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GMM
L Gisi thiu
LDinh nghia

Bai toan phan cum

Cho céc diém dir lieu — Chia thanh cdc cum khac nhau phu hgp
nhat véi tinh chat cta ting diém dir liéu.
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GMM
L Gisi thiu
LDinh nghia

Phan phbi Gauss

L3 phan phdi xac subt thudng dung cho nhitng tap dit lidu déi
xing qua gia tri trung binh
Céc dai lugng lién quan
m Gid tri trung binh p
= Ma trdn hiép phuong sai &
(=5 (x—p) T (x=p))
/(2m)d det(%)

m Ham mét do p(x|p, X) =
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Y tudng

M6t phan phbi Gauss —» mét tap dit lieu déi xting qua gi tri
trung binh

Trudng hop tap dif liéu c6 nhiéu hon mét dinh — nhiéu phan
phbi Gauss — GMM
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L gmm trong bai todn phan cum

Vi du

1D dataset generated by 3 Gaussian distributions
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m Input: S6 nguyén k cic cum va cac diém dir liéu
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Y tudng

m Input: S6 nguyén k cic cum va cac diém dir liéu

» Output: k phan phdi Gauss hop Ii nhit va xac suit thudc vé
céc phan phéi trén clia mdi diém dif liéu
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L_Gisi thicu
L gmm trong bai todn phan cum

V4

Y tudng

m Input: S6 nguyén k cic cum va cac diém dir liéu

» Output: k phan phdi Gauss hop Ii nhit va xac suit thudc vé
cac phan phdi trén cia mdi diém dif liéu

— GMM trong bai todn clustering thudc kiéu soft-clustering
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GMM
L Bai toan GMM
M5 hinh tosn hoc

Thanh phan clia GMM

Tap hop © chita k tham sb 0;(u;, Xj, 7)), i =1,k
Trong d6 céc ; 13 d6 wu tién (mixture coefficient) clia phan phbi
thir
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L Bai toan GMM

L Ham muc tiéu

Ham muc tiéu

Can t6i uu ham likelihood cia mau:

L(]X) = HZWJ (xil67)

i=1 j=1

Trong thuc hanh ta thudng dung ham log-likelihood

n k
LX) = "In [ > mP(xi6))
i=1 j=1
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L Bai toan GMM

L'I'ﬁi uvu ham muc tiéu

Toi uvu ham muc tiéu

» Tbi uu truc tidp bing Gradient ascent

» Tbi uu thdng qua cip nhat bing EM va k-means.
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GMM
L_Bai todn GMM
L Thust toan Expectation-maximization (EM)

Lich st

m Lan diu dugc dé cap dén trong "Maximum Likelihood from
Incomplete Data via the EM Algorithm" Dempster, A.P.;
Laird, N.M.; Rubin, D.B. (1977).

w Mbt cdng cu méi trong phan tich théng ké.
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LBai toan GMM
LThuét todn Expectation—maximization (EM)

Bién an (Latent variable)

» Bién khéng dugc cho biét, 13 théng tin di kem véi dit lidu
quan sat dugc
m Vidu
= Nhin bi mit cta lo hc’>7a hoc.
m Cum ddng cla mét diém di liéu trong bai todn phan cum.
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L Bai toan GMM

LThuét todn Expectation—maximization (EM)

T(“;ng E!

m Thudt todn EM I3 thudt todn udc lugng tham s6 clia md hinh
thong ké.

m lterative algorithm

= Dugc dung khi xut hién bién 4n trong ham dé hop If
(Likelihood function) .

m Khé khin trong viéc 14y dao ham cia ham hop i va truc tiép
gidi bang khong.
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LBai toan GMM
LThuét todn Expectation—maximization (EM)

Cach dir liéu dugc tao ra trong EM

= Gdm 2 budc:

Bién 4n Z duoc 1y ngu nhién tir phan phdi tham sé bsi @
V6i mét gid tri Z tuong ng ta sé lay ngau nhién dugc X tu

phan phdi tham sb bsi ©

m Ta chi quan sat dugc X va khdng cé théng tin vé& Z. Muc tiéu

[3 tim lai ducc $ va ©.

®

@

(2

Cach dit liéu dugc tao ra trong EM .
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LBai toan GMM
LThuét todn Expectation—maximization (EM)

Céc dit liéu dugc tao ra trong EM

= Vi du cu thé, cich dif lidu dugc tao ra trong GMM
Mot diém dit liéu chon mét trong K phan phéi.
Diém dif liéu dugc 13y ngu nhién theo phan phéi dé.
m Ta chi quan sat dugc tap dir liéu gém cac diém dir ligu ma
khdéng c6 thong tin vé cac cum.
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LBai toan GMM
LThuét todn Expectation—maximization (EM)

Udc lugng hop If cuc dai (MLE)

m Ta s& thi tidp cin bai todn udc luong tham sb md hinh thdng
ké bang uéc lugng hop Ii cuc dai.
m Ta cé ham Log-Likelihood:

I(®,0; X) =) " log(p(x; ®,0))
= log>  p(z; ®)p(x|z; ©)

= Chi tiét vé uéc lugng hop Ii cuc dai trén GMM dugc trinh bay
cu thé trong bai bao cdo.
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LBai toan GMM
LThuét todn Expectation—maximization (EM)

Bi&n d6i ham Log-Likelihood

= D& thuan tién trong viéc bién d&i, ta goi ® va © 13 6.
= Ta bién d&i ham Log-Likelihood:

1(6; x) = Z log p(x; 0)
= log p(x; 0) Z p(z|x; 6)
=" p(z]x;0) log p(x; 0)

P(z|x; 0)p(x; 0)
p(z|x; 0)

_ )10g P70 _ pb.zi0)
- Z p(z|x; 0) log ozl 0) - Lenplalxi) ['°g p(z|x: 0
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LBai toan GMM
LThuét todn Expectation—maximization (EM)

Ham muc ti€éu mdi

= Log-Likelihood: (6; X) = E,,(./x0) [Iog gg"jf;g]

Q(016) = p(z]x; 61)) log p(x, ; 6)
= ]Ezwp(z|x;0(t)) [Iog p(X7 Z, 0)]
= Ta c6 thé chdéing minh:
1(6; X) > Q(816"))

= Gid tri 0 tbi da ham Q ddng thai s& t&i da ham Log-Likelihood
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LThuét todn Expectation—maximization (EM)

Thuit toan EM

» Khéi tao 0(9) ngiu nhién
m Repeat until convergence
m Buéc E: X8y dung lai ham muc tiéu

Q(9|9(t)) = ]EZNP(ZIX;O(f)) [log p(x, z; 0)]
Bing cach p(z|x; 01) := p(z|x; 01 1)

m Budc M: Ti da ham muc tiéu

00D .= argmax Q(A]6))
0
= Convergence criteria: [#(*t1) — ()| < ¢
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GMM
L Bai toan GMM
L_EM trong GMM

Trinh tu

Khéi ddu véi k phan phbi Gauss cé tham sb 61, 60,, ..., 0, bt ki, c6
thé cé doé uu tién my, ..., Tk.
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GMM
L Bai toan GMM
L_EM trong GMM

Trinh tu

Budc E
= Tinh xéc suit xult hién m3i x; khi c6 phan phéi 6;:
1py _ ep(=3(xi—n)TE (xi—p))
P(xil0;) = \/(2m)" det(5))
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GMM
L Bai toan GMM
L_EM trong GMM

Trinh tu

Budc E
= Tinh xéc suit xult hién m3i x; khi c6 phan phéi 6;:
exp(— 2 (xi—p) TE " (xi—
Plsi) = Pl = e
m Tinh xac sut dé phan ti x; thudc phan phbi 0;:
P(6;]x) = kP(x,-|9j)rrj
; P(xi|6;);
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L Bai toan GMM
L_EM trong GMM

Trinh tu

Buéc M
Cap nhat lai cac 6;

D3t N; = 3 P(6;]x;). Khi dé:
i=1

P(0;|xi)x;
1

-1
=N

n
1=
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L Bai toan GMM
L_EM trong GMM

Trinh tu

Buéc M

Cap nhat lai cac 6;

D3t N; = 3 P(6;]x;). Khi dé:
i=1

=

| ,uj = Nl & P(9j|X,')X,'
w5 = 5 PO1) (i — ) (i — )"

J

&
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L Bai toan GMM
L_EM trong GMM

Trinh tu

Buéc M

Cap nhat lai cac 6;
Dat N, = Z P(0;]x;). Khi dé:

)= NLJP(0j|XI)(XI 1) (xi — )T
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L Bai toan GMM
L_EM trong GMM

Trinh tu

Lap lai hai budc trén

Thuat toan dirng khi sai sb clia ham likelihood & 2 budéc 1ap lién
tiép nhé hon mot s6 e cho trudc.
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GMM
L Bai toan GMM
L_EM trong GMM

Tinh héi tu

Tai sao lai [am nhiing budc trén?

Viéc cap nhat lai cdc tham sb thuc chit I3 dang tbi wu ham ELBO
(cdc tham s6 tim dugc tai mét budc ldp la nghiém cta dao ham
ham ELBO & thsi diém dé)

— Tbi uu ducc ham likelihood.
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LThL,rc hanh 4p dung

Két qua thuc hanh

Visualize cac Gaussian distribution thuat toan tim dugc
sau mot so buéc EM
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Két qua thuc hanh
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L Thyc hanh 4p du

Két qua thuc hanh

M6t sb vi du khac sir dung GMM

1D dataset generated by 3 Gaussian distributions
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Két qua thuc hanh
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LTh,uc hanh 4p dung

Két qua thuc hanh

Mot s6 vi du GMM phan cum khéng chinh xac

s
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Két qua thuc hanh
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Két qua thuc hanh

S« dung GMM nhu mot generative model
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LThL,rc hanh 4p dung

Két qua thuc hanh

Dung model trén sinh ra cac data mdi
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LThL,rc hanh 4p dung

=
=
~(Q
==
O
-u.
e
)
(0
3
(on
4
KO
X

Vi du trén handwritten digits. Bén trdi [a mot phé\‘n nhé cla

datasets digits Iéy tlr sklearn, bén phai la viéc st dung GMM

dé tao ra cac digits mdi.
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GMM
L Két Iuan

Gagssianv Mixture Model 13 mé hinh xac suit miéu ta cic
quan thé con ctia mét tap dif liéu khéng gin nhin.
GMM dugc gidi quyét bing thuat todn EM.

Thu3t todn EM gdm 2 budc: Expectation, Maximization.

Trong tng dung, GMM dugc diing dé tim lai phan phéi cla
cdc quan thé con va cé thé tao thém nhiéu diém dir liéu mdi
tr phan phdi dé.
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