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LJi cam on

Loi dau tién, ching em xin gt 10i cAm on chan thanh nhat dén founders ciia trai he, anh Can
Tran Thanh Trung, anh Tran Hoang Bao Linh, anh Lé Viet Hai ciing ban t6 chiic PIMA da
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trai he Toan tng dung bo ich va tha vi.

Bén canh d6, chung em cdm on anh, chi Mentors diing 16p gidng day kién thic vé Giai tich,
Dai s6 tuyén tinh, Xac suat thong ké va Hoc may trong tuan 1& dau tién. Sy nhiét huyét cia
anh, chi da tiép them nang luong cho ching em chay hét minh trong nhiing tuan 1& con lai.
Tiép dén, chting em mudn gii 16i cAm on dac biet dén anh, chi Mentors, chi Pham Thanh
Ngoc, anh Nguyén H6 Thang Long va anh Vii Lé Thé Anh da theo déi va gitip dd rat tan tinh
nhom trong qué trinh hoan thanh dy &n. Dé tai ciia ching em sé khong thé hoan thien néu
thiéu di si gitip d6 ctia anh, chi.

Trong nhitng ngay he vita qua, dugce dong hanh véi cac ban Mentees va cac anh, chi Mentors
tit khip noi trén thé gidi, ching em xin cdm on moi ngudi vi trai nghiém day y nghia va kho
quén nay. Hi vong trong nhitng nam tiép t6i, PIMA c6 thé tiép tuc phat trién va truyen lia
dam mé cho nhiéu ban THPT khéc.

Xin cam on.

Ngay 15 thang 8 nam 2021.
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Tém tat néi dung

Bai bao cao mé dau bang trinh bay so luge vé khai niem hon hgp Guassian (Mixture of gaussian)
va cach dit ligu duge tao ra dudi géc nhin ctia Gaussian mixture model (GMM). Tiép dén sé
trinh bay vé GMM duéi géc do toan hoc va cic bude cap nhat tham s6 clia mo hinh. Sau
d6, ta trinh bay vé mot thuat toan tdng quat dé wée lugng tham sb ctia mo hinh théng ke khi
xuat hién bién an, thuat toan Expectation-Maximization EM, va xay dung lai cic cong thiic
cap nhat tham sé trong GMM. Ngoai ra, ta mé rong thuat toan EM thanh mot thuat toan
hoc ban giam sat va ap dung vao GMM. Tiép dén, ta ap dung GMM trén cac tap di lieu ty
khéi tao va tap dit lieu thue véi muc dich phan cum va khéi tao thém nhiéu diém dit lieu méi.

Cubi cuing, ta thao luan vé cach chon sé cum cho GMM trong thiyc nghiém.
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Danh phap tiéng Anh

Nhitng thuat ngit duge diing trong bai bao cao vao danh phap tiéng Anh clia ching:

Ban giam sat: Semi-supervised
Bién an: Latent Variable

Bién ngau nhién: Random variable
Chat: Strict

Cum: Cluster

Dao ham riéng : Partial Derivative

biem dit lieu: Data point

e A ATl B O

Doc lap thong ké: Independent and
identically distributed

9. Déi xting: Symertric

10. Don diéu: Monotonic

11. Duong cong chuong: Bell shape
12. Gia tri trung binh: Mean

13. Ham chi thi: Indicator function
14. Ham khoéi xac suat: Probability
mass function

15. Ham mat do xac suat: Probability
density function

16. Ham xac suat: Probability function
17. Hau nghiém: Posterior

18. Hoc giam sat: Supervised learning
19. Hoc khong giam sat: Unsupervised
learning

20. Hon hgp Gaussian: Mixture of
gaussian

21. Kha nghich: Invertible

22. Ki vong: Expectation

23. Ki vong ctia Log-Likelihood day
du: Expectation of Complete Log-
Likelihood

24. Loi: Convex

25. Lom: Concave

26. Ma tran: Matrix

27. Ma tran hiéu phuong sai: Covari-
ance matrix

28. Nhan t1t Lagrange: Lagrange mul-
tiplier

29. Phan phdi: Distribution

30. Phan phoi chuan: Gaussian distri-
bution

31. Phan phéi chuan nhiéu chiéu: Mul-
tivariate gaussian distribution

32. Phuong sai: Variance

33. Sieu tham s6: Hyperparameter

34. Tap dit lieu: Dataset

35. Thuat toan lap: Iterative algorithm
36. Tién nghiém: Prior

37. Uéc luong hop 1i cyc dai: Maximum
likelihood estimate

38. Vector ngau nhién: Random vector



1 Dinh nghia va tinh chat
1.1 Dinh nghia

Pinh nghia 1.1. Phan phdi Categorical. Xét mot thi nghiém ngdu nhién c¢6 k két qua
Q = {w;,ws, ...,wx }. Xéac suat cho két qui w; 1a ¢, voi Zle ¢; = 1. Goi Z la bién ngau nhien

théa Z(w;) = j. Ta néi Z c6 phan phéi Categorical khi Z c¢6 ham khéi xéc suat:

¢; khil<j<k
0 khi j khac

A

pz(z = j; ¢)

Ki hieu: Z ~ Categorical(¢). Trong d6 ¢ = {é1, P2, ..., P}

Dinh nghia 1.2. Vector ngau nhién 13 mot ham thyc hién anh xa tit khong gian mau
dén khong gian vector RY
X:Q—R

V6i d bién ngau nhién X, X5, ..., X4. Vector ngau nhién X dudgc viét:

Dinh nghia 1.3. Ham xac suit ctia vector ngau nhién 1l ham xéac suat két hop cia
nhitng bién ngau nhién thanh phan. Mot vector ngau nhien X = [X1, X, ..., Xg]T € R? ¢6 ham
xac suat fx : R? — R duge dinh nghia:

fx() = Ix1. X0, x,(%1, o, ..., Ta)

Pinh nghia 1.4. Phan phdi chuan nhiéu chiéu. Mot vector ngau nhien X € R¢ ¢6 phan
phdi chuin nhiéu chiéu véi tham sé: vector gia tri trung binh x € R? va ma tran hiéu
phuong sai ¥ € R™? (Vi ma tran ¥ déi xting xac dinh duong). Khi d6 X c¢6 ham mat do xac
suat:

fx(z;p, %) £ WGXP <—%($ — )T @~ M))

K higu: X ~ N (1, %)

Dinh nghia 1.5. Ham chi thi. V6i A 14 mot ménh dé, ta c6 dinh nghia:

1(A) 2 1 néu A dang.
0 ngugc lai.



1.2 Tinh chat
Nhitng dao ham lién quan dén ma tran A € R¥¢ dbi xitng, kha nghich va vector z,y € R?

duge dung:
0
gz [Tl =y
9 r p
. [ac Ax} = 2Ax
6%1 [xTAx] = xx?
0
S llog|A]) = A~



2 Téng quan vé Gaussian Mixture Model (GMM)

Gaussian Mixture Model (GMM) 1a mo hinh x4c suat miéu ta cdc quan thé con ciia mot tap
dit lieu khong gin nhin. M&i quan thé c6 thé khac nhau nhung nhiing diém dit lieu trong ciing
mot quan thé c6 thé duge mo hinh biang mot phan phéi chuan. GMM la mo6 hinh hoc khong
giam sat.

Cach t6t nhat dé hieu GMM la qua mot vai vi du.

2.1 ViDu

Han st dung mot chiée tivi loai thuong sé phan phdi theo phan phéi chuan cé gia tri trung
binh 14 4 nam va phuong sai 13 1.4 nam. Tuong t1r, han sit dung mot chiéc tivi loai tot sé phan
phdi theo phan phéi chuan cé gia tri trung binh la 11 nam v phuong sai 1a 2 nam.

0.25 1

0.20 1

0.15 1

0.10 1

0.05 1

0.00

Han st dung (Nam)

Hinh 1: Ham xac suat ctia han st dung tivi loai thuong (Duong nét ditt mau xanh), tivi loai
tot (Duong nét dit mau do), hai loai tivi (Dudng nét lien mau den)

Mic dit duge tong hop tit hai phan phdi chuan nhung phan phdi ciia ca hai loai tivi khong
phai 1a mot phan phéi chuan. Mot phan phdi chuan phéi c6 dang dudng cong chuong va tién
dan vé khong khi di xa gia tri trung binh.

Mot vi du khéc, chiéu cao ciia mot ngudi dan ong sé phan phéi theo phan phdi chuan cé gia
tri trung binh 14 177cm va phuong sai 13 6cm. Chiéu cao clia mot ngudi phu nit sé phan phoi
theo phan phéi chuan c6 gia tri trung binh 13 164cm va phuong sai 1a 6cm.
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Hinh 2: Ham xéc suat ciia chiéu cao phu nit (Duong nét ditt mau xanh), chiéu cao dan ong
(Duong nét diit mau do), ca hai giéi (Duong nét lien mau den)

Trong truong hop nay, phan phdi tong hop nhin gidng mot phan phéi chuan hon. Nhung
day van khong phai 1a mot phan phdi chuan.

C& hai vi du trén 1a hén hgp Gaussian (mixture of Gaussian): mot phan phéi duge
tong hop tit nhitng phan phdi chuan.



2.2 Cach diw liéu dugc tao ra trong GMM

Cho hén hgp Gaussian gom k cum, ting véi mdi cum j la mot phan phéi chuan duge tham
s6 bdi vector gia tri trung binh ft; va ma tran hiéu phuong sai 3;. Mot diém dit lieu duge hinh
thanh tu hai bude:

1. Chon ngau nhién mot trong k cum, v6i xac suat chon duge cum j 1a 0.

2. Gid st cum dugc chon la j, thi diém dit lieu 14y tit phan phéi chuan tham s6 béi pj, 3;.

2.3 Muc tiéu cia GMM

Hiéu duge mot diém dit lieu dude tao ra tit hai bude tren. GMM sé mo hinh lai qua trinh tao
ra dit lieu bing cach tim cac tham s6 ¢;, u; va ;. Sau khi tim lai duge cdc tham s6, ta c6 thé
phan cum cac diém dit lieu hoiic tao them nhiéu diém dit lieu méi tit tham s6 c6 duge.



3 Gaussian Mixture Model (GMM)

3.1 M6 hinh toan hoc

Ta c6 tap dit lieu {z™ (2), ™Y v6i mbi 2 € R 1a mot gid tri xac dinh ctia vector ngéu
nhien X @, Cac Vector ngau nhlen X () doc lap théng ké véi nhau. Dong thoi ta c6 n bién ngau
nhién an Z 2O 7MW vei Z0 0 Q — {1,2,...,k}, mdi gid tri x4c dinh 2 ciia bién ngiu
nhien Z© the hién cho cum ma diém dit licu z 0} thuoc Vao.

Ta gia sit Z) ~ Categorical(¢), trong d6 ¢ = {¢1, ¢s, ..., ¢ }. Khi d6, ham khéi x4c suat ctia
bién ngdu nhien 2 la:

¢; khil<j<k

Pz (2 = ji ) = {o khi j khéc

Ta c6 gia sit tiép theo, XD|Z0) = j ~ N(u;,%;). Khi d6, ham mat do xéc suat clia vector
ngau nhien X@|Z0) = j la:

i 1 L 1.6
fX(i)|Z(i):j(l'( )§;uj7 ¥;) = Wexp (—ﬁ(x() - ,uj)TEj 1(90() — uj))

Dé ngan gon trong viéc trinh bay bai toan, ta sé viét lai cAc ham x4c suat trén nhu sau:

p(z = j;8) 2 pro(2Y) = j; ¢)
p(?2? = ji 1, 2) £ frozo—; (@D p5,55)

Tém lai, nhitng tham s6 c¢6 trong GMM la:
® 01,09, ..., 0, VO ¢; € R
® [i1, [lo, ..., fiy VOi p; € RY
o Y. %, .. Y vhi Y, € RIxd
Khi d6, mot céch toan hoc, diém dit lieu £ sé duge hinh thanh tit hai budc:
1. 2% duge lay ngau nhien tit phan phdi Z@ ~ Categorical(¢).

2. Gid stt 29 = j, diém dit lieu 2 dugc lay ngdu nhien tit phan phdi N (p;, X;).

3.2 St dung uédc lugng hop li cyc dai (MLE)

Muc tieu cia GMM la tim lai cac tham s6 ¢, i, ¥ ban dau. Ta thit tiép can viéc tim lai cac
tham s6 ban dau bang MLE. Ta c¢6 ham Log-Likelihood:

(AT Zlogp W, 1, %)

= Zlog Z 29129; 1, D)p(27; ¢)

2()=1

1 1, . :
_E E - (@) NI =16 )
e 110g- 1(27T)d/2|2j|1/zexp( (o ) E W) %
1= Jj=



Mot phan phdi chuan nhiéu bién sé c¢6 dao ham riéng theo pu la:

~ g (3 - e - )

0
_ 1 1 TZ—I 2—1
= WGXP —5(95 — 1) (x—p) (v — )
= p(z; 1, )X (& — 1)

Khi d6, ta lay dao ham rieng ctia ham Log-Likelihood theo bién p;, ta dugc:

¢7 7 - ; ; P 5[;(1) Z(l) = 72 ¢7’
1 0 IO
. Z 0 =i myg, By P = S E)e ]

1 -
= § O),6) — 5. -
i—1 'r 1p |Z(l) =ru, 2)¢Tp(x |Z J5 My )¢J j ( ILL])

Ta cho dao ham riéng ctia ham Log-Likelihood theo bién p; bang khong, ta duge phuong trinh:

g 161, 5) =0

Ta nhan xét phuong trinh trén vita ¢6 phan tuyén tinh, ham mi vi ham ma dudi mau

s6. Nen viéc giai phuong trinh trén la khong kha thi !!!

3.3 S dung thuat toan EM trong GMM

Ta sé phat biéu két qua thu duge khi sit dung thuat toan EM trong GMM truée, sau d6 sé
xay dung thuat toan EM mot cach tong quat sau.

Thuat todn EM I3 thuat toan lap (iterative algorithm), gom 2 bude: buée E va buée M.
Cu thé hon, trong GMM, buéc E dang xap xi t6t nhat nhing gia tri bién an 2®, buée M cap
nhat cac tham s6 ctia mo hinh dua trén cac xap xi § buéc E. Viéc cap nhat cac tham s6 6 bude
M sé khong qué khé vi ta xem nhu céc gia tri xap xi duge 6 budce E 1a chinh xac, sau d6 ta

thiic hién bai toan t6i da trén cac gia tri xap xi do.



Thuat toan EM trong GMM dugce trinh bay nhu sau:
Khéi tao céc gia tri ¢4, i, X; ngau nhién
Thuye hieén cho dén khi thuat toan hoi tu: {
(Buée E) Véi moi gia tri 4, j:

W = p(z¥ = |z 6,1, %)

(Bude M) Cap nhat cac tham so:
15,0
¢j = n Z w;
i=1

Hi =~ &
> i w!!

}
Diéu kien hoi tu: [[(¢HD), pt+D) D) — 1(¢® 10 $0)| < €
O budc E, ta tinh xac suét hau nghiem ctia 2 khi biét z® bing dinh 1i Bayes.

) ) D)0 — 5., % (@) — 4.
>y P20 =1 p, X)p(20) = I ¢)

Két qua thu duge sau mdi vong lip EM:

e Budc E: n x d gia tri w.

e Bu6c M: k tham s6 ¢, k tham s6 p, k tham s6 X.

O day, gié tri w](»i) dugce hidu 1a x4c suat clia diém dit licu 2 thuoc vao phan phdi N (p;, X5).
Trong GMM moi diém dit lieu ¥ déu gép phan vio cap nhat tham s p;, X;. Mite do dong

g6p clia cac diem dit lieu duge danh trong sé béi gia tri wéi)

. Ta c6 thé hiéu, néu mot diem dit
lieu c6 xac suat cao thudc vao phan phdi chuan j thi diém dit lieu d6 sé déng gép nhiéu trong
viec xay dung lai tham s6 p;, X;; va nguge lai.

Bén canh d6, vi ham Log-Likelihood khong phai 13 mot ham 16i nén c6 thé thuat toan EM
sé hoi tu tai diém cuc tri cuc bo. Do d6, ngudi ta thudong cho chay thuat toan EM nhiéu lan
vli céc gia tri tham s6 ¢, i, X; khdi tao ban dau khac nhau.

Mot céc hiéu khéc clia thuat toan EM trong GMM, & buéc E, thuat toan ¢ ging doan
cac gia tri bién an 2 Dya vao nhing du doan do, 6 buéec M thuat toan xay dung lai cac tham

s6 ¢j, f1;, 2 ban dau.



4 Thuat toan Expectation-maximization (EM)

O phan trude, ta da phat bidu két qua thu duge khi st dung thuat toan EM vio GMM. O
phan nay, ta sé tim hiéu vé thuat toan EM mot cach tong quat, thuat toan uéc lugng tham sb
clia mo hinh thong ke khi xuat hién bién an. Sau do, ta sé xay dung lai bude E, tinh céc gia
tri wj(-l); bude M, cap nhat cac tham s6 ¢;, p;, %; cia GMM. Trude tién, ta tim hiéu ve két
qué dude ding trong thuat toan goi 1a bat ding thiic Jensen.

4.1 BAt ding thiic Jensen

Xét ham s6 f: R — R, ham f dugce goi la ham 16i khi f"(z) > 0,Vz € R; ham f duge goi la
ham 16i chit khi f”(x) > 0,Vz € R. Bat ddng thiic Jensen dugc phat biéu nhu sau:

Theorem. Cho f 1a ham 16i, X 1a bién ngau nhién, khi dé:
E[f(X)] > f(E[X])
Néu f 1a ham 16i chat thi dang thiic E[f(X)] = f(E[X]) xdy ra khi va chi khi X = E[X] v6i

xac suat 1 (N6i cach khéac, néu X 1a mot hing s6).

Ta c6 thé hiéu ro6 hon vé bat dang thiic qua hinh vé duéi day:

fla)
E[f(X)]

f(b
f(EX)

Trong hinh vé, ham 16i f dugc thé hién bing duong nét lién, bién ngau nhien X c6 xac suit
0.5 nhan gia tri a vd xac suat 0.5 nhan gia tri b. Do d6, ki vong ctia bién ngau nhién X 1a
trung diém ctia a va b trén truc .

Khi d6, f(E[X]) la trung diém ctia f(a), f(b) trén truc y. Tit hinh vé, ta thay do f 1 ham
16i nén ta c6 duge két qua E[f(X)] > f(E[X]).

Nhan xét. Ham f la ham 16m (chit) khi va chi khi — f 13 ham 161 (chat). Khi 6, bat déng
thitc Jensen diing cho ham 16m f v6i chidu ctia bat dang thic ddi lai. (E[f(X)] < f(E[X]))

4.2 M6 hinh toan hoc

Ta c6 bai toan udc lugng tham sb clia mo hinh théng ke tréen tap dit lieu {z(), 2@ . M},
v6i n diém dit licu duge lay mau mot cach ngdu nhien. Gid sit tham s6 ctia mé hinh théng ké
can tim 1a 0. Ta c6 gia tri bién an di kem véi 2® 1a 2. Khi d6 ham xéc suat ciia = duge tinh
bang cach lay tong ctia ham xéac sudt x va z ¢ moi gia tri 2:

p(x;0) = plx, 2 6) (1)

9



Ta can tim tham s6 6 t6i da ham Log-Likelihood ctia dit lieu. Ham Log-Likelihood ctia bai
toan:

= i log p(«"); ) (2)
—Zlogzp ), 26 (3)

2(9)

Ta c6 thé truc tiép lay dao ham cfia ham Log-Likelihood theo 6 nhung ta khong thé giai cho
dao ham d6 bang khong, nhu da duge trinh bay trong phan 3.2 trang 6.

Vi 1é d6, thuat toan EM tiép can viéc t6i da ham Log-Likelihood theo mot cach khac. Ta
sé toi da ham Log-Likelihood béang cach xay dung mot can duéi ctia ham, 6 bude E; va toi da
can duéi vira duge xay dung, & buéc M. Bang cach lap lai buée E va bude M ta sé t6i da duge
ham Log-Likelihood.

4.3 Xay dung ham evidence lower bound (ELBO)

Dé thuan tién trong viéc trinh bay & cac budc tiép theo, ta sé bé qua viec lay tong ham xéac
suit ctia moi diém dit lisu Y 1 ,. Ta t&i da ham Log-Likelihood ctia mot diém di lidu x. Sau
khi da xay dyng thuat toan trén mot diém dit lidu, ta c6 thé lay tong clia n diém dit lieu va c6
mot thuat toan hoan chinh. Tém lai, truée nhat, ta tim cach téi da:

log p(z;0) = logprzﬁ (4)

Goi Z la bién ngau nhién clia gia tri bién an z, ta gia sit Q 1a mot phan phéi bat ky ciia bién
ngau nhien Z. Khi d6 @ phai théa man: ) Q(z) =1va Q(z) >0
Ta bién déi ham Log-Likelihood:

log p(z; 0) logprz@

IOgZQ xzé’)

p(ﬂc, % 9)}
Q(2)
Ta c¢6 nhan xét, ham f(x) = log(x) la ham 16m chat trén D = (0; +00), do dé:

logp(x;0) > E.q {log %]

PELE gé )9) ™)

=logE..q [

Dé thuan tién, ta sé goi biéu thic (7) la ham evidence lower bound (ELBO), dugc ky hi¢u:

ELBO(; Q, 0) ZQ Pz, (;9) (8)

V6i mot gia tri x va phan phéi @ c¢6 dinh thi ham ELBO 1a ham s6 theo bién s6 0. Ta
thay, véi moi phan phdi @, ham ELBO cho ta can dudi ctia log(z;6). Dé xap xi t6t nhat
ham Log-Likelihood ta nén chon phan phdi @) sao cho, khi ta ¢6 dinh mot gia tri 6, thi ham
ELBO(z;Q, 6y) sé dung béang log(x; 6y).

10



Vi log(z) 1a ham 16m chat nén ta c6 thé dimg diéu kien xay ra dau bang ctia bat dang thic
Jensen. Dau biang xay ra khi va chi khi:
p(z, 2 0)
Q(2)
p(x, z:0) = c Q(z)

> p(x,z0) =) Q(z)
Zp(x, z;,0) =c

z

=C

Do vay, dé déng thiic xay ra thi:

p(x, 2;0)
>, bz, 2 0)
p(x, z;0)
p(;0)
= p(z|z;0) (9)

Q(z) =

Tém lai, ta sé chon phan phdi @ bang phan phdi hau nghiém ctia z khi biét duge x tai mot
gid tri 0y c6 dinh. Hay Q(z) = p(z|z; 6p)
Ta thit kiém tra lai bang cach thé Q(z) = p(z|z; ) vao ham ELBO:

0
ELBO(z; Q. 0) = Zp 2|2 0) log (x’|z’ )

= p(z|z;0)log p(=; 0)
= logp(z;0) > p(z|r;0)
= log p(; 0) Z
Nhu vay ta da xay dung duge ham ELBO theo nhu ¥ mudn:
log p(z;6) > ELBO(z;Q, 0) VQ,0,x (10)

Mot cach truc quan, thuat toan EM lan luct cap nhat @ va 6 nhu sau:

1. C6 dinh 6, thay d6i ham ELBO sao cho ELBO(z; Q,6) = logp(x;0) tai gia tri § c¢6 dinh
bang cach Q(z) := p(z|z;0).

2. C6 dinh Q, t6i da ham ELBO theo bién 6.

4.4 Hoan thanh thuat toan EM

o) tren, ta da tim duge ham can dusi phit hop cho ham Log-Likelihood ctia mot diém dit lieu
x. Tiép dén, ta sé xay dung can duéi cho ham Log-Likelihood ctia mot tap dit lieu.
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Cho tap dit lieu {z™, 2@, .. 2} Luu ¥ ring, phan phdi Q & trén sé dac trung cho mot
diém dit lieu. Do d6, khi ta c6 n diém dit liu thi ta sé c6 n phan phéi Q tuong ting Q1, Qs, ..., Qn.
Méi diém dit ligu 2 sé 6 mot ham ELBO la:

log p(«"";8) > ELBO(2'; Q;. ) ZQZ “) log (Q;< (Z)))@ (11)

Lay tong ctia ham ELBO tai moi diém dit lieu ta sé c6 can dudi ciia ham Log-Likelihood:

0) > i ELBO(z?; Q;, 0) (12)
=1
20, 20); 9)
= ; ; Q lOg W

Vé6i moi tap phan phéi Q1, Q, ..., Q,, bicu thiic (12) cho ta can dudi clia ham Log-Likelihood.
V6i cliing ¥ tudng khi ta xay dung phan phéi @ cho mot diém dit licu thi ta sé chon phan phéi
Q; sao cho:

Q=) = p(=01a:0)
Tém lai, ta sé chon nhitng phan phdi Q; bang phan phéi hau nghiem cta 2® khi biét duge @
tai mot gia tri 6y c6 dinh. Hay Q;(2®) = p(2|z®; 6;)
Bay gid, ta c6 thé trinh bay thuat toan EM mot cach tong quat:
Khéi tao gia tri 8 ngau nhien
Thue hién cho dén khi thuat toan hoi tu: {
(Bude E) Véi mbi gia tri i:
QW (20 = p(2®)z; 91
(Buée M) Cap nhat 0:

g+ .= arg maxz ELBO(z"; Qgt), 0)

(i) (@)
= arg max Z Z Q([ ) log W (13)

=1 (i) A

}

Diéu kien hoi tu: (1) — 1(61))] <€
Két qua thu duge sau mdi vong lap EM:
e Bué6c E: n phan phéi Q;.

e Bude M: tham sb 6.
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Dé chic chan thuat toan EM hoat dong tot ta sé chiing minh ring tham sé 6 c6 dudc sau
mdi vong lap EM sé don diéu cai thien ham Log-Likelihood. N6i cach khac, tham s6 0 c6
duge sau moi vong lap EM, luon ludn cho duge gia tri ham Log-Likelihood 16n hon nhiing
tham s6 6 truéc d6. Chiing minh trén sé tuong duong vdéi viéc chiing minh:

1)y > 160y wt (14)
Nhic lai, vé cach chon cidc phan phdi Ql(-f')(z(i)) = p(z@]2®; 1)) da gitp ta théa man diéu
kieu dau bang xay ra ctia bat ding thic Jensen, hay tong ham ELBO ctia moi diém dit lieu sé
bing gia tri ctia ham Log-Likelihood tai )

1(69) =Y " ELBO(z; Q1" 91) (15)
=1

Vay ta c6 thé chiing minh bat ding thitc (14) nhu sau:

[(0")) > > ELBO(x®; Q"0 ) (16)
i=1

> > ELBO(™; Q1" 0) (17)
=1

= 1(6D) (18)

Bat dang thitc (16) diing vi d6 1a cach ching ta xay dung ham ELBO nhu da trinh bay & bat
dang thitc (10).
Bat dang thitc (17) ding vi ¢ buée M ta chon gia tri 8¢+ sao cho t6i da ham ELBO.

00+ .= arg max Z ELBO(z®: Qgt), 0)
A

Dang thitc (18) diing theo ding thic (15).
Ta c6 thé hiéu rdé hon chiing minh trén qua hinh vé duéi day:

Hinh 3: Ham Log-Likelihood: duong nét dit mau dé. Him ELBO: duong nét lien mau xanh.

Nhu vay ta da chitng minh dugc bat dang thic (14).
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Sau moi vong lap EM ta chic chin rang tham so 6 c6 dugc sé cai thien ham Log-Likelihood.
Do do, dicu kien ditng ctia thuat toan EM ltc bay gio sé 1a, néu sau mdi vong lap EM gia tri
0 méi c6 duge khong cai thien ham Log-Likelihood duge nhiéu thi ta sé ditng thuat toan EM.
Vay diéu kien dimg sé la: |[(00D) —1(0D)| <e.

Mot quan sat nhé, diém mau chét ciia thuat toan EM 1a & cach ching ta xay dyng ham
ELBO sao cho [(#®)) = S  ELBO(z®; Q\”,#"). Néu dau biing ctia bat déng thiic Jensen
khong xay ra thi ta c6 thé bé qua gia tri # tdi wu can phai tim. Ta c6 thé hiéu r6 hon tai sao

dau bang lai quan trong qua hinh vé sau:

ELBO

§
i
!
|
(
[
[
|
|
|
s

|

l

}

i
|
!
l
|
!
!

*— — — —

)
Bt ) b
Hinh 4: Ham Log-Likelihood: duong nét dit mau dé. Him ELBO: duong nét lién mau xanh.

Bing cach t6i da ham ELBO, ta da tim dugc gia tri tham s6 AU 1a gia tri 16n nhat cta
ham ELBO. Nhung vi ham ELBO khong bang ham Log-Likelihood tai ) néen ta da bé qua

gid tri 8% t61 wu.
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4.5 Xay dung EM trong GMM

Sau khi da hiéu vé thuat toan EM tong quat, ta sé xay dung lai buée E va buse M ctia GMM.

Nhéc lai, vi bién an z(® chi c6 thé nhan céc gia tri trong tap hop {1,2,...,k}, véi k 1a sd
phan phéi chuan cé trong mé hinh, nen v6i méi diém dit lieu 2 ta chi can quan tam dén gia
tri ctia phan phéi Q; tai nhu’ng diém 2 € {1,2,...,k}. Stt dung lai ki hiéu ctia phan 3.1 trang
6 va phan 4.4 trang 11, v6i moi gia tri , j; ta c6 buée E:

) = Q0 = ) = (= = J1aV50,.)

Khi d6 ta c6 tong ctia ham ELBO tai moi diém dit licu la:

3 (@). ). ( ) l’( ) (ba 2 )
; ELBO(z": Q;;0) Z > Qi )log 2 Qi (Z

=1 2(7) (l))
=22 Qi :mogp(x“\z” = Jip D = 5 0)
i=1 j=1 Qi(2® = 7)

- ZZW log G
J

Dé xay dung cong thiic cap nhat cho i, Y, ta sé sit dung lai nhitng tinh chat vé dao ham ciia
vector va ma tran dugc trinh bay 6 phan 1.2 trang 3.

Dé tim ra cong thitc cap nhat cho yy, ta sé 1ay dao ham riéng cia téng ham ELBO theo p;:

0 | . P (o (@ = ) TE Y - ) - 6
LN o) S cniie

om |73 wg(‘i)
a n k
__0 0L @ _ ), Ts-1,0 _
= w X
o |- 1; (@ = )T (2 — py)
=3 wz,()am (2075 2 — TS )

=Y w? (&7 - £ w)
i=1

Giai cho dao ham bing khong, ta dugc:
S (512 - 57—
i—1
S
i—1 i=1

Z?:l wl(i)$(i)

= i
Z?:l wl( )

Vay ta da tim dugc cong thitc cap nhat cho
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Tiép dén ta sé xay dung cong thiic cap nhat cho ¥, ta sé lay dao ham riéng ctia tong ELBO
theo ;'

W xp (=5 (@ — )87 (2D — py)) - ¢

Z Wj @

i=1 j=1 wj
: i 01, By (C3@ — )T - ) - 6
= v wy - 1og i
0%, ! = wl()
0 [~ 1 1 Z
~ oy sz()log [Wexp (—5( @ — )5 (2 —Ml)>”
L=
9 i) - 0 _ )\ T5 ()
= a5 Z w log [3] ™ = Sw (29 — )5 @ — )

262 [Zw, log [, "] = wf” (=" —Ml)TEzl(x(i)_’”“))]

1 i) (v-1\ -1 DYIC i
T2 Zwl()(zz Y — (@ — ) (2D = )" ]
=1
1 [ . .
=5 [ um - w6 — i - uoT]
| =1

Giai dao ham biang khong, ta dugc
sz(i)xl —w (@ — ) (2@ — )" =0
i=1
ElZwl( Zwl —Ml( ()_NZ)T
i=1

5 S 00— e = )
> it wl(Z)

Vay ta da tim dugc cong thic cap nhat cho ;.
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Tiép dén ta sé xay dung cong thitc cap nhat cho ¢;. Ta c6 nhan xét, trong tong ham ELBO,
c6 nhiéu gia tri khong phu thudc vao bién ¢;. Sau khi bién déi tong ham ELBO, ta nhan thay
t61 da tong ham ELBO theo bién ¢, sé tuong tuong duong véi t6i da ham s6 sau:

n k
33wl g,
i=1 j=1

Mot luu ¥ nhd, ta t6i da ham so6 trén duéi diéu kien Zle ¢; =1 va ¢; > 0, nén ta khong thé
diing phuong phéap lay dao ham riéng thong thuong. Thay vao do, ta sé diing phuong phap
nhan tit Lagrange. Ta xay dung ham Lagrangian:

n k k
L) => "> wloge; +f (Z ¢; — 1)
j=1

i=1 j=1

O day, ta khong them vao diéu kien ¢; > 0 vi két qua ¢; thu duge sé tu thoa man dieu kien
trén. Lay dao ham riéng ctia ham Largangian theo bién ¢; ta dugc:

0 B - wl(i)
55, L0) = Zl,— +53

Giai cho ham s6 trén bang khong, ta duge:

Lay tong trén moi gia tri ciia [ ta sé dugc:

k n k
Y a- Sl
=1

i=1 =1

—B = Zl
i=1

—B=n

Vay cong thic cap nhat cta ¢; la:
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4.6 Ky vong va tbéi da trong EM

Muc tiéu ctia phan trinh bay tiép theo 1a cho thay dudc tai sao buéc E dude goi 1a bude ky
vong va buéec M dude goi 1a bude t6i da trong EM.

Y tudng vé xay dung ham ELBO va nhing phan phéi Q; 1a ¥ tudng dude phat trién ti
nguyén téac (Dempster et al., 1977) [2]. Do vay phan tiép theo ta sé trinh bay thuat toan EM
gibng hon véi nguyen téc.

Nhic lai két qua c6 duge trong phan trudce:

n | 2@ 20,9
) > > ELBOEO:u0) = 30 Y Q) logW

i=1 i=1 L)

Trong buéc E, ta xay dung cidc phan phdi @; sao cho:
Qz(t)(z(z‘)) = p(2D]z®; 61)

Nghia la chung ta dang xay dung ham muc tiéu mdéi duge ki hiéu nhu sau:

@9
2‘) (1 p(l’ ) < )
ZELBO ,0) ZHZP [2;61) log (Z<z)|1;<> 8(7‘)
Ki higu £(0;0) sé dugc hiéu 1a: £ 13 mot ham s6 theo bién 0 va duge tham sé béi gid tri 6()
6 vong lap EM trudc.
Khi dé, trong budc M, viéc téi da £(0;01) theo bién # sé duge trinh bay nhu sau:

6"+ .= arg max £(6; 01
0

. 00
=argmax |y p(=2;0)log (i(z 120 6 (3)]

4 Li=1 ()

= arg max ZZ}) @ 00 log p(z, “’);9)]

4 Li=1 ()

= argénax izl]Ez(i)Np(z(i)x(i);G(‘)) {10gp($(i)a Z(i)§ 9)]]
Ham s6 ben trong ham arg max dudc goi la ham ki vong ctia Log-Likelihood day du
(Expectation of Complete Log-Likelihood) ctia di liéu.

Qua cach bién déi 6 buée M nhu trén, ta thay trong ham £(#;0®) chi c6 phan ki vong ctia
Log-Likelihood day dui 1a phu thudc vao bién 6. Do dé ¢ bude E, ta chi can xay dung ham
L£(6;01) 1a ham ki vong ctia Log-Likelihood day dui ciia dit licu véi gia tri 0% tim duge
6 vong lap EM trudc.
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Vay ta c6 mot cach phat biéu khéac cho thuat toan EM:
Khéi tao gia tri #© ngau nhien
Thuye hieén cho dén khi thuat toan hoi tu: {

(Buéc E) Xay dung ham ki vong ctia Log-Likelihood day du:

L£(0;01) = ZEz<i>~p(z(i>|z<i>;e(t>) [log p(z®, 2); 0)]

i=1

(Budec M) T6i da ham s6 vita xay dung bang cach cap nhat 6:

91D .= arg max £(6; )
0

}

Diéu kien hoi tu: (D) — 1(61))] < e
Két qua thu duge sau mdi vong lap EM:
e Bu6c E: ham s6 L.

e BuGe M: tham sb 6.

Qua cach phat biéu thuat toan EM nhu trén, ta thiy dude 6 bude E, ta dang xay dung can
duéi ctia ham Log-Likelihood, can dudi dé 1a ki vong ctia Log-Likelihood day du cta dit

lisu. O bude M, ta sé t6i da can duéi vita tim duge.
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5 Thuat toan EM ban giam sat (Semi-supervised EM)

Thuat toan EM la thuat toan uéc luong tham s6 ctia mo hinh théng ke khi xuat hien bién an.
Thuat toan EM la thuat toan hoc khong giam sat vi ta khong c6 nhan cho cac diém dit lieu.
o) phan nay, ta s mdé rong thuat toan EM thanh mot thuat toan hoc ban giam sat, nghia 1a
chiing ta sé c6 nhitng diém dit lieu khong c6 nhan cling véi mot vai diem dit lieu ¢6 nhan.
Nhéc lai vé m6 hinh toén hoc, ta c6 tap dit licu {zM, 2@ ... 2™}, tng véi méi diem dit
lieu 2% ta c6 mot gia tri bién an 2, khi d6 tap cac bién an la {z(M, 2® .. 2} M hinh

thong ke duge tham s6 béi 6. Ham Log-Likelihood khong giam sat 1a:
lunsup(e) = Z IOg p(x(l)a 9)
=1

= i log »  p(x?, ;)
-1 .0

> ) "ELBO(z"; Q;,0)

i=1

Khi nay, ta c6 them 7 diém dit lieu c6 nhan {(z(, M) (2@, @), .. (2™ 7)), Ta xay

dung ham Log-Likelihood giam sét cho 7 diém dit liéu c¢6 nhan:

laup(6) = > logp(i, 21); 6)
i=1

> 3 ELBOG: G0
i=1
Ham Log-Likelihood trong truong hop thuat toan ban giam sat sé duge dinh nghia la tong
ctia ham Log-Likelihood khong giam sat va ham Log-Likelihood giam sat duge danh trong so

bdi siéu tham sb a:
lsemi—sup(6> = lunsup<9) + « lsup(e)

Siéu tham s6 a sé dugde hiéu la mic do quan trong ciia dit lieu gin nhan. Néu a = 0 thi dit licu
gan nhén khong quan trong va thuat toan tré thanh thuat toan khong gidm sat thuan tiy; va
ngugc lai.

Ta c¢6 can dudi cia ham Log-Likelihood ban giam sat:

Lemi-sup(0) > > ELBO(2":Q;,0) + a > ELBO(2"; Q;,0)
=1

i=1
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Déi véi dit lieu gdn nhin thi & bude E, ta xay dung cac phan phéi Q@ sao cho:
Qi) = p(z0 100

Nhung vi 2 14 nhan ctia £® nén p(é(i)|f(i); 0) = 1Vi,0. Hay Q (2 l)) = 1Vi. Vay
lsemi-sup (0) > Z ELBO(x(i); Qi,0) + « Z ]ng(j(i)7 30, 0)
=1 i=1

Bay gid, ta c6 thé trinh bay thuat toan EM ban giam sat:
Khéi tao gia tri 8 ngau nhien
Thuye hieén cho dén khi thuat toan hoi tu: {
(Bude E) Véi moi gia trii € {1,2,...,n}:

Q=) = (=" 0)
(Buée M) Cap nhat 6:

0+ .= arg max

S ELBOG:Q,0) 4o (Z )
=1 i
p(a®, 20

= argmax [i (Z Q1" (z7)log ® Q(t)( : ) ra (Zlogp 9)>]

}

Dléu klén hél tu ‘lsemi-sup(e(ﬂ_l)) - lsemi-sup<9(t))’ <e€

Két qua thu duge sau mdi vong lap EM:
e Bu6c E: n phan phéi Q;.
e Bu6c M: tham s6 6.

Dé chic chin thuat toan EM ban giam sat hoat dong t6t ta sé ching minh ring tham sé
0 c¢6 duge sau mdi vong lip EM sé don diéu céi thién ham Log-Likelihood ban giam sat.
N6i cach khac, tham s6 6 c6 duge sau mdi vong lip EM, luén luén cho duge gia tri ham
Log-Likelihood ban giam sat 16n hon nhitng tham s6 6 truéc dé. Bang phép bién doi tuong tu

nhu phan trude, ta ciing sé chiing minh duge:

lsemi-sup (9(t+ 2 ) 2 lsemi-sup (G(t) ) Vit
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5.1 GMM ban giam sat

Ta c6 tap dit lieu khong gan nhan duge phéat biéu nhu phan 3.1 trang 6.

Ngoai ra, ta cé tap dit litu gdn nhan dugc trinh bay nhu sau. Tap dit lieu {#), 33 . 5},
v6i méi £ € R? 1a mot gia tri xac dinh clia vector ngdu nhien X ®. Cac Vector ngdu nhien
X@ doc lap théng ke véi nhau. Dong thoi ta ¢6 7 bién ngdu nhien ZM, 2@ . Z™ y6i
Z® Q0 — {1,2,...,k}, méi gia tri xac dinh ) ctia bién ngu nhien Z® 1a nhan cia diém di
licu #® thé hién cho cum ma diém dit lieu 7 thuoc vao.

O day, gié tri 29 1a gia tri quan sat dugc nén ta khong can gia st vé phan phéi ctia Z@. Thay

vao do, ta sé c6 gid sit vé phan phdi X(i)|2(i) nhu sau:
X(i)|2(i) ~ N(Mg(i), Zg(i))

Tém lai, ta c6 n + n diém dit lieu, trong dé n diém di lieu 29 khong gin nhin véi gia tri
bién an tuong tng la z; 7 diém dit lieu 2@ duge gin nhin bsi 2. Muc tieu cia GMM béan

giam sat 1 tim lai cac tham s6:
® O1,p9,..., 0 VO @; € R
® [i1, fa, oy fk VO p1; € R
e Y. Yy, ..., %, v6i X, € RIxd

Biang cach xay dung mo hinh nhu phan 4.5 trang 15. Ta c6 duge thuat toan EM ban giam
sat trong GMM nhu sau:

Khéi tao cac gia tri ¢;, j1;, X; ngau nhien

Thuye hieén cho dén khi thuat toan hoi tu: {

(Bu6e E) Véi moi gia tri i € {1,2,...,n},j:
w’ = p(z" = jlz; 6, p, %)
(Bude M) Cap nhat cac tham so:

S w4 a Y 1{ED = j)

qu - n+an
Z?:1 wj(z)x(i) + o Z?Zl 1{2(2‘) _ j}fi@
Wi = ~ - = — -
Y i wj(» '+ a PR RECEE
Yo > et wy(‘%)(x(i) - /ﬁj)(I(i) —p) T +a > 1{z% = j} (2" — #j)(j;(i) — ;)T

J n 7 n ~(7 .
>ic1 wg(‘ '+ a > i {20 = j}

}

Diéu klén h61 tu ‘lsemi—sup(gb(ﬂrl), pl(tJrl)’ E(t+1)) - lsemi—sup(¢(t)7 M(t)’ E(t))‘ <e
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6 Ap dung m6 hinh - Két luan danh gia

6.1 Visualize GMM sau cac buéc thuat toan EM

Ta sé dung EM dé tim 3 phan phdi Gaussian fit v6i 3 cum ctia dataset blobs-stretched:

Tai buée 0 - buée initialization, ta khdi tao cac
{1; bang cac centroids tim duge trong thuat toan
1

K-means, do uvu tién 7; = 3, covariance matrices

1a cac ma tran don vi.

Sau 1 buéc EM, ta dé dang thay cac phan phdi
tim dugc bat dau "co lai" dé vira véi cac cum

-2

-4 -2 0 2

Sau 3 budéc EM, phan phdi Gaussian clia cum
mau tim da vita vin, cum dé va xanh cting phan
dtng cho nhau va khong con nham 1an mot s
diém & gitta.

-2

-4

Sau 11 buée EM, thuat toan da tim duge 3 phan
phdi Gaussian fit v6i datasets.

-2

-4

-4 -2 0 2

Step 11

6.2 Mot sd datasets khac sit dung GMM

Céc datasets & beén trai, bén phai 1a sit dung GMM dé phan céac cum.
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Ta thay rang 3 datasets dau, thuat toan tim duge cac cum rat hgp 1y va chinh xéac.
Trong khi d6, & 2 datasets cudi, thuat toan khong tim dugde cdc cum hgp 1y, diéu nay 1a do
2 datasets nay hinh thit qua dic biet, qua khac biét so véi phan phdi chuan Gaussian.

Nhan xét: Ta nhan thiy ring GMM vita c6 su cai tién hon so v6i K-means (nhu dataset
blobs-stretched) nhung ciing gip khé khan nhu K-means véi cac dataset hinh thit ddc biét.
Su cai tién nay 1a do c¢6 thém tham s6 doé uwu tién 7; va covariance matrices ;.

6.3 GMM nhu mot generative model

Ta hay cung quay lai v6i dataset 2-moon & trén:

. LI %“ece
1.00 D TR e
%.o < & ° o .o‘{ o
. ..:.. had ':. o‘: .
0.75 -,‘.:. B .
. S .-. .
S o0 ° ® ° o
0.50 i o o S
° o L ad '.00 o : s . '.‘
. s.cu sty cen s el
025 e, ~ 3 OB -4
iy “sr - “iie
000 ¢ e . O
.‘.'. o°? ..:..
~0.25 o S P
. '..A ° o2 \f
Ll oy ¢ o ‘o0 % Ll
-0.50 R T TR
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

Ta sé dung GMM véi s6 cum 1a 8.
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Ta da duge 8 phan phéi Gaussian mo ta kha hop 1y dataset nay. Sau do, ta sé sinh ngau
nhién thém 500 diém data bang 8 phan phéi da tim dugc.
Ta duge 500 diém data méi nhu sau:

. o 00’g%e °,
1.00 o ‘*-_.:'zv;"-.f' vty
°e o8 o o
M) o3 e
0.75 R, :
08 o o
. Foul 3,
0.50 23 >
bR A e % o
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Céc diém data méi sinh ra phan phoi rat khép véi datasets ban dau.

Day cfing 1a mot cong dung cia GMM nhim gitp sinh thém nhiéu examples mdi cho cac
model hoc may.

Ta hdy cuing dén véi mot vi du thuic té hon, sinh thém cdc handwritten digits tit dataset
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6.4 Chon sé6 cum cho GMM

Ta sé dé dang thay ring néu ta ting s6 cum ctia GMM lén cang nhiéu, thi log-likelihood sé
cang tang. Nhung doi khi viéc phan bang s6 cum nhiéu thi model ctia ta sé khong di "general"
dé dua ra duge céc cach nhém cum hitu ich, hosic néu sé cum it qua thi model sé khong di
"detailed" dé mo ta cac diac diém ndi bat ctia data.

Déi v6i cac datasets tit 3D tré xudng, ta cé thé chon sé cum hop 1i bing céch visualize dataset
mot cach truc quan. Con dbi véi cac datasets con lai, mot 1a gidm chiéu ciia datasets dé c6 thé
visualize, hai 1 st dung chuan AIC va BIC.

Ta sé vi du st dung chuan AIC va BIC dé c6 thé chon s6 cum sao cho phit hgp véi data.

Né6i ngan gon chuan AIC va BIC sé cho ta céc gia tri danh gia dya trén sy trade-up giita sb
cum va kha nang mé ta dataset, gid tri cang thap cang toét. T d6 tim ra duge s6 cum hgp
1i nhat sao cho kha nang mo ta dataset du tot.

Vi du st dung chuan AIC va BIC cho dataset 2-moon & trén dé mo ta tot dataset.
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Ta thay s6 cum nén st dung cho GMM dé mo t& hiéu qua phan phéi 2-moon la vio khoang
tir 8 dén 12, viing ma minimize gia tri AIC va BIC.

Vi du sit dung chuan AIC va BIC cho dataset handwritten digits ¢ trén dé mo ta tot dataset.
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Ta thay s6 cum nén st dung cho GMM dé mé ta hiéu qua handwritten digits 1a vao tam
khoang 100.
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6.5 GMM ban giam sat

Ta sé xay dung 2 mo6 hinh GMM ban giam sat va GMM truyén thong va so sanh biang mot vai
datasets.
Dau tién, ta hiy ciing nhin vao dataset 2D sau day:

Day 1a mot dataset duge tao ra béi 4 phan phéi Gaussian gom 1 phan phdi rong va 3 phan
phdi nhd gan nhau. Nhu ta thiy, mdi phan phdi ¢6 cho trude 5 diém (khéac véi mau dd) thuoe
phan phéi do.
Chay 2 m6 hinh GMM, ta nhan dugc cach phan cum sau day:

5

GMM truyen thong GMM bén giam sat

Ta thay GMM vé6i thuat toan EM truyen théng khong phan cum chinh xac ma tach phan phéi
Gaussian 16n thanh 2 phan phdi va gop 2 phan phdi Gaussian nhé lai thanh mot.

Trong khi d6, chi v6i 5 diém dugc cho biét truée ¢ mdi phan phdi Gaussian, GMM béan giam
sat da c6 thé phan cum rat chinh xac 4 cum da cho

Khong nhitng thé, GMM ban giam sat chi chay trong khoang 25 EM steps dé dat dicu kien
converged, trong khi GMM truyéen théng chay trong 150 EM steps.

Twong tir nhu vay, véi dataset sau day:
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Day 13 mot dataset dudc tao ra bdi 5 phan phoi Gaussian. Nhu ta thiy, mdi phan phéi c¢6 cho
trude 10 diém (khac v6i mau dd) thuoe phan phdi do.
Chay 2 m6 hinh GMM, ta nhan dugc cach phan cum sau day:

10 10

GMM truyén thoéng GMM bén giam sat

Nho vao 10 diém cho trude ciia mdi phan phdi, GMM béan gidm sat phan cum duge chinh xac
va nhanh hon so v6i GMM truyén thong.
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