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L Linear Regression
LDinh nghia

Bai todn mé dau

Bai toan. Mbi quan hé giira diém trung binh véi sb hoc sinh, quy
16p va sb tiét hoc clia mét I6p 13 gi?

Y: diém trung binh cta 16p hoc.

Xi: sb hoc sinh, X»: quy I8p, X3: sb tiét hoc.

M& hinh:

yi = Bo + Bixin + Boaxio + Baxiz +€,i =1,2,...,n

Vi, Xi1, Xi2, X3 13 gia tri cla Y, X1, Xo, X3 khi xét I16p thit /.
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Dinh nghia

Y 13 bién phan héi, X1, Xz, ..., X, la cic bién giai thich.
Trong Linear Regression, ta can xac dinh quan hé tuyén tinh giita
Y va Xi, Xa,..., X, dua vao bo dit liéu {y;, xj1, ... Xjp }1_ ;-

M hinh Linear Regression

¥i = Bo+ B1xin + ... + Boxip + €i
y=XB+e
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L Linear Regression

L MLE

Udc luong tham sb

Ta quan tdm tdi viéc chon 3 nhu thé ndo thi hop Ii 7
m cic bién ¢; nhan gis tri cang nhd cang tbt — Least Square.
= biét phan phbi — tbi vu ham Likelihood (MLE)

Gia st trong Linear Regression

Y | X =x~ N(8Tx,02)
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L Linear Regression

L MLE

Likelihood

Ham Likelihood:

= H p(}’n’Xna B, 0'2)

Likelihood clia md hinh Linear Regression

L(B) = Hmexp( . (yn—BTxn>2>
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L Linear Regression

L MLE

Log-likelihood

Ham Log-likelihood:

1240 = 2 [(o8 75) =5 0o -070)’

n

Log-likelihood cia md hinh Linear Regression

LL(B) = %ﬂ Z (Yn - /BTXn)2 - g log(27) — nlog o
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Maximum Likelihood Estimation

Ta can tinh
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Motivation

Du doin mong mubn hoc tiép sau dai hoc cia sinh vién Viét Nam
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Motivation

Du doin mong mubn hoc tiép sau dai hoc cia sinh vién Viét Nam

Du doéan sb ca duong tinh véi Covid-19 tai thanh phd H6 Chi Minh
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L Generalized Linear Models

LComponent

Gidi thiéu GLM

» L3 mé hinh thdng ke.

m Dung trong bai toan hdi quy 13n phan loai.

M&i quan hé giita bién phan hdi va bién gidi thich

Phan phdi ? (LR : phan phéi chuidn — GLM : ?)
Biéu thiic ? (LR : tuyén tinh — GLM : ?)
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Thanh phan

Random Component (Thanh phan ngiu nhién)
Linear Predictor (Dy doén tuyén tinh)
Link Function (Ham lién két)
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Exponential family

Ham xac suat

f(y;0,0) = exp (yea—(—;)(e)

+e:9)
Trong do,

0: natural parameter

¢: dispersion parameter

a(¢), b(0), c(y, $) 13 cac ham cb dinh.
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L Generalized Linear Models

LComponent

Exponential family

Ham xac suat

f(y;0,0) = exp (yea—(—;)(e)

+e:9)

Trong do,

0: natural parameter

¢: dispersion parameter

a(¢), b(0), c(y, $) 13 cac ham cb dinh.

Phan phéi chuan thudc ho Exponential

N N yp—zpt oyt 1 2
f(yip,0%) =exp <—02 5 log(2mo )> @
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LComponent

Random Component

Ho exponential chda cic phan phdi quen thudc

w Phan phéi lién tuc g('\im Phan phbi chu3n, Gamma, ...

= Phan phdi rsi rac gdm Phan phbi Bernoulli, Poisson, ...

Trong GLM, Y|X = x ¢ phéan phbi thudc ho exponential.
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LComponent

Linear Predictor

Du doén tuyén tinh

p
ni=PBo+ > Bixji=1.n

=
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Link function

Ham lién két

ni = g(pi)

théa man hai diéu kién:
m Ham g don diéu
m Ham g kha vi
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L Generalized Linear Models
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Tén g két

Goi Y 13 bién phan héi, X = (X1, Xa, ..., X,) 1a c4c bién giai thich.

Y | X = x c¢6 phén phdi thudc Exponential family.

Y | X = x; ¢6 ky vong c6 lién hé véi biéu thifc tuyén tinh clia
cac bién gidi thich théng qua ham lién két

P
g(pi) = Bo + Zﬁjxij =8"x,i=1,n.

J=1
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Két qua quan trong

General Likelihood

Goi LL I3 ham log-likelihood clia phan phdi véi tham s6 6, khi dé

OLL O?LL OLL\ 2

Hé qua (Dic trung trong thanh phan ngiu nhién)
V6i E[y] .= E[Y | X = x] va var(y) :=var(Y | X = x) thi

b'(0) = = E[y], var(y) = b"(0)a(¢).
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Likelihood

Ham phan phdi Y khi biét diéu kién X = x,, c6 dang nhu sau

YnOn — b(9,,)
an(9)

Likelihood clia mé hinh Generalized Linear Models

f(yni On, @) = exp ( + c(¥n, cb))

Log-likelihood clia mé hinh Generalized Linear Models

11(8) = 3 (222 5%+ clome)) = L 1L,

an(¢) S
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L Generalized Linear Models

L MLE

Ddng thdc Likelihood

Ta tinh dao ham cuta Log-likehood:

8LLn o (yn - ,U/n)Xnm a/-Ln
0Bm B Var[}/n] Onn

Déng thiic Likelihood

aLL(,B) . (yn - Mn)xnm 8Mn
08m - Z Var[}/n] Onn

=0,Vm
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L Generalized Linear Models

L MLE

Ddng thdc Likelihood

Goi V 13 ma tran dudng chéo clia cdc phuong sai quan sat dugc,

D 13 ma trén dusng chéo clia cdc phan tir 3t
n

Ding thic Likelihood
XDV (y—p)=0

Trong d6, B dugc nim trong cong thitc p, = g7 1(B"x,)
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Newton-Raphson method

Goi
g(8) = VaLL(B)
13 gradient cta LL(8),

H(3) = V3LL(B)

la ma tran Hessian cta LL(53)

Newton-Raphson method

g1 _ g0 4 (H(ﬂ(t)))‘l g(®)
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Fisher-scoring method

Goi J la ma trin c6 cac phan ti |3

9?LL,
" {aﬁmaﬁp]
. Hay
J = —E[H]

Fisher-scoring method

Be = g — (7(81)) g
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Danh gid mo hinh

Céng thiic tinh (tong) db léch cia md hinh Mo véi ki vong
ft = E[Y|Bo]

Deviance

D(y, 1) = 2(log(p(y|8s)) — log(p(y|Bo))

trong dé, 5’0 ki hidu 13 fitted values clia tham sb trong md hinh
My, con (s la fitted tham so trong m6 hinh saturated.
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Danh gid mo hinh

Céng thiic tinh su sai l&ch clia Poisson distribution.

e Nuy

p(Y =y)=
= Z ((yi log(ui) — 1)

trong dé log(u;) = x; B
Ta c6 cong thirc tinh d6 léch la:

o )

30/42



GLMs
L Generalized Linear Models
L_Danh gis mé hinh

Danh gid mo hinh

Cong thic tinh su sai l&ch clia mdt sb loai phan bb c6 thé xem &

bang sau, trong d6 i = 1,2, ..., n.
Phan phéi Cong thic tinh sy léch
Chuan > (yi — fii)?

Poisson 2> {y Iog(%) — (yvi — i)}
Nhi thic [ 25 {ylog(}) + (m — y;) log[ =% ]}
Gamma 23 {- Iog(%) + %}
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Danh gid mo hinh

The generalized Pearson X2 statistic

_ (vi — Ai)?
=2 g

trong d6, V(/i;) 1a ham uéc luong phuong sai cho phan phdi dugc
dung dén.
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L Count data

LComponent

Thanh phan

Random Component

Y|X = x tuln theo phan phdi Poisson

Linear Predictor

P
ni = 6; = log(ui) = Bo+ »_ Bixj

Jj=1

Ham lién két duoc st dung & day con goi I3 Log Function vi
log(11) = 1. Ham nghich ddo cla né la: u = exp(n) 5
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_ Yi N
D=2%" [y; log (ﬁ_> —(vi— u;)} :

1

Pearson’s chi-squared
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GLMs
L Count data

LVi du minh hoa

Dataset: Australian Health Service Utilization Data 1977 - 1978

Bai toadn

Tir cac théng sb vé tudi tac (age), bénh Iy (illness), ning sult
hoat déng (reduced), v.v. cta déi tuong dugc khao sat, du doan s6
|an khdm bdc si cia doi tugng trong 2 tuin vira qua.
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https://vincentarelbundock.github.io/Rdatasets/doc/AER/DoctorVisits.html

GLMs

L Count data
LVi du minh hoa

Bién y =visits trong dataset trén biéu thj s& Ian kham bac s
trong 2 tuan vira qua.

Khao sat sb liéu clia bién nay, ta thu dugc:
E(y) = 0.3, var(y) = 0.64
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L Count data

LVi du minh hoa

Bién y =visits trong dataset trén bidu thi s& Ian kham béc si
trong 2 tuan vira qua.

Khao sat sb liéu clia bién nay, ta thu dugc:

E(y) = 0.3, var(y) = 0.64

|
Chénh léch giita mean va variance di nhé nén md hinh Poisson
Regression s& khong bi anh hudng qua nhiéu bédi overdispersion.
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LVi du minh hoa

Ap dung mé hinh Linear Regression (scikit-learn), Poisson
Regression (scikit-learn) va GLM (statsmodels) trén dir liéu c6
duoc, thuc nghiém cho két qua sau:

M& hinh | Deviance
Linear Regression | 0.824381
Poisson Regression | 0.903828

GLM 0.879162
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