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LOI CAM ON

Loi dau tién, chting em xin bay t6 long biét on sau sac dén Ban T6 chiic Trai he PIMA vi da
trao co hdi, tao diéu kién t6t nhat cho chung em dugc hoc tap, nghién ctru cac van dé Toan
hoc va iing dung trong sudt hai tuan vira qua. Nhiing trdi nghiém va kién thitc ching em
tich Iily dugc c6 ¥ nghia rat 1én dbi véi ban than méi thanh vién trong nhém, day chac chan
sé la hanh trang quy bau, nang budc chung em trén con duong nghién ctru khoa hoc, chinh
phuc tri thuc.

Chung em xin chdn thanh cdm on cac anh chi Mentors da nhiét tinh giang day, giai dap
nhitng thac mac, tan tam hé trg chiing em trong viéc hoc tap, nghién ctru. Cam on cac anh
chi trong BTC da n6 luc 1am viéc dé t6 chirc nhirng budi giao luu, vui choi, gitip trai sinh
chiing em hoa dong, thém hiéu biét vé 1an nhau, c6 nhitng trai nghiém t6t khong kém sinh
hoat tap thé truc tiép. Cam on cac anh chi dién gid da cung cap cho ching em rat nhiéu
thong tin b6 ich, m& rdong géc nhin ctia chiing em vé Data Science, gitip ching em dinh
huéng r6 rang hon vé con dudng tuong lai. Dac biét, chiing em xin cAm on anh Tran Hoang
Bao Linh va anh Nguyén Nguyén da theo sat va gitip do nhém tir Iic bat dau cho dén khi
hoan thanh du an, c6 dugc bai bdo cao nay.

Sau hai tuan tham gia PiMA, chiing em khong chi thu vé duge mot lugng 16n kién thire bd
ich vé Toan hoc va Khoa hoc di liéu ma con dugc trdi nghiém viéc nghién ctru, thuyét trinh
du 4n, viét bdo cdo, lam viéc nhém cung nhitng ngudi ban chua quen biét trude. Nho vy,
chiing em dugc rén luyén va nang cao nhiéu ky nang can thiét cho tuong lai, duge giao luu,
két ban v6i cac anh chi, cc ban trai sinh tai nang, nhiét huyét, than thién. Hy vong trong
nhiing nam tiép theo, PIMA c6 th€ tiép tuc phat trién dé lan tod niém dam mé Toan hoc
cting nhitng ting dung thi vi, bd ich ctia Toan dén cac ban hoc sinh THPT, gitip cac ban trai
nghiém nhiing diéu tot dep, y nghia gidong (va hon) ching em.

Trong quad trinh lam viéc, do thdi gian chinh sita khong nhiéu cing nhu trinh d¢ ciia nhém
tac gid c6 han, tuy da rt c6 gang nhung sai sét 1a diéu kho tranh khéi. Ching em rat mong
nhan dugc gop y va chia sé tir cac anh chi Mentors va ban doc dé nhom c6 thé hoan thién
du 4n tt hon!



TOM TAT NOI DUNG

Trong Khoa hoc dit liéu, giam chiéu dir liéu 1a mot bai toan rat quan trong, voi muc tiéu
biéu dién cac diém dit liéu (ban dau & chiéu cao) & chiéu thap hon sao cho mét sb tinh chat
t0i wu dugc théa man. Trong d6, Isomap 1a mot thuét toan gidm chiéu dir liéu phi tuyén
tinh kha thong dung. O bai béo céo nay, chiing t6i xin trinh bay téng quan vé Isomap, mo
ta, giai thich cu thé cac budc cda thuat toan cting viéc 4p dung mo hinh, cac cai tién cua
Isomap. Hy vong sé cung cap nhiéu thong tin hitu ich cho ban doc!
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1 TONG QUAN VE ISOMAP
1.1 Gioi thiéu

1. Isomap (tén day di: isometric mapping) 1a thuat toan gidm chiéu di liéu phi tuyén
tinh v6i muc tiéu bao toan tot nhat khoang cach geodesic gitta cac diém dit liéu trén
da tap.

Thuat toan Isomap m& rong cac ki thuat c¢6 dién ctia phan tich thanh phan chinh
(PCA) va chia ty 1é da chiéu (MDS) cho mdt 16p da tap phi tuyén tinh. Thay vi sit dung
khoang cach Euclidean, Isomap st dung khoang cach trac dia (Geodesic) dugc tao
ra boi mot biéu d6 1an can. Thay déi nay giup két hop cau tric da tap trong két qua
nhuing chiéu thap.

2. Cac khai niém lién quan:

o Da tap: mot khong gian topo n-chiéu sao cho vdi méi diém, ta c6 thé xac dinh
dugc mot 1an can U xung quanh diém d6 va ton tai V thudc khong gian Euclide n-
chiéu sao cho U dong phéi véi V. Hay néi ném na, da tap 1a mét khong gian topo
n-chiéu ma cuc b tai gan méi diém, gidng véi khong gian Euclidean n-chiéu.

Manifold Spaee

Hinh 1: Hinh xuyén la da tap 2 chiéu

o Khoéang cach geodesic (con goi 1a khoang cach trén da tap) la duong di ngan nhat
gitta 2 diém trén cung 1 da tap khi di doc da tap do.

Eucunmzlsrmcs

Hinh 2: Khoang cach Euclidean va Geodesic



Téng quan vé Isomap | 2

1.2 Tam quan trong va cach xac dinh khoang cach geodesic

1. Viéc bao toan khoang cach geodesic quan trong vi khoang cach geodesic:
o Nam bat chan thuc cau triic hinh hoc phi tuyén tinh tuong ting véi chiéu cong.
o Phéan anh qua trinh chuyén d6i doc theo da tap.

Nhitng diém nam cach xa nhau doc theo bé mat da tap c6 thé gan nhau theo khoang
cach Euclidean. Vi vay, bao toan khoang cach Geodesic, thay vi bao toan khoang cach
Euclidean, gitp duy tri cAu triic hinh hoc ctia da tap.

2. Cach xac dinh khoang cach geodesic:
Khodng cach geodesic thuong khong thé xac dinh chinh xac (trir khi ta biét trude da
tap dung).
Trong thuc té, ta chi duoc cung cép mot tap dir liéu X duogc léy mau tir mot da tap M
chua biét, ta c6 thé xap xi khoang cach geodesic bang duong di ngan nhat trén do thi
lan cadn dugc xay dung dua trén tap du liéu.

_Z L SR
T
2

Hinh 3: Tinh x4p xi khodng cach geodesic bang dudng di ngan nhét trén dé thi lan can

1.3 Y twdng chinh

Tim cac diém trén khong gian it chiéu sao cho khoang cach Euclidean gitra ching xap xi
v6i khoang cach do thi trén da tap ma ta do dugce & khong gian nhiéu chiéu.
Dua trén y tudng chinh, ta xac dinh dugc hai van dé can giai quyét:

1. Tinh khoang cach Geodesic gitta hai diém d liéu bat ky dé 1ap ma tran khoang cach:
Mot tap dit liéu ludn c6 tinh 16i rac, do d6, co ban né la xap xi roi rac ciia mot da tap.
Vi vay, viéc tinh geodesic distance gitta hai diém bat ky giébng nhu viéc xap xi n6 bang
cach xay dung do thi trén cac diém di liéu ban dau. Cach thuc hién:

o Néu hai diém "gan nhau", thi ta sé xap xi geodesic distance gitta hai di€ém d6
bang Euclidean distance (Budc 1 - xdy dung dd thi lan can, viéc "gan nhau"dugc
xéac dinh dya trén hang s6 k chon trudc)

o Thiét 1ap geodesic distance gitra hai diém bat ky bang shortest path search
algorithms. Tuong quan & day: geodesic 1a khoang cach ngan nhét trén da tap,
khi ta roi rac héa 1a duong di ngan nhat trén do thi. (Budc 2 - tim duong di ngan
nhét trén do thi)

2. Gidm chiéu di liéu sao cho khoang cach geodesic gitta cac diém di liéu dugc bao
toan t6t nhat. (Budc 3 - Ap dung cMDS cho ma tran khoang cach da tinh dugc)



2 THUAT TOAN ISOMAP

Dix liéu dau vao:

X = [xl Xo xn]
véi x; € R7 va s6 chiéu dir liéu can dat dugc sau khi giam chiéu la p.
Dt liéu dau ra:

Y, = [yl y2 yn]

vdi y; € RP sao cho ham mat mat

£05) = 1 e i I

n
i=1j=

dat gia tri nho nhét.

Ly do lya chon ham mat mat: Muc tiéu ctia thuat toan 1a bao toan tot nhat khoang cach
geodesic gitta cac diém di liéu. Ta mong mudn khoang cach euclidean gitra cac diém dir
liu duoc biéu dién & chiéu thap xap xi khoang cach geodesic (d;;) do dugc & chiéu cao tot
nhat c6 thé. Tuong duong vdi viéc chénh léch gitta hai khodng cach nay cang nho thi thuat
toan bao toan cang tot.

Thuét toan gom 3 budc chinh:

1. Xay dung do thi viing 1an can (neighbor graph).
2. Tinh toan khoadng cach do thi gitra tirng cip diém di liéu trén toan dataset.
3. Giam chiéu dir liéu - Ap dung thuat toan cMDS.

No6i dung cu thé tirng budc sé dugc trinh bay trong nhitng phan sau.

2.1 Xay dwng do thi vung lan can (neighbor graph)

Dix liéu dau vao:

X=[x1 X2 . Xn
voix; € R1Vi € {1,2,...,n} vak € R1a 1 siéu tham sb biéu thi s6 diém gan nhat duogc ndi
vdi 1 diém.
Dit liéu dau ra: D = {d;;} € R™*" trong d6 d;; 1a khoadng cach tryc tiép tir i t6i j néu ¢6 canh
ndi gitra i va j, néu khong thi djj = +oo0.
C6 3 thuat toan chinh dé giai quyét bai toan nay la thuat toan brute force, thuat toan kd-tree
va thuat toan ball tree. Va dudi day sé 1a mo ta thuat toan brute force va thuat toan kd-tree.

2.1.1 Thuat toan brute force

Thuat toan
Vie {1,2,..,n} talam cac budc sau:

1. Tinh khoang cach tir x; t6i x; Vj € {1,2,.,n} valuu lai cac gia tri nay trong 1 danh
sach.

2. Sap xép danh sach nay ting dan.
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3. Duyét qua k + 1 diém X; gan nhat véi x;, dat t 1a khoang cach tir x; toi x;. Ta cdp nhat
dij = t vad;; = t. (Luu y: cdp nhat ludn ca dj; la can thiét vi ta mudn do thi ctia ta la
v6 huéng dé ddm bao ma tran khodng cach sau khi chay thuat todn dudng di ngan
nhat 1a ddi xing.)

Céc canh khong dugc cap nhat sé dugc gan = +-co.

Do phuc tap

Do phai xép sap lai 7 1an va do phtic tap méi lan sap xép 1a O(nlogn), nén do phtic tap cta
thuat toan nay la: O(n?logn).

2.1.2 Thuat toan kd-tree

Thuat toan bruteforce ton nhiéu thoi gian do phai tinh tat ca khoang cach gitta 2 cip diém.
Nhung diéu nay 1a khong that sy can thiét vi néu 2 diém & that su xa nhau thi ta khong can
tinh khoang cach gitra chiing. Vi vay, ta sé mu6n xay dung 1 ciu tric di liéu dé chia dir
liéu ctia ta thanh cac viing. Sau do6 ta c6 thé duyét nhanh can qua cac diém di liéu dé toi
thiéu s6 diém can phai duyét. kd-tree chinh 1a cau trtic dit liéu ma ta can.

Tong quan ve kd-tree

1. Kd-tree l1a 1 cay nhi phan.

2. Mdi dinh trén cay sé chita 1 diém dit liéu. tinh chat ctia diém d liéu nay sé duoc trinh
bay cu thé hon tai budc xay dung cay.

3. D€ thuan tién cho bai toan KNN thi ta sé dinh nghia thém 2 bién p'°¥ va p/&" 1a vi
tri 2 dinh ddi dién ctia 1 hinh hop chit nhat trong khong gian RY. cy thé, néu diém x
thudc hinh hop chi nhat nay thi: plov < x; < p?lgh Vie {1,2,..,q} . Khi dé ta cing

c6 khoang cach tir y 1a 1 diém bat ki trong R7 t&i hinh hop chi nhat nay la:

9 . )

high high
(lyi =P+ lyi = 9" = " + pi)°
=1

o] =

1

42

.
q4

Hinh 4: khoang cach tir cac diém khac nhau t6i hinh hop chit nhat trong R?

4. Binh vu tién: ¢ 1a 1 diém dang thuc hién truy van trén cay, ta dang & dinh x c6 tang la
htrén cay. r = (x mod gq) + 1. Néu t, < x, thi dinh uu tién 1a dinh con bén trai, néu
khong thi dinh uu tién la dinh con bén phai.



Budc 1: Xay dung kd-tree tir di liéu dau vao
Thém 1an lugt cac diém dir liéu x; vao cay theo cac budc sau:

1. Bat dau tur dinh gbc ctia cay.

2. Néu dinh hién tai la NULL thi xuéng budc 3, néu khong thi xudng tiép dinh con uvu
tién va lap lai budc 2.

3. Thém dinh mdi tai vi tri nay c6 gia tri la x; va luu lai plow, phigh la surrounding box

ctia x; dua trén p'°®, p"sh ctia dinh cha ctia né.

C
»
o A {D
L g
B
——e
E &
F E (66,85) F (85, 90)

(a) (o)
Hinh 5: cic diém d liéu va cay tuong tng
Budc 2: Tim k diém di liéu gan nhat ng véi tirng diém dir liéu x;

Khéi tao D (D chita k diém dit liéu gan v6i x; nhat).
Tai m6i dinh xj, ta thuc hién cac budc sau:

1. Néu khoang cach tir x; t6i hinh hop chit nhat chita x; khong gan hon khoang céch téi
diém di liéu xa thit k trong D thi ngting duyét tiép cac con ctia X;.

2. Cép nhat khoang cach tur x; tdi x; vao D.
3. Goi dé quy xudng dinh con wu tién ctia x;, sau d6 goi dé quy xudng dinh con lai.

Nhan xét.
Trong 1 56 trudong hop, thuat toan khong thé tranh khoi viéc phai kiém tra tit ca dinh trén
cay. Dudi day 1a 1 vi du.
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Hinh 6

Co thé thay mac du p la diém c6 vi tri khé xa vdi q trén cay, nhung p lai 1a diém gan g nhét.
Vi vay, ta c6 thé sé phai duyét qua hau hét cac diém dé tim dugc diém gan g nhat. Do do, do
phtic tap cta thuit toan tim kiém trong trudng hop xau nhat van 1a O(nlogk) (O(n) néu
st dung fibonacci heap) dan dén do phtic tap ctia thuat toan nay 1a (O(n?logk) O(n?) néu
str dung fibonacci heap). Tuy vay, trong thuc té (khi cay tuong dbi can bang va cac diém di
liéu phan bd ngdu nhién) thi thuat toan sé giam thiéu dugc rat nhiéu diém di liéu can kiém
tra. Do vay ma thuat todn kd-tree van nhanh hon nhiéu so véi thuat toan brute force.

2.2 Tinh toan khoang cach do thi giira tirng cap diém dir liéu trén toan dataset

O budc nay, ta sé ding thuét toan Dijkstra. Cu thé, ta sé bat dau bang viéc chon 1 diém
ngau nhién va hang chd cac diém sé dugc xét. Goi d6 la diém A va hang cho Q.

Ta xét do dai canh AA; véi A; 1a cac diém c6 lién két véi A. Sau do, ta thém vao Q cac diém
A; kém khoang cach dbi véi A tuong tng theo thit tu khoang cach ting dan.

Cudi cting ta thuc hién vong 13p sau:

o Xét diém dau tién trong hang cho (goi diém nay 1a L), 1an luot xac dinh khoadng cach
tir A dén cac diém c6 lién két véi L bang téng khodng cach tir A dén L cong khodng
cach tir L dén diém d6. Cap nhat khoang cach do thi ctia cac diém nay néu téng trén
nho hon chi s6 hién tai.

o B3 sung cac diém cting khoang cach vao hang chd Q sao cho van dam bao tinh tang
cta hang cho.

e Loai diém L ra khoi hang cho.

Thuét toan sé dirng lai khi tat ca cac diém trong dataset da duoc xét.

2.3 Giam chiéu dir liéu - Ap dung thuat toan cMDS

Sau hai budc trén, ta c6 dugc ma tran chita thong tin vé cac geodesic distances gitta cac diém
dur liéu: D = {d;;}1<;j<n- Muc tiéu ctia chiing ta la giam chiéu ctia tap dur liéu {xq,- - -, x, }
thanh cac diém du liéu yy, - - - ,y,, v6i chiéu p bé hon, sao cho tat ca cac khoang cach



ly; —y;ll 1a xap xi khoang cach geodesic d;; gitta x; va x; tot nhat c6 thé. Do do, ta thiét lap

ham muc tiéu can toi vu

n n
E(Yp) = Z Z(dij— | yi—Yy; ||)2
i=1j=1
voi
Yo=1[y1 2 - ¥l

1a ma tran chita cac diém dir liéu da dugc gidm chiéu, y; € RP véimoi 1 < i < n. Dé
gidi quyét bai toan tbi uu trén, ta st dung thuat toan Classical Multidimensional Scaling
(cMDS).

2.3.1 Cac buoc ap dung cMDS

Ta ap dung thuat toan Classical Multidimentional Scaling (cMDS) véi ma tran D, gom 4
budc nhu sau:

1. Lap ma tran binh phuong khoang cach D,y = {dlzj}lgi,jgn-

2. Ap dung double centering K = —%H Dy H, voi H la centering matrix H = [, — %]n,
trong d6 I, € R™" la ma tran don vi va J, € R"*" 1a ma tran c6 tht ca cdc phan tur la
cacso 1.

3. Xac dinh cac tri riéng va hé vector riéng truc chuan tuong ung caa K va thuc hién
chéohda K = VAVT, trong do:
A 1a ma tran duong chéo véi cac phﬁn trlantriribng Ay > Ay > --- > A, cua K.
V 1a ma tran chira cac cot la hé vector riéng truc chuan

V= [vl Vo e vn]

trong d6 vy, vy, - - -, v, 1an lugt 1a vector riéng (tryc chuan) tuong tng voi cac tri
riéng Aq, Ag, -+, Ay

4. Chon p tri riéng 16n nhat va cac vector riéng tuong ting, ta dugc ma tran output
1
— A2yT
Yp = AV,
2.3.2 Chiw'ng minh thuat toan
1. Mot sb kién thic, tinh chat quan trong

Dinh nghia 2.1. (Co s6). Cho khong gian vector V va U la mo6t khong gian concta V .
Mot co sd (basis) cia U 1a mot tap hgp S gom céc vectors (c6 thé vo han) thudc U thoa
man:

Cac vectors trong S doc 1ap tuyén tinh véi nhau.

Tap sinh bdi cac vectors nay ctng la U: Span(S) = U

Dinh nghia 2.2. (Co sd tryc chuan) Mot tap hop vectors tao thanh mot tap hgp truc
chuén néu tat ca vectors trong tap hop truc giao (hay vudng goc) va tat ca déu c6 do
dai béng do dai don vi (b@fmg 1). Mot tap hop truc chuan tao thanh mét co s& duoc goi
1a co sd truc chuan.



Dinh nghia 2.3. (Ma tran truc giao) Ma tran A € R"™" dugc goi 1a truc giao néu:
ATA =1,

Nhan xét 2.4. Cdc dong (hodc cdt) cua mot ma trdn truc giao tuong 1ing vdi mot co s¢ tric
chudn ciia R"

Tinh chit 2.5. Néu ma tran A € R"" 1a ma tran truc giao thi: ATA=AAT =1,
hay AT 1a ma tran nghich dao caa A.

Dinh nghia 2.6. (Ma tran déi xing) A € R™ dugc goi 1a ma tran ddi xing néu:
AT = A
Dinh 1y 2.7. (Dinh Iy vé phd - Spectral Theorem) Ma trin d6i xiing cdp n cé n tri riéng thic.

Tinh chat 2.8. Ma tran dbi xitng cAp n c6 n vectors riéng truc chudn.

Ching minh: Goi v;,v; 1a 2 vectors riéng chudn (d¢ dai bang 1) ing v&i 2 tri riéng
khacnhau A;, A (1 <i<j<n) clla ma tran A.

Ta c6: (v;, Avy) = v] Av; = v] ATv; = v] Av; = (v}, Av)
Ma <Z)i, AU]> = <Z)i, )\]U]> = /\]'<Z)i, ’0]> ; <’0]‘, A0i> = <’0]', Aivi> = )\l‘<l)i, ’0]>
Vi A; # Ajnén (v;,0;) = 0 hay v;,v; truc glao V1 <i < j <n

Tinh chit 2.9. Ma tran A dbi xtiing cdp n c6 thé biéu dién dudi dang:
A=VAVT (1)

v6i A € R"™ 1a ma trdn dudong chéo gdm cac phan tir trén dudng chéo la cac tri riéng
clia A, V € R™" ]a ma trdn gom cac cot 1a cac vector riéng (truc chuan) tuong tng.
Ching minh: Tacé AV = VA < AVVI = VAVT «— A=VvAVI (VVT =1,
do V la ma tran truc giao)

Dinh nghia 2.10. Ma tran A € R™" ¢6 rank(A) = r, singular value decomposition
(SVD) cia Ala A = UZVT, trong dé:

2 € R la ma tran duong chéo g6m cac single value: 07 > 0o > ... > 0, vOi

0,03, ...,0% la toan bo tri riéeng khac 0 cia AT A

V € R™ ]a ma trdn gom céc cot 1a cac vector riéng v; (|| vi ||= 1) twong tung véi
. PN 2

tr1 rieng o7

U € R™ ]a ma tran gdm cac vector cdt u; (|| u; ||= 1) thoa Av; = oju;

Tinh chit 2.11. Biéu dién (1) 1a SVD ctia ma tran A € R™",
Ching minh: A = VAVT <« AT = (VAVD)T = (AVD)TVT = VAVT
= ATA=VAVIVAVT = VA?VT —= (ATA)V = VA?VTV = VA?
Tir d6, c6 A? 1a ma tran dudng chéo gom cac phan ti trén dudng chéo 1a cac tri riéng
cia ATA, V1a ma tran g6m cac cot la cac vector riéng (truc chuén) tuong ung.
Lai c6: AV = AV nén biéu dién (1) chinh 1a SVD ctia A. (Ppcm)
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Dinh nghia 2.12. (Rank) Hang ctia ma tran A la s6 chiéu ctia khong gian dong cuia
ma tran do, ky hiéu la rank(A) hoac r(A)

Tinh chat 2.13. rank(ATA) = rank(AT) = rank(A)

2. Chung minh thuat toan
o Gia st ton tai
Y = |:y1 y2 Y yn:|
Y € R%™" sao cho || y; — yj [|=d;;Vi,j € {1,--- ,n}. Néu Y thoa thi:
Y*:[yl+c yZ_|_C yn_|_c}

cting thoa Ve € R7. Khong mét tinh tong quat, gia si: Y1 (y;) =0
Xét K = YTY — Kij = yiTyj
Taco:d2 = (|vi—y: D= (yi —v) (yi — i) = vi'yi + viTyi — 2yiTy;

ij Yi —Y; Yi YY) \¥Yi Y YiYiTYi Yy Yi'yj

dlz]- =k;; + k]']' — Zki]' (2)

q q n
Z (yi) = 0 nén: Z kij = Z ylyj = 21 1;1 YikYjk = kglyjk _;1 yir = 0, tic la

tong moi dong, mdi CQt cta K deu bang 0.
n
bat T = trace(B) = ¥ k;j, ta co:
i=1
n

n n n
> i =3 ki+) kij—2} kij=T+nk
R

i=1 i=1

n
Y dij =T+ nk; 3)
=1

n n n n

szlz] Z(T+nk]]) nT‘f‘?’le]']’ =2nT
j=1i=1 = =

Thay (3) vao (2) thu duoc:

1(, 1&, 18,
kij=—5 dij_Ei_Zldij_Ejgdij 22261

j=1li=
hay K = —lHD( )H trong do: H la centering matrix: H = I, — %]n , J» 1a ma
tran mot nxn va D(py = {dz]}

Dé thay K 1a ma tran do1 xting cap n. Vi vay, tim dugc n gia tri rieng Ay, - -+, Ay
va n vector riéng tuong ung: vy, vy, - - -, Vp truc chuan.

bat:
A 0 0
A 0 A.z 0
0 0 A
V= [vl Vo ce vn}

V la ma tran tryc giao, suy ra VIV = VVT = [,
Taco: KV = VA < KVVT = VAVT «—= K=VAVT (=YTY)



Giam chiéu dir liéu: Tim Y} sao cho:

Y, = argmin ) (dij — |ly; — YjH)z = argminHYpTYp — K]|r.

Yp  1<ij<n Yp
Lai co rank(Y; Yp) = rank(Y)) < p. Ap dung dinh li:
Dinh li (Low-rank approximation): Cho ma tran A € R™", rank(A) =r,k <r
Ap = argmin{|| A — B |2 [rank(B) < k} v6i: Ay = Uy Y1 VI
B
(SVD ctia Ala: A = UxVT)

Vi vay, dé bai toan t6i wu thi:
11 1 o
Y)Y, = VpA,V,) = V,Aj A5V, nhan Y, = AV, langhiém.

Trong d6 Ap 1a ma tran dudng chéo gom p tri riéng 16n nhat, V,, 1a ma tran gom
cac cot la cac vector riéng tuong ung. (Thuat toan da duoc chitng minh)

2.3.3 Trrong hop khéng cé nghiém téi vu

Tuy nhién, ma tran K (Kernel matrix) khong phai bao gio cting la ma trdn ban xac dinh
duong, néu K c6 tri riéng am thi Arzl, khong xac dinh thuc.

Giai phép: (Robust Kernel Isomap) Chuyén d6i ma tran K thanh Mercer kernel matrix K’
(ma tran nay ban xac dinh duong) bang cach st dung phuong phap constant-shifting.
Cac budc thuc hién nhu sau:

Ky hiéu: K(D(,)) = —3HD»H

Tinh tri riéng 16n nhat c* ctia ma tran:

W

va thiét 1ap ma trdn Mercer kernel matrix K’ bang cong thtc:
K' = K(D(y)) 4+ 2cK(D) + 5¢*H

Ma tran K’ ban xac dinh duong Ve > ¢*, sit dung ma tran K’ thay cho ma tran K va tiép tuc
thuc hién cac budc ctia bai toan t6i uu.
(Phan ching minh ma trdn K’ ban xac dinh duong, ban doc c6 thé tham khao tai: [2])

10
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3 AP DUNG MO HiNH

3.1 Thuat toan Isomap co ban

Ta sé tién hanh 4p dung thuat todn Isomap dé xem output ctia thuat toan phu thudc vao k
nhu thé nao va gidi thich ly do tai sao lai xay ra truong hop nhu vay.

Ta sé xét cac trudng hop & dataset dudi day: Swiss Roll véi 1500 diém dit liéu, Swiss Roll
v4i 500 diém di liéu va S Curve véi 1500 diém di liéu

3.1.1 Tap dir liéu Swiss Roll v&i 1500 diém dir liéu

import sklearn

from sklearn import datasets
import matplotlib.pyplot as plt
import numpy as np

num = 1500

X, t = sklearn.datasets.make_swiss_roll (n_samples=num, random_state=1)
xdata = X[:,0]

ydata = X[:,1]

zdata = X[:,2]

fig = plt.figure(figsize= (12,8))

ax = fig.add_subplot (projection="'3d")

ax.scatter (xs=xdata, ys=ydata, zs=zdata,c=t, cmap=plt.cm.gist_rainbow)
plt.title('Swiss Roll with ' + str(num) + 'pts')

plt.show ()

Sau khi chay cdc dong code & trén ta khdi tao dugc tap dit liéu Swiss Roll véi 1500 diém dir
liéu dudi dang 3d.

Swiss Roll with 1500pts

Hinh 7: Tap di liéu Swiss Roll véi 1500 diém d liéu

Tiép theo ta sé chay thuit toan Isomap vdi ting gia tri k cho trude & dudi day va giam
xudng 2 chiéu dé danh gia thuat toan. Sau khi chay cac dong code & dudi ta dugc hinh sau
va rut ra vai nhan xét:
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2, 3, 4, 5, 7, 9, 11, 13, 15, 20, 25, 30, 40, 50,80]

fig = plt.figure(figsize = (16,9))
fig.subplots_adjust (hspace = 0.3, wspace = 0.45)

for i in k:
axz2=fig.add_subplot (3,5, f)
embedding = Isomap (n_neighbors=i)

X_transformed = embedding.fit_transform (X[ :num])

ax2.scatter (x = X_transformed[:,0], y = X transformed[:,1], c t,
cmap=plt.cm.gist_rainbow, s=2)
plt.title('k = ' + str(i))
f=f+1
plt.show ()
k=2 k=5 k=7
0~ e 10 {n e
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=20 0 2'[) 4]3 -50 0 Y 6 52]
k=9 k = 20
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i WA Ith 10 {1n
i S 0 i 0 ’;k
51w e 5% -
P £
°1% e 0¥ o{é
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Hinh 8: Tap d liéu Swiss Roll sau khi gidm chiéu véi s6 k twong tng

Nhan xét 1: Thuat toan chay toi wu vdéi gid tri k nam trong khodng nhat dinh, k € [4,15]

Nhan xét 2: Néu k qua nhé (k = 2 hodc k = 3), cac diém sau khi gidm chiéu nam san sat
nhau va u6n cong thanh hinh vong cung va khong cho thay thong tin gbc (1).
Hon nita § k = 2 do thi khong thé hién duoc tht cA cic mau anh. (2)

o Ly giai (1): Xét mot manifold 2 chiéu gom 6 diém ABCDEF trong dataset trén (d hinh
3), v6i k = 3 thi ta c6 thé thiy khodng cach geodesic AF = min {AB + BE + EF, AC +
CD + DE + EF}. Nhung véi k = 5 thi khoang cach geodesic AF = AE + EF, nge”in hon va
chinh xac hon so véi k =3

o Ly giai (2): Khi s6 lugng neighbor qua it, sé xay ra moét tinh trang la cac diém sé
khong lién két duogc véi nhau (nhir hinh 4). Diéu d6 dan dén viéc thuat toan sé khong
xay dung dugc do thi 1an can chinh xdc va tham chi khong tinh dugc khoang cach
manifold cta tat ca cac diém, do c6 vai diém khong dugce két ndi voi nhau.
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Hinh 9: Khoang cach gitta 2 diém khong t6i wu Hinh 10: Cac diém bi rdi rac
Nhan xét 3: Néu chon k qua 16n (k > 20), cac hinh khong con thé hién ding khodng cach
so véi hinh gbc nita, va dan bi uén cong lai gibng nhu chiéu dataset gbc 1én 1 mat phang
o Ly giai: Khi s6 k qué 16n sé xay ra hién tugng cac diém sé tim cac diém cac lan can khac

nam ngoai manifold. Diéu d6 sé khién cho khoang céach gitra 2 diém thudc manifold
khac nhau trd thanh euclid, lam mat di y nghia ban dau ctia thuat toan isomap.

3.1.2 Tap di liéu Swiss Roll voi 500 diém dir liéu

Ta sé khéo sat cing tap di liéu nhung khac s6 lugng diém dé xem sy anh hudng cta gia tri
k 1én két qua. Thay d6i bién num = 500 & doan code trén ta dugc hinh nhu sau:

Swiss Roll with 500pts

Hinh 11: Tap di liéu Swiss Roll sau khi gidm chiéu véi s6 k tuong tng
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Hinh 12: Tap d liéu 500 diém Swiss Roll sau khi gidm chiéu véi s6 k tuong tng

Nhan xét: Khoang k dé thuat todn chay t6i wu phu thuodc vao sb lugng data.

o Ly giai: S6 lugng dataset it thi mat do cc diém ciing sé gidm dan va dan dén khoang
k pht hgp cling sé giam di.

3.1.3 Tép dif liéu S Curve vdi 1500 diém dir liéu

Ta cling thyc hién thuat todn Isomap vdi s6 k cho trudc dé danh gia sy anh hudng cia k 1én
thuat toan.

S curve with 1500pts

Hinh 13: Tap dw liéu S Curve v6i 1500 diém di liéu
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Hinh 14: Tap di liéu S Curve sau khi gidm chiéu v6i sb k twong ting

Sau khi chay thuat toan xong ta dugc két qua bat ngd: k = 80 thuat todn van chay cho ra két
qua rat tot, mac du trudng hop k > 20 vdi Swiss Roll vdi cting s6 lugng data thi thuat toan
da khong con hiéu qua

o Ly giai: Do mat do phan bd diém cting véi cau triic hinh hoc gitta dataset Swiss Roll
va S Curve khac nhau. Diéu d6 dan t6i viéc khoang gia tri k twong ting dé thuat todn
chay t6t ciing khac nhau

3.2 Thuat toan Isomap dua trén radius neighbor

Nhan thay rang trong dataset nhu Swiss Roll sé c6 khu tap trung nhiéu diém nhung sé
c6 khu lai thua thét, viéc chon k sé khong giadi quyét duoc tinh hudng nay, dac biét 1a véi
dataset it dit liéu thi viéc thua thét sé xay ra nhiéu hon. Qua viéc xay dung do thi 1an can
bang k nearest neighbor véi 500 diém Swiss Roll trén ta thay dugc dd thi chita rat nhiéu 16.
Nhém em da tim hiéu va dua ra giai phap d6 bang cach xay dung dé thi neighbor bang
radius thay vi chon k.

Thuéat toan nay van giong thuat toan gbc chi khac & budc xay dung do thi 1an can. Nhing
diém nao nam trong radius ctia mot diém sé dugc coi la neighbor ctia diém do.

Ta chay thuat toan dé véi 500 diém dit liéu Swiss Roll véi ban kinh cho trudc va duoc két
qua sau:

# C3i bién ciia isomap, st dung radius dé€ 1lién két cdc neighbor
import sklearn

from sklearn import datasets

import matplotlib.pyplot as plt

import numpy as np

num = 500
X, t = sklearn.datasets.make_swiss_roll (n_samples=num,
xdata = X[:,0]

random_state=1)
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N
Q.
1)
o
)

I
i
)

fig = plt.figure(figsize = (16,9))
fig.subplots_adjust (hspace = 0.3, wspace = 0.45)

for i in k:
ax2=fig.add_subplot (3,5, f)
X_e = radius_neighbors_graph (X, radius=i, mode = 'distance')
X_path = sklearn.utils.graph_shortest_path.graph_shortest_path
(X_e, directed = False)

embedding = MDS (n_components=2,dissimilarity="precomputed")
X_radius = embedding.fit_transform(X_path|[:num])
ax2.scatter (x=X_radius([:,0], y=X_radius[:,1],c=t,
cmap=plt.cm.gist_rainbow, s=2)
plt.title('radius = ' + str(i))
f = £+1
plt.show ()
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Hinh 15: Tap d liéu Swiss Roll 500 diém sau khi gidm chiéu véi radius tuong ung

Ta c6 thé théy duogc thuat toan chay tuong doi tot so véi viéc chay k-neighbor & trén, dr
liéu sau khi gidm chiéu twong d6i déu nhau va khong sinh ra nhiéu 16 trong nhu thuat toan
k-neighbor.

Dudi day la 2 birc nh gitra 2 thuat todn qua tham s6 dugc cho la tuong déi toi wu.
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Hinh 16: Giam chiéu bang KNN Hinh 17: Giam chiéu bang Radius neighbor

Ca 2 thuat toan déu tot trong viéc bdo toan khoang cach geodesic, nhung & Radius neighbor
cac diém duge phan bd déu hon va it 16 hon so véi KNN.

3.3 Ap dung thuat toan Isomap lén Handwriting Digit Dataset

Nhan thay viéc gidm chiéu ctia thuat toan Isomap c6 thé gitp ta thay dugc cac feature an
sau khi gidm chiéu, nén nhém em sé ting dung Isomap lén Handwriting Digit Dataset va
nhéan xét cac feature ndi bat sau khi gidm chiéu béng Isomap.

Viéc thuc hién d6 sé dugc tém tat nhu sau:

1. Nhap dataset ciia Mnist

2. Loc ra data s0 can phan tich (& ddy nhém em chon Lucky 7)

3.
4.
5.

Thuc hién Isomap 1én data dé va plot 1én 2d
Chon random cac diém & trong plot d6

Hién thi nhiing diém random trong plot d6 r6i phan tich feature

Dusi day sé la phan code cu thé

# Import cac thu vién

import sklearn

import matplotlib.pyplot as plt
import numpy as np

from sklearn.manifold import Isomap

from keras.datasets import mnist

# nhdp Handwriting dataset tu Mnist
(train_X, train_y), (test_X,
train_X.reshape (60000, 784)

= 7]

Isomap (n_neighbors=10,n_components=2) .fit_transform(data_num7)

test_y) = mnist.load_data()
train_Xnew =
data_num7 = train_Xnew[train_y

data_num7_3iso =

# Chon random cdc diém trong dataset dé dé phédn tich
def find_landmarks (Y, n, m):

xr = np.linspace(np.min(Y¥[:,0]), np.max(¥[:,0]), n)
yr = np.linspace(np.min(Y¥[:,1]), np.max(Y[:,1]), m)
Xg, Vg = np.meshgrid(xr,yr)
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idx = [0]*(n*m)

for i, %, y in zip(range(n*m), xg.flatten(), yg.flatten()):

idx[i] = int(np.sum(np.abs(Y-np.array([x,y]))**2, axis = -1).argmin())
return idx

# Plot cdc diém dé 1én dé thi

landmarks = find_landmarks (data_num77_iso, 6, 6)

t = [2*1 +1 for i in range (36)]

fig = plt.figure(figsize = (16,9))

plt.scatter (data_num7_iso[:,0], data_num7_isof[:,1] )

plt.scatter (data_num7_iso[landmarks, 0], data_num7_iso[landmarks, 1], c= t,

cmap=plt.cm.gist_rainbow)

# hién thi chit viét tay ctia cdc diém random dé
fig = plt.figure(figsize = (7,7))
for i in range (len (landmarks)) :
ax = fig.add_subplot (7,7, i + 1)
imgplot = ax.imshow (np.reshape (data_num7[landmarks[i]], (28,28)),
cmap = plt.cm.get_cmap ("Greys"))
imgplot.set_interpolation ("nearest")
plt.xticks ([])
plt.yticks ([])
plt.show ()

Sau khi chay cac dong code d6 xong, thém mot xiu chinh stta dé chung ta dé hinh dung xu
hudng ctia cdc diém qua hinh sau.
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Hinh 18: Tap dix liéu chir viét s6 7 sau khi gidm chiéu va hinh anh cac hinh dugc chon random

Nhu hinh trén thi ta sé théy dugc 2 feature chinh cta cac diém dir liéu d6 la gach & than va
do nghiéng ctia than ctia s6 7.



Duya vao truc ma nhém em vé qua viéc phan tich xu hudng, ta c6 thé thiy duoc cang lén
cao sb 7 sé khong c6 gach & than va cang qua phia bén phai thi than cda sb 7 it nghiéng
hon. Cang xubng dudi thi s6 7 sé c6 gach & than, va cang qua phia bén trai thi than sb 7 bi
nghiéng nhiéu hon
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4 KET LUAN DANH GIA

4.1 Danh gia thuat toan Isomap

Thuat toan Isomap phu thudc 16n vao viéc xdy dung 1an can nén viéc chon k va cau tric dir
liéu sé dnh hudng 16n dén két qua cudi cung.

Vé viéc chon k, thuc nghiém chirng minh rang ta khong thé chon k mot cach tuy y.

Néu lan can duoc chon ton tai cac 15, khoang cach euclid sé khong xép xi khoang cach
do thi nén dan dén két qua sai.

4.2 Cai tién thuat toan
4.2.1 Phuong phap chon K - sé nearest neighbors hop Ii

Lya chon viing 1an can trong Isomap kha quan trong. Néu ving 1an can tai méi diém qua
16n, cac viing 1an can cuc bo sé bao gom cac diém dix liéu tir cac nhanh khac cua da tap, lam
tat ching va dan dén 16i phu trong qua trinh nhiing cubi cting. Néu né qué nhd, sé dan dén
gian doan, lam cho da tap phan manh thanh mét ) luong 16n cac cum bi ngét két ndi.Vi
vay, khi c6 phuong phap chon s6 k nearest neighbors hop i, ciu tric ctia da tap sé dugc
bao toan tot hon.

Thuét toan lya chon tham s6 ti wru gom 4 budc:

1. Chon khoang gid tri c6 thé nhan ctia K: Kopt € [Kipin, Kinax]
Kyuin 12 gid tri nho nhat ctia K, véi gia tri nay, do thi 1an can (ké tir budc 2 cia
thuat toan Isomap) s€ khong bi roi rac.
Kinax 12 gid tri nguyén 16n nhat thoa % <K+2
trong d6 P 1a s6 canh va N 1a s6 nt trong do thi ké tir budc 2 cta thuat toan.
Giai thich:

— Kiuax 1a mot gid tri hiru han, vi khi K tang, P (sb canh ctia do thi) sé tang 1én
rat nhanh (vi méi diém dix liéu sé duoc két ndi thém véi mot sé6 diém khac &
budc 1). Vi vay, K ting dén mot Itic ndo d6 sé khong con thoéa man bat dang
thuc ntra.

— Sau khi hoan thanh cac thit nghiém va phan tich dit liéu két qua, nhan thay
rang trong tat cd cac trudong hgp duge xem xét, néu gia tri trung binh ctia
biéu d6 (dugc tinh v6i mot sb gia tri ctia K) 16n hon K + 2, thi thudong nhan
cac 16i tat khong chay theo bé mat cta da tap.

Do d6 ta chon gidi han trén cta tap cac gid tri K thoa bat dang thitc 1a Ky

2. Tinh ham mat mat L(K) véi méi Kopt € [Kiin, Kinax] (Ham mat mat L trong bai toan
gidm chiéu d liéu tdi wu & budce 3 - Isomap)

3. Udc tinh tat ca cac cuc tiéu ctia L(K) va cac s6 K tuong tng dé tao ra tap Sk gom cac
ting cl vién ban dau cho gia tri K toi uu

4. V&i mdi K € Sy, chay thuat toan Isomap va xéac dinh K¢ bang céng thuc:

Kopt = argming (1 — pp, p,)
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Trong do:
D, 1a ma tran geodesic distances ctia tap dit liéu dau vao X
Dy 1a ma trdn khoang cach euclide ctia tap dur liéu daura Y
p 14 hé s6 tuong quan tuyén tinh tiéu chudn giita tat ca cdc muc ctia Dy va Dy,
p nhan gia tri trong khoang [-1;1], (1— pz) nhén gia tri cang nho thi || p || cang
gan 1, Dy va D, cang tuong quan mat thiet.

Pé tim hiéu sau hon vé van dé nay, ban doc c6 thé tham khéo & tai liéu:[11]

4.2.2 Landmark-lsomap

Gi6i thiéu vé L-Isomap

Khi s6 luong di liéu dau vao N qua 16n, Isomap c6 thé trd nén qua ton thai gian vé cau
tric duong dan ngan nhat (O(kN?log(N))) va phan ra eigenvalue MDS (O(N?)).

Tang toc hai tinh toan nay, L-Isomap dugc dé xuat. L-Isomap chon ngau nhién n diém tir X,
goi la cac diém moc. Thay vi tinh todn duong di ngan nhat giira tat ca cac diém dir liéu,
L-Isomap chi tinh toan dudng di ngan nhét tir mdi diém di liéu dén cac diém moc. Sau do,
cMDS dugc ép dung cho ma tran khoang céch trac dia nxN thu dugc dé tim cach nhling
chiéu thap ctia cac diém moc. Viéc nhung cac diém con lai thu dugc bang mot phép bién
d6i tuyén tinh ¢6 dinh cta khoang cach trac dia cta chung dén céc diém moc.

Bang cach nay, do phtic tap vé thdi gian cdia dudng di ngan nhét va tinh toan MDS 1an luot
dugc gidm xudng O(knNlog(N)) va O(n%N).

Cac budc cua thuit toan Landmark-Isomap

1. Chon n diém méc tur tap dit lieu X (n > p + 1, vdi p 1a s6 chiéu can gidm xudng)
2. Tinh khoang cach geodesic tir tat ca cac diém di liéu dén cac diém moc da chon.

3. Ap dung cMDS cho céac diém moc (st dung ma tran khoang cach geodesic A giira cac
diém mbc) va thu dugc ma tran biéu dién chiéu thap (p-chiéu) cta cac diém méc Ly,

4. P6i véi moéi diém, xac dinh vi tri cia né bf?mg cach st dung cac khoang cach trac dia
da biét dén tirng diém moc:
Tinh 6, trong d6 J,; la trung binh hang thi i cia ma tran A
V6i méi diém x,, tinh &, trong d6 6,; 1a binh phuong khoang cach gitra diém x,
va diém moc i
Biéu dién chiéu thap ctia x, lay, = — %L; L6, —68,) véi L, 1a nghich dao penrose
moore cua Ly.
Van dé caa L-Isomap
1. Céach chon cac diém mbc

2. Su khong 6n dinh vé cau tric lién két, gdy ra bdi cac canh ngan mach

Hién nay, da c6 dé xuét vé phuong phap chon mbc va phuong phap loai trir cac canh ngan
mach. Phuong phép tich hgp L-Isomap véi hai cai tién nay dugc goi 1a Robust L-Isomap
(RL-Isomap). Ban doc c6 thé tham khdo tai liéu: [5] dé biét thém thong tin vé RL-Isomap.
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5 HUGNG PHAT TRIEN TRONG TUONG LAI

Dua vao nhiting ndi dung duoc néu trén, ta co thé théy van con tiém nang nghién ciu &
nhirng khia canh nhu sau:

J khoan tinh toan khoang cach trén toan dataset, viéc st dung thuat toan Dijkstra c6
thé dugc cai thién bang cach st dung Fibonacci Heap.

CAu truc dataset chura dugce khai thac t6i da. Thuat toan Isomap van hoat dong tuong
tu v6i nhitng trudng hop déi 1ap vé cau tric nhu khi dataset c6 phan bd déu va khi
ton tai nhiéu "16", truong hop cac tang di liéu duge tach biét tot va truong hgp nam
gan nhau.

Gidi phdp: phan loai thuat toan Isomap dua vao dataset dé ap dung nhitng budc tinh
toan toi wu hon cho cu triic cu thé ctia dataset do.
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