong do,
aI—I—n o Yn— bl(gn) . Yn — Hn
06, an(¢) an(9)
Ol " Varly,] o0, an(®)
= b 9!7 = =
96, ~ 2O = 2 @) = By Varly
Olhn . .
65; khong tinh toan dugc, do phu thudc vao link function g(u,) = n,
ann _ aZmﬁanm _ X
Bm 96 S
Do dé,

al—I—n — Yn — Hn an((p) a,u'nx — (yn - /J'n)xnm alJln

Bm  an(¢) Varlys] om, " Varly,]  om,
Do dé, chiing ta can tim: B = arg maxg L(B) = argmaxg LL(B) va né xay ra khi VgLL(B) =0
Goi VgLL(B) = 0 Ia dang thic Likelihood
D3ang thic Likelihood ching ta can tinh |2

=0,Vm

a|—|—(ﬁ) _ (yn _ /J'n)Xnm 8/.1,,7
Bm Z Varly,] ~ on,
10



Goi V la ma tran duong chéo cla cac phuong sai quan sat duogc,
D 13 ma tran dudng chéo clia cic phan tu g—‘;:
Khi dé, dang thuc Likelihood tré thanh
XDV i(y—p)=0

Trong dé, B dugc nam trong céng thic u, = g~ (B"x,) Do cac phuong trinh xay ra & trén
thuong la phi tuyén tinh, nén 6 day ching ta sé cung nhau tim hiéu cac phuong phdap st dung
vong lap dé tinh toan MLE

1. Newton-Raphson method

Nhic lai bai toan: Ching ta dang can di tim B dé t6i da Likelihood nhung bdi vi dang
thic Likelihood chiing ta cé:
X'DV ' (y—p)=0

khéng phai ltic nao cling cé thé giai quyét mot cach dé dang nhu trong bai todn Linear
Regression nén ta cé phuong phap chung nhu sau:
Goi

9(B) = VgLL(B)
la gradient cuia LL(B),

H(B) = V5LL(B)
la ma tran Hessian cta LL(G)
XA4p xi Taylor dén dao ham cap 2 cla LL(B) tai (B'":

LB ~LL(B9) +9(8Y) (B8-BY)+5(8-8)H (6) (B -B)
Giai phuong trinh:
VaLL(B) ~ g (B) —H (B®) (8 -B) =0
Ta xdy dung dugc vong ldp nhu sau:
00 () o)

VGi gid tri khéi tao B9 1a mot vector bt ki. Diéu kién dimng cda chidng ta 13 khoang gia
tri gilia cac chu ki lién tiép tuong dbi nho (B gan nhu hoi tu) hodc 1a g gan tién dén 0.
Khi B hdi tu. Gia tri do ciing chinh la B8 lam cho Likelihood chiing ta cuc dai ma ching
ta can tim

2. Fisher-scoring method

O day cling thuc hién tuong tu nhu trén, thay vi sit dung ma tran Hessian (théng tin
quan sat duoc) nhu Newton-Raphson method, thi né sé st dung gia tri ki vong ctia no,
dugc goi la théng tin ki vong.

Goi 7 13 ma tran biéu thi thong tin ki vong, thi J s& c6 cac phan tir la —E [%}gﬁgp]. Hay
J = —E[H]

Do do, ta xac dinh vong Iap nhu sau:
-1
Bl — g _ (j (g(t))) g (ﬁm)

11



Véi giad tri khdi tao B I3 mot vector bat ki. Diéu kién ding 1a khoang gia tri gilra cac
chu Ki lién tiép tuong dbi nho (B gan nhu hoi tu) hodc la g gan tién dén 0

U két qua cta General Likelihood & trén:
66,77660 8,5’,77 8,3,,

al—I—n _ (yn - ,U'n)Xnm 8U'n
Bm  Varly] o,

Mat khac, ta cé

Thé vao phuong trinh trén

—E |: a2|—I—n 1 _ E |:()/n - Mn)Xnm a,u'n (yn - ,u'n)an a,U'n:| _ Xnanp <8/J'n)2
OBmIB, Varly,] 0om, Varly,] 0n,] Varly,] \n,

1
Var([yn]

2
Goi W~ tran dudng chéo cla cic phan ti w, = (a“”) V&i ma tran mo hinh X,

O
ta xay dung dugc ma tran théng tin ki vong nhu sau

J =X"W X

Thong thudng nguoi ta sé thuong st dung Fisher-scroring medthod thay vi viéc st dung
Newton-Raphshon method bdi ma tran Hessian chiing ta chua xac dinh dugc, con 6 day
ching ta da chéo hdéa dugc ma tran théng tin ki vong, nén viéc tinh todn va tinh kha
nghich ctia né sé don gian hon rat nhiéu

St&r dung Canonical Link

Ta c6 két qua cla Canonical Link nhu sau:

MNn = Z,Bmxnm = 8n

Khi doé,
Ou, Ou, 0b'(6,)
on, 06, 06,

— bl/(en)

Ta lai cé

aI—'—n _ ()/n - ,U‘n)Xnm a/J'n _ (yn - N'n)xnm //(9 ) _ (yn - /J'n)Xnm
OBm Varly,] om,  b'(8n)a(¢) =~ " an(¢)
Ly Xum Okt
aﬁpaﬁm B an((p) aﬁp

Do gid tri trén khéng phu thudc vao y, nén ta duoc

E[ 8°LL, } UL,
06,00m|  08,00m

Do do, H = —7, nén 2 phuong phap Newton-Raphshon va Fisher scoring hoan toan
gibng nhau

. Iteratively Reweighted Least Squares method
Nhac lai WLS estimator:

Bwis = (XTWIX) " XTWly

12



Ta c6 két qua cua Fisher Scoring nhu sau,

Bl — g _ (j (g(t)»‘l g (ﬁm)

Muc tiéu cla ching ta 1a tham sb6 hdéa sao cho Fisher Scoring tréng gidbng nhu WLS

estimator
Ta da co:
J =X"WX
2
‘- 1 > A N < ” < A ’ _ ([ Oun 1
véi WL 13 ma tran dudng chéo cla cac phan tl w, = (al:;n> Vo]
Ngoai ra,
OLLy _ (Vo = fon)Xom Oty (Opy)* 1 G i)™ e — O
9B Varly,] om, "M\ on,) Varly,]"" ""ou, R T
Goi y la vector c6 cac phan tu
(o — i) 20
n n a/J'n

Khi do Iteratively Reweight Least Squares method dudc xac dinh bdi vong lap nhu sau,

ﬁ(tJrl) :ﬁ(t) _ (XTW71X)71 XTWfly

. ou,\° 1
Trong dé, W™ 1a ma tran dudng chéo clia cac phan tir w, = ( M”)
omn ) Varly,]
. . N Ny,
y l1a vector cé cac phan ti (v, — n)=—
Olp

V6i gid tri khdi tao B© 13 mot vector bat ki. Diéu kién dimng 13 khodng gid tri giGia céc
chu Ki lién tiép tuong dbéi nhé

2.3.3 Udc luong dispersion parameter ¢

Mac du ¢ khoéng can thiét dé uéc luong B, tuy nhién né sé can thiét dé kiém tra gid thiét
khoang tin cdy. Vi vay, tri khi ¢ xac dinh trudc, né phai duoc udc lugng. Cac phuong phap udc
luong thudng duoc dung nhit sé mé ta & phan nay.

1. Maximum Likelihood Estimator ctia ¢

Vé nguyén tac, chiing ta cé thé sit dung MLE dé udc tinh ¢ nhu cach ching ta udc tinh
B. Tuy nhiéen MLE cla ¢ sé rat chénh léch, trir khi n phai rat 16n so véi r (trong do r 12
s6 tham sb chua biét)

Modified profile log-likelihood (MPL) dugc dinh nghia nhu sau:
LL(9) = 509 ¢+ LL(B)

Gia tri ¢ dé LL°(¢) dat cuc dai dugc goi Ia MPL estimator
Goi i
Vi du. Trong Linear Regression MPL la
of oy _ 1l log2me® 1 .
LLY(0%) = S log¢— 5 > " 5 ; Wa(Yn — fin)

n

Ta lan luct tinh dao ham LL°%(0?) theo o2, rdi cho né bang 0, va gidi phuong trinh dé ra
thi ta co:
2 1 <
(6%)" = o E 1 wi(y; — i)
1=
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2. Mean Deviance Estimator cia ¢

D(y. i)
n—r

=

Trong do,D(y, i) dugc goi la Deviance, dugc tinh theo céng thiic nhu sau

D(y, i) = 2[LL(tinh theo y) — LL(tinh theo {)]
3. Person Estimator cta ¢
X2
n—r

b=

Trong dé, X? duoc goi la Person statistic, duoc tinh theo céng thiic nhu sau

wi(y; — fi)?

X2 = 7
zn: V(ai)

Nhan xét. Mean Deviance estimator va Person estimator rat tién Igi, vi ching c6 san tur do
léch va phan du tuong (ing. Mean Deviance estimator phai hoat dong tét khi diém yén ngua
gan nhu gilt nguyén. Trong dé, Person estimator duong nhu duoc ap dung phé bién hon béi vi
(y — w)?/V(w) thudng sé khéng bi léch dbi véi ¢. Tuy nhién théng thudng ¢°, ¢, ¢ sé gibng
hét nhau.

2.4 Danh gia mo hinh

Qua trinh fitting mdt moé hinh di liéu cé thé xem 13 qud trinh thay thé cic gia tri y bsi mot
tap hop fitted values 4 thu duoc tir mé hinh ma thudng la cé tuong dbi it cdc tham sb. Nhin
chung thi cac gid tri u khéng bang y, nén chiing ta can quan tam hai gid tri nay léch nhau bao
nhiéu. Néu ma ching léch nhau it, thi cé thé chip nhan duoc, nhung néu léch nhau 16n thi day
han khéng phai 13 mét mo hinh tbt.

C6 nhiéu cach dé do do6 léch nay, nhung ching ta 6 day chi yéu quan tam dén cdch tinh duoc
hinh thanh tir ham logarit clia ti sb gid tri ham likelihood, va dugc goi la su sai Iéch(deviance),
la do léch gitta md hinh can danh gid va mé hinh ma fit hoan toan so véi bién quan sat (dugc
goi |a saturated model). Ta c6é cdng thic tinh (téng) dé léch cla mé hinh M, véi ki vong
i = E[Y|Bo] nhu sau:

D(y. i) = 2(log(p(y1Bs)) — log(p(y6o))

trong d6, By ki hiéu la fitted values clia tham sé trong mé hinh My, con (s la fitted tham sb
trong md hinh saturated.

Ta ¢6 vi du cach xay dung cdng thic tinh su sai l1éch cla phan phdi Poisson:

Ham likelihood ctia n bién quan sat doc lap Y, véi tham sb w tuan theo phan phbi Poisson I3
tich cla cdc xdc suat:

e_uuy
p(Y =y) = M

Lay logarit co sb e cla tich trén ta thu duoc:
log L(B) = > _ lvilog(u:) — wi]

trong doé log(u;) = x” .68
Thay vao cbéng thuc , ta cé céng thic tinh dé 1éch la:

D=2 {y,- log (ﬁ) — (v —Mi)} :

14



Phan phoi Coéng thuc tinh su léch
Chuan Yoy — fi)?
Poisson 2> |ylog <§> — (yi — 1))
. , Yi m—Yy,
Nhi thac | 2 ylo 7)-1— m—y;)lo ( A)
> |y log 7 ( ) log i,
Gamma 2> |—log (4) + 2 ;_u/

Chi sb nay cang nho thi cé thé xem la md hinh cang tét. Tuy vao loai phan b ma ching ta
c6 ham likelihood khdc nhau. Céng thtc tinh su sai léch cla mot sb loai phan bb c6 thé xem &
bang sau, trong do i =1,2,..., n.

Bén canh dé, c6 mot cach quan trong dé do do 1éch nita |a the generalized Pearson X? statistic,
c6 dang la:

2 (yj B /1/')2
=2 )

trong dé, V(4;) la ham uéc luong phuong sai cho phan phdi dugc dung dén. Dbi véi phan phoi
chuan, X2 chinh I3 téng binh phuong phan du (residual sum of squares).

3 Count data

3.1 Generalized Linear Model cho Count Data:
3.1.1 Random Component:
Dbi véi count data, Y tuan theo phan phbi Poisson

e_#’nMJ/n
P(YnlXn.B) = ——-
Ya!

= p()/nlxnyﬁ)) = eXp[.yn IOg M= fn — IOg(Yn!)]

Tu céng thiic téng quat cla ho ham exponential, ta thiy: 6, = log(u,), b(8,) = w, = exp(8,),
a(®) =1, c(vn @) = log(y!).

= f(ynv /J'n) = eXp[ynen - eXp(en) - |Og(yn!)]

Ngoai ra, véi phan phdi Poisson ta con cé tinh chat: E(y;) = Var(y;) = u.

3.1.2 Linear Predictor va Link Function:

Dua theo cong thic trén, ta cé Canonical Link Function sau:
P
m =6 =log() =Po+ D B

Ham lién két dugc sir dung & day con goi la Log Function vi log(u) = 1. Ham nghich dao cla
no la: u = exp(n).
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3.2 Tinh toan MLE d6i véi Count data

Ta xét:
,U,yn e —K

P(YnlXn.B) =

n H

Trong do, w, = exp(B ' x,)
Khi d6, ham Likelihood la

H ’U’YHe Kn
n

Tuong tu, ta ciing sé xét ham Log-likelihood nhu sau:
'u’)r;nel/vn
LL(B) = _log ( S ) = [Vnlog tn — o — log y,!]
= Zyn [(ﬂTXn) - eXp(ﬁTXn) - |Og )/n!]

Theo do, ta co: 5
e = 3 o~ 0(87)

OLLB) __
Dé gidi phuong trinh dugc o

st dung Newton-Raphson method hodc Fisher-scoring medthod dé tinh B
Vi & day Poisson Regression sit dung Canonical Link, nén hai phuong phap Newton-Raphson
va Fisher-scoring la tuong duong nhau

= 0 c6 dang nhu trén thi tuong déi khé khan nén ta cé thé

Algorithm 1 Newton-Raphson method trong Count Data
Input: Tap dir liéu X € RV*9 va tap nhan tuong tng y € RVx!
Output: B

1. Khoi tao B bat ki

2: while B8 chua hdi tu do

3: for i =1to N do

4: gi < Zm Xni(yn - exp(ﬁTXn)

5: g+ (91,9, .., gn)"

6: for i =1to N do

7 for j=1to N do

8: hij — - Zn XniXnj exp(ﬁTxn)
hii ... hin

9: H <« :
h/\/l R h[\//\/

10: B« pB+Hg

11: return 8

3.3 Danh gia mo6 hinh
Cong thic tinh do6 1éch la:
Yn
D= 22 {yn log (—) —(vn — un)l :
- L
Mot cach khac dé kiém tra su tdt cia mdét md hinh 1a sir dung Pearson’s chi-squared, duoc
dinh nghia nhu sau:
(yn - /-l'n)2
x, =y Yozl
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3.4 Overdispersion

Da6i véi phan phoi Poisson, phuong sai Var(Y) = w. Tuy nhién, trén thuc té thi sai phuong clia
dit lieu thuong vuot qua w,tic la Var(Y) > E(Y), va hién tuong nay dugc goi la phan tan qua
mtc (overdispersion). Underdispersion ciing xdy ra nhung khong phé bién.

3.4.1 Nguyén nhan
Hién tuong nay cé thé xady ra do nhiéu nguyén nhan nhu la:
e Gia tri ki vong p van con thay déi, khdng phai cb dinh du duoc sinh bdi x; cb dinh.

e Trong assumption cla GLM, cac bién Y 1a doc lap véi nhau, nhung cé thé & day Y van
c6 mbi quan hé nao dé. Vi du: su khdng lam viéc, khéng nép report ding han, su khdng
theo huéng dan clia mentor déu la cdc yéu td tao nén tai nan su cd, 3 hanh vi toi té
nay déu khéng doc 1ap véi nhau, nhu md hinh Poisson yéu cau ma c6 mbi quan hé tuong
quan dong bién. Diéu nay dan dén su phan bb cla cac di lieu dém ma qud thay déi/thay
déi qua rong dbi véi mé hinh Poisson.

3.4.2 Hau qua

Overdispersion c6 thé c6 hodc khéng anh hudng |én viéc udc luong tham sbé B, phu thuéc vao
ban chat cta viéc phan tan qud miuc, nhung sé danh gid thap sai sé chuan (underestimated)
va lam sai léch két luan cho su hoi quy tham so (regression parameter).

Overdispersion cé thé ducc phat hién nhd viéc danh gia md hinh, néu deviance va Pearson
statistic 16n hon nhiéu so véi residual degrees of freedom (s6 chiéu clia bién doc lap X), thi
hodc la fitted model bi thiéu hodc dii liéu bi phan tan qud. Khi ma s6 dém nhd, xap xi tiém can
clia deviance va Pearson statistic khong dang tin, lic nay khé ma danh gid overdispersion cé
xay ra hay khéng

3.4.3 Giai phap

DAu tién, ching ta sé tim hiéu quasi-likelihood cling nhu extended quasi-likelihood.
Khi chi xac dinh dugc ham phuong sai V/(.), ton tai mét ham xac suat quasi thoa man:

dlog P(y; w, d) _ Y b
ou oV (w)

Gia sl ta ¢ cac gia tri quan sat y;, E[y;] = w,; va Varly;] = ¢V (u;)/w;. Va gia st ta cling cé
mot link-linear predictor cho w; lién két véi t& hop tuyén tinh cla G;, thoa man GLM. Khi do,
ham quasi-likelihood dugc xac dinh nhu sau:

Qy,u) =) logP (y,-; i, %)
i=1 !

Khi dinh nghia quasi-likelihood, chiing ta xét dao ham cta logP dbi véi u chit khdng phai ¢.
Do dé, ham xdc suat quasi chi xac dinh dbi véi nhitng hang tu khéng chira . Dé két luan mot
ham xdc suat quasi hoan thién, the saddle point approximation c6 thé duoc st dung:

d(y, u)
2¢

log P(y; u, §) = —% log[2m¢V/ ()] —
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Phuong trinh trén dudc goi la ham extended quasi-log-probability. Va extended quasi-likelihood
duoc xac dinh nhu sau:

Q" (i, ¢/w) = Z log P(yi; i, ¢/ w;)

. L. dOT(y;iu, ¢/w . » 3y
Viéc giai Q ():l: ¢/ = 0 nghiém theo w ciing gidng véi quasi-likelihood nhung extended
quasi-likelihood cé 1 lgi thé 1a gidi phuong trinh trén sé cho udc luong dé 1éch trung binh cua
.

Quay trd lai bai todn overdispersion. Cé rat nhiéu md hinh cu thé khic nhau duoc xay dung dé
giai quyét van dé nay, va ching ta cé thé chia cac cach tiép can thanh hai nhém:

1. Gid st c6 thém mot dang chung cho ham phuong sai, c6 thé bang cdch thém cac tham
s6 mai.

2. Gid st ¢6 mét md hinh 2-buéc cho bién phan hdi. Tuc 1a, gid sir ban than tham sb ciing
tuan theo mét phan phdi nao dé.

M6 hinh thudc loai 1 sé khéng tuong Ging véi modt phan phdi xac suat cu thé nao cla bién phan
hdi, nhung duoc xem nhu |a mdt md réng hitu ich cia mé hinh co ban. Viéc uéc luong tham sb
hoi quy c6 thé st dung phuong phap quasi-likelihood (sé duoc trinh bay & phan sau). M6 hinh
thudc loai 2 ddn dén mét moé hinh xdc suit phiic hop cho bién phan hdi va néi chung, tat ca
cac tham sb6 déu cé thé udc luong nho st dung MLE. Tuy nhién, nhin chung, phan phéi phtic
hop thu duoc thuong cé dang khd phtc tap, va thuong sé sir dung phuong phdp udc luong xap
Xi.

M6 hinh va uéc lugng:

Gia sl ta cé cac bién ngau nhién 12 Y;, i = 1, n khi biét X, véi gid tri ki vong ;. M6 hinh tiéu
chuan dung phan phoi Poisson sé gia st Y, ~ P(u;) véi ham phuong sai Var[Y:] = ;. Khi xdy
ra phan tan qua mic, ta can mdt ham phuong sai ma du dodn mot su bién déi 16n hon (greater
variability). Bang cach thém moét tham sb ¢, ta c6 moét moé hinh don gian 1a: Var[Y]] = ¢u, va
chiing ta sé dung quasi-likelihood dé uéc luong.

1. Negative binomial type variance:
M&t mé hinh 2-buéc gid st rang Y, ~ P(6;), trong dé, 6, 1a cidc bién ngiu nhién véi
E(6,) = w;, Var[6] = o2. Va ta luén cé: E(Y;) = w;, VarlY;] = u; + 02 cho mét md
hinh phan tdn qud mutc. Hon nita, néu 8; c6 hé sb bién thién khéng déi, o2, sé dan dén
Var[Y)] = u; + 0?u?, mdét ham bac hai cta phuong sai. D€ mé hinh xac dinh cu thé, mét
gid st phé bién thuong dung 13 6; tuan theo phan phdi I'(k, \;), d2§n dén Y; tuan theo
phan phdi negative binomial véi E[Y]] = )\ﬁ = u; va Var[Y;] = u; + M_kl

V&i mbi gid tri k ¢d dinh, MLE cho phén,phéi negative binomial cling tuong tu nhu cac

phan phdi khac thudc ho exponential va uéc luong tham sé hdi quy B cé thé dung thuat

toan chuan iteratively re-weighted least-squares (IRLS) cho GLM. D& uéc luong k, chiing

ta c6 thé dung Newton-Raphson cho score equation, va lap di 13p lai qud trinh uéc luong

B va k, ta c6 MLE chung cho cd m6 hinh.

Su tiém can doc lap (asymptotic independence) clia 6 va k déng nghia |a do léch chuan

cla B sau khi fit IRLS la chinh xac. S dung ham extended quasi-likelihood (EQL) cho

ham phuong sai clia phan phbi negative binomial d€ biéu dién su nhap nhang do cac cach

phan tich khac nhau cta Var[Y;] = ¢;V (i), cé 3 kha nang xay ra sau:

12

@) ¢ =1 V(k)=ni+
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(b) ¢ =1+ viw) =

12
(c) ¢i=pi+ 7’ V() =1

Ca ba trudng hop trén déu dan dén phuong trinh udc luong khac nhau cua 3, xac dinh
cac phuong an lap khac nhau nhung ching déu cho udc luong nhu nhau, va mot cich
tinh té dé tiép can la st dung quasi-likelihood véi ham phuong sai clia negative binomial.
Tuy nhién, viéc uéc luong k lai khong don gidn va mdi cong thiic khac nhau cho mét udc
luong khac nhau. Néu sir dung kha ndng a thi phuong trinh udc luong cta k sé cé dang
cla negative binomial score equation. Trong truong hop b, ¢ k xuit hién trong tham sb
ti 1& (scale parameter) va ta thu dugc phuong trinh udc lugng gamma. O b, cong thtc
tinh dé léch Poisson ducc st dung véi y 1a bién, trong khi 6 ¢, chiing ta st dung Poisson
Pearson residual, véi phuong trinh uéc lugng c6 dang nhu la:

=0

5 {(y,« P 1} dlog(1 + &
o1 ,U,,(l + %) ok
Phuong phap moment (moment method) cho phuong trinh udc lugng khong bi chéch:
n L ) 2
Z{(% Mlu), _1} —0
= L1+ %)

Tu phuong trinh nay cé thé dé dang giai ra k nhd Newton-Raphson.

2. Poisson-normal va nhilng mé hinh lién quan:
Ching ta xem xét thém vao yéu td ngau nhién trong linear predictor. Sir dung mé hinh
Poisson log-linear va yéu t6 ngdu nhién tuan theo phan phdi chuan ta thu duosc mé hinh
Poisson-normal. Ham phuong sai ciia md hinh nay c6 dang Var[Y;] = u,; + k'u?, tuong tu
cla phan phdi negative binomial.

3. Ham phuong sai tdng quat:

Var[V]] = ui{l + ¢ul}

Céng thic tdng quat nay cé thé dung dé cung cip théng tin likelihood cho cac tham sb
thém vao ¢ va §, cai ma cho phép ta so sanh gilta cdc ham phuong sai.

3.5 Cai dit

Trong Python, c6 hai thu vién chinh da cai sdn mé hinh Poisson dé hd tro ngudi dung cai dat
truc tiép Ién dataset |a thu vién statsmodels. véi ham GLM. va thu vién scikit-learn. vdi
ham PoissonRegressor.

3.56.1 Thu vién statsmodels

# X la du liéu va y la nhan tuong ung

import statsmodels as sm

X = sm.add_constant (X)

model = sm.GLM(y, X, family=sm.families.Poisson()).fit()
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3.6.2 Thu vién scikit-learn

Ham PoissonRegressor chi xudt hién tir phién ban 0.23, do dé, can dam bdo thu vién d3
dugc cap nhat phién ban mdi nhat trudc khi st dung ham nay.

1 from sklearn.linear_model import PoissonRegressor
2 NUM_ITERS = 1000

s model = PoissonRegressor(max_iter=NUM_ITERS) .fit(X, y)

3.6 Vi du minh hoa

Trong cac vi du dudi day, bén canh Poisson Regression, ta ciling sé cai dat Linear Regression
dé so sanh hai mdé hinh nay va dua ra nhiing nhan xét vé cac uu, khuyét diém cua tiing mé
hinh véi loai dit liéu count data.

3.6.1 BOo dir liéu students

Bo6 di liéu students md ta sd hoc sinh duong tinh v6i mét loai truyén nhiém tinh theo ting
ngay k& tir khi bung phat dich. Dataset nay gébm 2 théng sb |a day va cases lan lugt mo ta
ngay duoc ghi nhan va sb ca duong tinh tai thoi diém dé. Biéu do dudi day mé ta phan bb cla
cac diém dii lieu theo thai gian:

24 ®
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Cai dat md hinh Poisson Regression va Linear Regression trén di liéu trén, ta thu dugc best fit

line nhu sau:

MNoay ghi nhan
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3.6.2 B0 dir liéu DoctorVisits

Bo dii lieu DoctorVisits mé ta cdc thdng sb vé tudi tac (age), bénh ly (illness), ndng suithoat
dong (reduced),... Ta can du doan s6 lan di kham bac si trong 2 tuan vira qua clia mdi doi
tuong.

visits gender age dincome illness reduced health private freepoor freerepat nchronic lchronic

1 1 1 019 055 1 4 1 1 0 0 0 0
2 1 1T 019 0.45 1 2 1 1 0 0 0 0
3 1 0 019 0.90 3 0 0 0 0 0 0 0
4 0 019 015 0 ( 0 ( 0 ( 0
S 1 0 019 0.45 2 5 | 0 0 0 | 0

5186 0 1 022 0.55 0 0 0 0 0 0 0 0

5187 0 0 027 1.30 [ 0 1 0 0 0 0 0

5188 0 1 037 025 1 0 1 0 0 1 0 0

5189 0 1 052 0.65 0 0 0 0 0 0 0 0

5190 0 0 072 025 0 0 0 0 0 1 0 0

5190 rows = 12 columns

Dé ki€ém tra do chinh xdc cla tiing mé hinh, ta chia bd di liéu thanh 2 phan: moét phan chia
3 _ ) _ . N ., 2 4 U .
2 kich thuéc dir liéu goc dé fit véi mé hinh, phan con lai st dung dé danh gia md hinh. Cai

ddt mo hinh Linear Regression, Poisson Regression (scikit-learn) va GLM (statsmodels) trén
dir liéu trén va tinh do |&ch so véi nhan chuan, ta thu dugc két qua sau:

M6 hinh | Deviance

Linear Regression 0.824381
Poisson Regression (scikit-learn) | 0.824381
GLM (statsmodels) 0.879162

Nhin chung, do léch clia ca 3 md hinh so véi nhan thuc té déu khéng qud 16n dé bi danh gid 13
thiéu hiéu qua. Day la vi bién phan hoi visits ¢ cac gia tri: E[y] = 0.3, var[y] = 0.64 - chénh
léch clia hai thédng s6 nay nhd nén hién tuong overdispersion khéng gay anh hudng 16n dén su
sai l[éch cia md hinh Poisson
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3.6.3 BOo dir liéu crab

B6 dif lieu crab duoc xdy dung dé tim nhiing dic tinh dnh hudng dén sb luong sam duc bam
vao cap sam trong qua trinh giao phdi. Mét sé dac tinh duoc dé cap trong bd di liéu gom:
mau cta sam (C), tinh trang dudi gai (S), chiéu dai mai (W) va khoi lugng (Wt).

C S W Wt sa

Obs

2 3 3 260 260 4
3 3 3 256 215 0O
4 1 2 21 8BS
5 2 3 290 300
169 2 3 283 320 O
170 2 3 265 235 4
171 2 3 265 275 7
172 3 3 261 275 3
172 2 2 245 200 O
173 rows = 5 columns

Ta thuc hién cac buéc tuong tu & bo dif lieu DoctorVisits dé tinh do sai léch cla tling mé
hinh v&i bd dir liéu da cho. Két qud thu duoc nhu sau:

M6 hinh | Deviance

Linear Regression 3.100807
Poisson Regression (scikit-learn) | 3.100807
GLM (statsmodels) 3.114424

D6 léch clia cd ba md hinh déu tang so vdi di liéu ban dau. Day 13 vi bién phan hdi Sa ¢d cac
gid tri: E[y] = 2.92, Var[y] = 9.85 - chénh léch cla hai théng sb nay ting Ién didng ké va hién
tuong overdispersion cling déng vai tro 16n hon anh hudng dén sai léch ctia md hinh.
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4 Ap dung mé hinh

Generalized Linear Model duoc (ing dung trong nhiéu linh vuc da dang nhu ndéng nghiép, kinh
té, gido duc, dia ly, sinh hoc, van van. Ngoai vi du thuc hanh trén, mot sb ting dung khac cla
GLM bao gém:

1. Ung dung GLM trong phan tich x& li nuc ubng: Xem xét céc bién nhu do duc, mau
clia nudc, ndng do kiém, do pH va nhiét dé nudc. Bién phan hdi theo phan phbi Bernoulli
véi gia tri 1 cé nghia “Ap dung véi dé loc nuéc” va 0 la nguac lai. o} day ham lién két
duoc str dung la ham logit

2. Ap dung GLM cho phan phéi hinh hoc (Geometric Distribution): Nghién ctu mé
hinh du dodn du dodn 1an ti vong dau tién cla tré so sinh dua theo thi tu sinh véi bién
phan hdi tuan theo Geometric Distribution. Cac yéu té ducc nghién ctiu bao gébm: trinh
dé gido duc clia ngudi me, chi sb giau nghéo, gidi tinh sinh hoc cua tré, tudi khi sinh cla
nguci me, van van. O day, hai ham lién két duogc dua ra dé so sanh |3 canonical function
rit ra tir cong thiic cia Geometric Distribution va ham log-link véi két luan ham
log-link (non-canonical trong truong hop nay) thé hién tét hon.

3. Ap dung trong linh vuc sinh tin (Bioinfo): Nghién ciiu vé single cell RNA sequencing.
Cu thé trong dé cé nghién ciiu vé viéc biéu dién 1 cell (t& bao) bang muc biéu hién gen
(gene expression) (tiic 1a 1 cell bang 1 vector N chiéu (ing véi gene expression clia N
cell). Mic biéu hién gen la sé luong gen dé dém dugc trong té bao dé va méi cell thi lai
duoc phan I6p vao ki€u té bao T (T-cell), té bao hdng ciu,... GLM duoc dung dé fit vao
mot tap di lieu nhiéu cell, dé xem c6 thé rat duoc théng tin gi vé lién két gitia loai té
bao va cdc gen ma nd biéu hién khong.

5 K&t luan danh gia

M6t trong nhiing uu diém I6n nhat cia GLM 13 bién 16i € khdng phai tuan theo phan phoi
chuan. Phuong phap uéc luong Least Square cho tham sb xuit phat tur viéc tdi uu hoa téng
cla 16i binh phuong, tuy nhién viéc nay doi hoi ching ta phai gid st truéc phan phdi chun va
phuong sai nhat dinh cho cac bién 16i va bién phan hdi. D6i v6i mét sb loai data, bién phan hoi
cé thé theo moét kiéu phan phdi khac. D€ uéc luong ducc tham sb, cdc md hinh truéc GLM
can phai bién déi (transform) bién y sao cho y theo phan phbi chuin. Trong thuc té, viéc tim
cach bién déi y dé dam bao phan phdi va phuong sai nhat dinh cla mét md hinh khéng hé dé
dang. Cach bién déi dé dat phan phdi chuan tét nhit thudng khéng nhat qudn véi cach bién
déi dé dat duoc phuong sai xac dinh. Hon niia, cdc phuong phap bién déi ciing cé thé khong
phii hop véi boundary clia khéng gian mau, chang han nhu dp dung bién ddi log |én bién cé gia
tri 0.

Dbi véi GLM, su lua chon link function va random component la déc 1ap véi nhau. Phuong
phdap Maximum Likelihood Estimate khong gidi han véi mét phan phdi cu thé ndo ma sl dung
duoc véi toan bd phan phdi ho exponential, trong khi viéc lua chon link function chi nham muc
dich dua ra duoc mdi quan hé tuyén tinh gitta hai thanh phan véi nhau. Ngoai ra, sir dung ham
thuan va nguoc cla link function con gilp ching ta tim ra su anh hudng tu bién doéc lap lén
gid tri trung binh cla bién phan hoi va nguoc lai. GLM da dua ra mot ly thuyét téng quat hod
cho da s6 cdc mé hinh quan trong, Ung dung duoc véi ca bién phan hoi lién tuc va roi rac.
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