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Loi cam on

DAu tién, ching em xin chan thanh cdm on Ban t6 chic PIMA vi, m3c cho nhiing tré ngai va
thach thiic gay ra do dai dich COVID-19, van da té chdic thanh cédng ra mot ki trai Todn hoc
vd cling bé ich. Cdm on cdc anh chi mentors va cdc dién gid da gieo nhiing hat gibng dam mé
Toan hoc va Khoa hoc di liéu, cling nhu truyén tai nhiing kién thdc rat thd vi ma nhing hoc
sinh cp 3 va nam dau dai hoc nhu chiing em it cé co hdi dugc tiép xuc.

Dac biét, ching em xin cam on anh Linh Tran, ciing nhu chi Phuong Dinh, anh Nguyén Nguyén,
chi Thu Nguyén, da truyén cam hting va theo sat ching em trong qud trinh thuc hién dé tai
nay. Trong qua trinh bién soan, sai sét la khé tranh khoi. Nhém tac gia mong nhan dugc su
gép y tu phia ban doc. Xin chan thanh cam on.



Tém tat noi dung

Bai bdo cdo nay gidi thiéu thuat toan Locally Linear Embedding (LLE), m&t phuong phap giam
chiéu dir lieu thudc 16p Manifold Learning. Ching téi sé trinh bay nén tang va cac budc thuc
hién thuat todn, ciing nhu cach dp dung LLE vao mot sb tap dir liéu ly tudng va dé nén anh.
Cubi cling, bai bdo cdo nay dé cap mot sb cai bién clia LLE; néu lén cac uu diém va mot sbd
luu y khi ap dung phuong phap nay.
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1 Dimensionality Reduction va so luoc vé Locally Linear Em-
bedding

1.1 Bai toan Dimensionality Reduction

Cdc tap dir lieu 16n cé thé gay nhiéu trd ngai trong viéc gidi cac bai toan Machine Learning.
Kich thudc cla di liéu cang I6n, toc do cla thuadt todn cang gidm, va viéc trich xuit cac théng
tin y nghia tur dif liéu cang khé khan. Trong mot sb trudng hop, cdc tap di liéu I6n cé thé chia
cac features gay nhiéu, lam gidm doé chinh xdc cla thuat toan.

Nhing bat loi trén dadn dén nhu cau gidm kich thuéc cua cic tap di liéu qua I6n, va tur do
bai toan Dimensionality Reduction (Gidam chiéu dir liéu) ra doi. Bai toan dugc phat biéu
nhu sau: Cho cdc diém di lieu xi, xo,..., X, thuéc khéng gian D chiéu. V6i mbi diém x;
(1 <i < n), tim mot diém y; thudc khéng gian d chiéu (v6i D > d), sao cho tinh chat tbi uu
dugc théa man. Khi dé y; duoc goi la representation (bi€u dién) cla x;.

Bai toan Dimensionality Reduction ¢6 nhiéu y nghia thuc té. Giai duoc bai todn nay giup tang
tbc do hoc, tranh overfit (su qud khdp), giam dung lugng luu trit, hd trg truc quan hda dit liéu
trén khong gian 2 (hodc 3) chiéu, va tim nhiing features an, quy luat gitip giai thich di liéu.

1.2 Manifold Learning va Manifold

Mot cach tiép can bai todn Dimensionality Reduction 1a Manifold Learning (Hoc da tap) -
mdt nhém cdc thuat todn gidm chiéu di liéu khong giam sat. Dinh nghia cla manifold vuot
qua pham vi cla bai bdo cdo nay, tuy nhién, ta quan tam tinh chat sau day ctua manifold: mét
manifold d chiéu 1a mét ciu trdc hinh hoc ma cuc bd tai moi diém cla né tréng gibng nhu
mot khéng gian Euclide d chiéu. Trai Dat (hay, téng quat hon, mét mat cau 3 chiéu) 1a mot
manifold 2-chiéu: nhin mét cach cuc bd, bé mat Trai DAt trong gidbng mot khéng gian 2 chiéu,
nhung thuc chat Trai Dat 1a moét ciu tric 3 chiéu. Bén dudi la mdt sb vi du vé manifold:

sphere
torus
double torus

00 ¢ &

cross surface

- Klein botile
l S ]
I ° O
Hinh 1: Cac manifold 1-chiéu Hinh 2: Cac manifold 2-chiéu

Manifold Learning bat dau véi gia thiét cic diém dit liéu trong khong gian D chiéu déu nam
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trén moét manifold d chiéu véi D > d, va st dung cdc tinh chat cuc b6 cla manifold dé tim ra
representation d chiéu clia cac diém dit liéu ban dau. ! Mot hé qua cua giad thiét da tap 1a méi
diém dir liéu va cac neighbors 2 clia né cling nam trén mot khéng gian (gan nhu) tuyén tinh
cuc bd. Diéu nay cé nghia 12 mbi diém dit lieu c6 thé duoc biéu dién bang mot t& hop tuyén
tinh (cé rang buéc) clia cac neighbors clia né. Hé qua nay 1a nén tang quan trong cho mét
trong cac budc thuc hién cta Locally Linear Embedding.

1.3 Toéng quan vé Locally Linear Embedding

Locally Linear Embedding (LLE) |3 thudt todn gidm chiéu di liéu thudc nhom Manifold
Learning. Téng quan vé thuat todn nhu sau:

e Input:

— Tap dit lieu can gidam chiéu X, cé kich thudc m x D, véi m diém di liéu (mdi hang
cla X 1a mot diém dir liéu) va D features,

— Tham sb cho bai toan xay dung neighbor graph,
— S6 chiéu d cla tap di lieu dau ra (d < D).

e Output:

— Tap di lieu da duoc gidm chiéu Y, c6 kich thuéc m x d, véi m diém di lieu (mai
hang cla Y 1a mot diém di liéu) va D features.

e Cac budc thuc hién:

1. Xay dung neighbor graph, tiic xac dinh neighbors cho ting diém di liéu,

2. Xap xi mbi diém dir lieu bang mot t6 hop tuyén tinh (cé rang budc) clia cac neighbors
cta no, 3

3. S dung cac trong sb cla td hop tuyén tinh tim duoc trong budc 2, suy ra repre-
sentation (trong khéng gian it chiéu hon) cla diém dit lieu ban dau.

Gibng nhu cac thuat toan Manifold Learning khac, LLE gid dinh rang cac diém dit liéu trong
khong gian D chiéu nam trén mot manifold d chiéu (véi D > d). Ta c6 thé gan cho manifold
nay mot hé truc toa dé manifold. LLE gidm chiéu di liéu bang cach bién toa dd so véi hé truc
toa do toan cuc clia mot diém di liéu bat ky thanh toa dd so véi hhé truc toa dé manifold bang
cac phép bién déi tuyén tinh. Véi nhiing diéu kién rang budc, cdc trong sb clia t6 hop tuyén
tinh tim dugc 6 budc 2 1a bat bién véi cac phép bién d6i tuyén tinh (sé duoc dé cap ré hon &
2.2). Diéu nay cé nghia |a cho du xét trén bat ci hé truc toa dé nao, cac trong s6 tim dugc &
buéc 2 déu phan anh duoc mdi tuong quan hinh hoc giita mét diém dir liéu va cac neighbors
clia né. Vi thé & budc 3, ta gilt nguyén trong s6 dé di tim representation cla cic diém dii liéu
ban dau, ciing |3 di tim representation ctia mbi diém dit liéu dua vao tuong quan hinh hoc Vi
cac neighbors.

1Day goi |a gid thiét da tap. Tat nhién, khéng phai lic nao gid thiét da tap cling ding. Vi vay khong thé ap
dung Manifold Learning mét cach tly tién, ma phai xét dén tinh phu hop cla tap dii liéu.

?Neighbors 12 mot khai niém trong topology. Trong pham vi ndy, ta cé thé hiéu mot diém g 13 neighbor ctia p
néu g di “gan” p. Phuong thiic do d& “gan” sé duoc dé cap & phan 2.1.

3Su kha thi clia budc nay duoc dua trén gia thiét da tap va hé qua clia né, di dugc dé cap & phan 1.2.
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2 Locally Linear Embedding

2.1 Xay dung neighbor graph

Trong LLE, mét neighbor graph 13 mét do thi vé hudng xac dinh cho mét tap dir liéu, ma trong
dé méi diém di liéu 13 mot dinh. Déng thai, diém p va g sé ducc ndi véi nhau bang mét canh
vd hudéng néu g 1a neighbor cla p.

Dé xac dinh duoc hai diém p va g c6 1a neighbors hay khéng thi trudc hét phai xac dinh
mot phuong phap do luong, qua dé tinh todn muic do tuong quan gilia cic diém di liéu.
D6 tuong quan gilta 2 diém dit liéu cang 16n thi khodng cich cang nhd. Cac khoang cach
thuong dugc ap dung trong cac thuat toan xay dung neighbor graph la khoang cich Euclid:

n

EUD(p, q) = | >_(g;i — p;)? va khoang cach Cosine: COD(p, q) = 1 —cos(p, q). Ngoai ra con
i=1
mdt vai phuong phap do luong nita nhu Mahalanobis, Hamming...

Céc thuat toan xay dung neighbor graph phé bién duoc dung trong bai toan LLE bao gém
e-neighborhoods, K-nearest neighbors va Locality-sensitive hashing.

e e-neighborhoods: Hai diém p va g duoc coi 1a neighbor néu khodng cach gita hai diém
nho hon gid tri € xac dinh. Trong thuat todn nay, € |a hyperparameter can diéu chinh.
Néu € qud 16n thi moi diém sé I3 neighbors clia nhau, con néu qud nhd thi sé xuat hién
tinh trang nhiing diém khéng cé neighbors.

e k-nearest neighbors: VV6i méi diém p, thuat todn chon k * diém gan nhat véi p lam
neighbors. Diéu nay ddm bao rdng mdi diém dit lieu déu cé du k neighbors. Tuy nhién
can phai diéu chinh hyperparameter k phu hop dé tranh tinh trang tai diém cé mat do
thua thi neighbor clia né sé nam xa hon so véi cac diém & vi tri c6 mat do cao.

e Locality-sensitive hashing: Thuat toan LSH |a mét phuong phdp xap xi dé xay dung
neighbor graph. LSH hoat déng dua trén moét thudt toan hash sao cho gia tri hash cla
cac diém c6 do tuong quan I6n thi cé xac suat bang nhau 16n. N6i cach khac, ham hash &
day tbi da hod xac suat dé cac diém gan nhau roi vao cing mét gid tri hash (nguoc lai véi
tiéu chi téi thiéu hod ctia ham hash théng thuong). Mét s6 ham hash thudng dugc dung
trong bai todn tim neighborhood c6 thé ké dén nhu: Bit sampling, MinHash, SimHash,...
Tuy dé chinh xac khéng cao bang 2 phuong phap trén nhung uu diém cla phuong phap
xap xi nay nam & do phtc tap tinh todn.

C6 thé thay rang, mdi thuat toan xay dung neighbors graph déu cé uu, nhuoc diém riéng. Ta
can lua chon ciing nhu diéu chinh nhitng tham sb thich hop véi méi bd dit lieu dé dat duoc hiéu
qua tdi uu. Sau khi da cé duoc neighbor graph, ttic xac dinh duoc cac neighbors clia méi diém
di liéu, ta xay dung ma tran trong sb.

2.2 Xay dung ma tran trong s6

Muc tiéu clia budc nay 1a xap xi mbi diém di liéu bang mét t6 hop tuyén tinh clia cac neighbors
cla né. Tuc véi mbi diém dir liéu x;, ta xap xi:

4Xem Lua chon siéu tham sb neighbor-k & Phu luc



K0 2 S - x0)

J=1

véimoii,j€{1,2,..., m}, va rang budc w;; = 0 néu x; khong phai la neighbor cla x;.

Tat nhién, ta mubn mat mat xdy ra do viéc xap xi nay la nhd nhat. Bai todn nay tuong duong
tim moét ma tran trong s6 W dé tbi uu ham mat mat sau:

L(W) = zm: x) — z’”: w; ;- xY
i=1 j=1

2

(1)

Nhu d& dé cap & phan 1.3, ta can dé ra nhiing diéu kién rang budc dé nghiém téi uu cla (1)

|a bat bién véi cac phép bién déi tuyén tinh, cu thé 1a phép vi tu, phép quay va phép tinh tién.

Dua vao dang ctia (1), dé thiy nghiém t6i uu bat bién véi phép quay va phép vi tu. Dong thoi
m

d€ nghiém tbi uu cla (1) bat bién véi phép tinh tién, ta dit thém rang budc Y w;; = 1. That
=1
vay, v6i diéu kién nay, tinh tién toan bd cac diém di liéu theo mot vector t bat ky, ta cé:

m m m
D +1) =Y wi (XD + 1) =xD 4t - (Z wij XD+ wiy t)
j=1 j=1 j=1

m m
= x — Z Wi - XY + (t —t- Z W,’J)
j=1 j=1

m
= X(’) — Z W/,j . X(‘l)
Jj=1

Nhu vay, bai todn xay dung ma tran trong sé6 duoc phat biéu nhu sau:

Tim ma tran trong s6 W sao cho:

W = argmin L(W)

w
. m
Thoa man w;; = 0 néu x; khong phai la neighbor clia x;, va > w;; = 1.
j=1
bat:
m 2
€i = X(’) — Z W/,j . X(J)
j=1
véi moi i,j € {1,2,...,m}. L(W) dat cuc tiéu tuong duong v6i moi €; ducc tbi uu héa.




Vi tinh tién dii lieu khéong lam thay déi ham mat mat, tién hanh tinh tién méi diém di liéu theo
vector —x(1:

m 2
€ = Z w;, - (xY) — x™)
j=1
Gid st x\) c6 k neighbors. Goi cac neighbors cla X:E/) lan luct 1a Xl(/),X2(i) ..... X,Ei). Goi thém:
e Z;la ma tran k x D c6 céac vector hang lan luct 1a xl(i) - x(’),x2(i) —x, X,E/) — x()

e W, 13 ma tran k x 1 chtra trong sb clia cac neighbors cia x() ®.

Khi d6: ¢, = W Z,ZTW; = WTGW,, v6i G, = Z;Z 1a mdt ma tran Gram °.

m
Dén day, sir dung phuong phdp nhan tir Lagrange dé tbi uu hda €; véi diéeu kien > w;; = 1.
j

Diéu kién nay tuong duong véi 17W; — 1 = 0, vdi 1 1a vector cdt c6 cac phan ti déu bang 1.
bat:
LW, A) =W/ GW, =X (1TW, — 1)

Lay dao ham lan luot theo hai bién, ta cé:

oL

= —_0 A
oW, 2GW; — A1 =0 GW; =51
oL 1'"W,—1=0

O\

Néu G, kha nghich, hé phuong trinh trén tuong duong:

)\ 1
=G 11
1% G;

1"W,—1=0

Mot cach gidi hé phuong trinh trén 1a cho X\ = 1, gidi ra W, bang phuong trinh thit nhat, rdi
sau dé chuan héa W; dé théa phuong trinh thd hai.

Néu G, khéng kha nghich 7 thi ton tai vé sé nghiém cho bai toan tim trong sb6. Tat nhién, ta cé
thé chon mét nghiém bat ky dé lam tham sb cho bai todn tim representation. Tuy nhién, trong
thuc té, viéc 1ap trinh cho thuat todn chon mot nghiém bat ky sé tao su bat én dinh gila viéc
biéu dién cac diém dii lieu khac nhau, va gitra cac lan chay cla thuan todn. D€ tranh trudng
hop nay, ta st dung ky thuat chinh quy héa. 8 Xét ham mat mat da duoc chinh quy hoa:

2

m

=1

€ = +allwl® =W GW, + aWw;

50 day chiing ta chi luu tam dén céc trong sb clia cac neighbors clia x{) vi cac trong s6 khac bang 0
6Xem Dinh nghia ma tran Gram & Phu luc Dai sb tuyén tinh

"Diéu nay xay ra khi k > D, tiic sb6 neighbors clia diém dir liéu I6n hon sb features ban dau

8Xem phan k regularization & Phu luc Dai s tuyén tinh
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Gidi mét cach tuong tu nhu trén, ta c6 nghiém tdi uu cta bai todn la:
A
VV,‘ = E(G, + al)_ll
véi | [a ma trén don vi.

2.3 Xac dinh tap dir liéu méi tir ma tran trong so6

Muc tiéu cta budc nay la tir ma tran trong sb trong budc 2, ta tim biéu dién trong khéng gian
RY cla tap dir liéu. Gid st di lieu dau ra la Y € R"9, ta can tbi thiéu héa ham mat mat

O(Y)=>

i

2

(2)

Yi— ) WY
J

hay c6 thé viét dudi dang ma tran:
O(Y) =tr(YTMY) (3)

trong d6 M = (I —W)T (I —W).

Ham mat mat (2) cé y nghia gilt lai quan hé tuyén tinh dia phuong ctia X khi xay dung dit liéu
mdéi Y.

Ta can thém mot sb diéu kién dé chuan héa di liéu dau ra:

ZY,-:O<:>YT1:O (4)

va

Lyry = l4 (5)
n

& dé 1 1a vector cot ¢b cac thanh phan déu 1a 1.

Hai diéu kién nay ddm bdo dir liéu dau ra sé ducc chuan hda, nghia la cé trung binh 1a vector
0 va c¢6 ma tran hiép phuong sai 1a ma tran don vi. Ta sé gidi bai toan t6i thi€u héa ®(Y) Vi
diéu kién dang thuic trén dudng chéo clia (5), nghiém tbi uu clia bai todn nay sé thda man diéu
kién (4) va (5).

St dung phuong phap nhan tlr Lagrange, ta cé Lagrangian:

L=tr(YTMY)—tr [/\T (%YTY — /dﬂ (6)

trong do A 1a ma tran duong chéo cé cdc phan tir |a nhan ti Lagrange.
Dé dao ham cla Lagrangian theo ma tran Y ° chi c6 cac thanh phan bang 0 thi:

1
MY ——YA=0 (7)

Vi vay, cac cot cla Y 1a cac vector riéng cia M. D€ y rang M c6 dang AT A nén chi cé gia tri
riéng 1a sb6 thuc khéng am. Mat khac, Y ¢c6 d cot, rat nhd so véi n (1a sb chiéu va ciing la sb
gia tri rieng tbi da cia M), nén ludn tim duoc cac vector riéng vy, va, ..., Vg dé tao thanh Y.

9%Xem phan phu luc giai tich ma tran



Chi y rang, tr muc 2.2 c6 W1 =1, vi thé (/ — W)1 = 0 va do dé 1 Ia vector riéng tuong ting
véi gid tririeng O cla M. Vay néu v, #1, Vi=1,2,...,d thi YT1 =0, va tir d6 cé duoc (4).
Dé (5) duoc thda man thi ta sé lya chon cac vector riéng c6 chuan la /n va déi mét truc giao
nhau. Vi cdc vector riéng ing véi gia tri riéng khac nhau thi truc giao, do dé chi can chon cac
vector riéng ng vdi cung mot giad tri riéng truc giao nhau.

Khi cdc cot clia Y bao gdm cdc vector riéng clia M (1an lugt tuong (ing véi gia tri riéng
A1, A2, ..., Ag), gid tri ca ham muc tiéu sé la:

SY) =D YTMY =D ATV =nd X (8)

Ta can toi thi€u hda ®(Y), do dé sé chon d vector riéng déi mot truc giao tng véi d tri riéng
nhé nhit clia M (khéng tinh 1 (ing véi tri rieng 0) dé tao thanh Y. Chd y rang ludn c6 thé
chon ra d+1 gid tri riéng nhé nhat ctia M do M [a ma tran Gram nén M nla xdc dinh duong
va vi vay cac tri riéng luén khdong am.



3 Ap dung mé hinh

3.1 Thuat toan LLE co ban

Dé c6 mdt géc nhin truc quan hon vé thuat toan LLE da ducc trinh bay 6 cic phan trudc, ta
tién hanh 4p dung thuat todn LLE Ién mot vai bod dir liéu dudi day.

Swiss roll Sphere like

Hinh 3: Cac tap datasets

Mbi tap dit liéu |2 tap hop cac diém dit cac diém dit 3 chiéu duoc biéu dién dudi dang ma tran
kich thudc n x 3 v6i n ~ 1500. Muc tiéu & day 1a ap dung thuat todn LLE dé gidm chiéu cua
di lieu xubng con 2 chiéu, tic 1 mdt ma tran kich thudc n x 2. Dudi day la doan code st dung
thu vién sklearn.

import matplotlib.pyplot as plt
from sklearn.manifold import LocallyLinearEmbedding

# Ma tran input duoc luu trong bien X
fig = plt.figure()
fig.set_size_inches (13, 8)

# Cac gia tri k can thu
k_set = [6, 6, 7, 10, 11, 12, 15, 16, 17, 20,
21, 22, 25, 26, 27, 30, 40, 60, 80, 120]

# Voi moi gia tri k ta chay thuat toan LLE va bieu dien output tuong ung
for id, k in enumerate(k_set):
# Giam chieu bang LLE
embedding = LocallylLinearEmbedding(n_components=2, n_neighbors=k,
random_state=117)
X_transformed = embedding.fit_transform(X)

# Bieu dien output bang matplotlib

ax = fig.add_subplot(4, 5, id + 1)

ax.scatter (X_transformed[:,0], X_transformed[:,1],
c=color, cmap=plt.cm.Spectral, s=25)
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# Xoa cac truc va dat ten cho tung output
plt.xticks([]), plt.yticks([])
plt.title(f’k={k}’, fontsize=20)

plt.subplots_adjust (wspace=0.3, hspace=0.3)
plt.show ()

Duéi day la két qua thu duoc tir mbi bo di liéu. Dua vao cac két qua thuc nghiém, ta cé thé
rat ra cac nhan xét sau:

e Két qua cua thuat todn LLE phu thudc rat 16n vao viéc xay dung neighbor graph, cu thé
6 day la hyperparameter k trong thuat toan K-nearest neighbors.

e Viéc lua chon k qua nhé sé khién cho manifold bi chia thanh nhiéu mang nhé. Trong khi
dé, lua chon k qua 16n sé lam mat di cac cau tric hinh hoc cuc bé.

e Viéc lua chon hyperparameter k phu thuéc vao tinh chit cta bo di liéu. Qua minh hoa
cla output véi cac k khac nhau, ta cé thé uéc luong tuong dbi dugc gid tri k tbi uu cho
tung bd dir lieu. Cu thé: Kswissron € [17,40], Kscurve € [20,40] va ksppere € [15, 30].

k=5 k=6 k=7 k=10 k=11
(3
‘\\\\\~ - i’/ | |owm -
. L
k=12 k=15 k=16 k=17 k=20
l! ey | il s
8 P
k=21 k=22 k=25 k=26 k=27
! 'EI' fﬂ“f’ ‘F!“f’
k=60 k=80

Hinh 4: Két qua trén tap swiss roll




k=5 k=6 k=7 k=10 k=11
k=12 k=15 k=16 k=17 k=20
EIEIEIA LA
& L
k=21' k=22' \k=25 \k=26 k=27
|\k=30 k=40 k=60 \k=80 k=120
Hinh 5: K&t qua trén tap s curve
k=5 k=6 k=7 k=10 k=11
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3.2 Thuit toan LLE st dung e-neighborhoods

Nhu da duoc trinh bay & cac phan trén, viéc xay dung neighbor graph 1a mét phan quan trong
trong thuat toan LLE. Ngoai thuat todn k-nearest neighbors - thuat toan dugc dung trong cai
dit LLE cla sklearn, thi mét thuat toan khic kha phé bién chinh |13 e-neighborhoods. Dudi
day 12 mot dé xulit cai dat thuat toan LLE sir dung e-neighborhoods va két qua khi chay trén
tap di liéu swiss roll.

import numpy as np
from sklearn.neighbors import radius_neighbors_graph

def locally_linear_embedding(X, eps, out_dim=2):
# Xay dung neighbor graph bang e-neighborhood
G = radius_neighbors_graph(X, radius=eps, mode=’distance’)

# Tim ma tran trong so W
W = np.zeros ((X.shape[0], X.shape[0]))

for i, x in enumerate(X):
Z = np.zeros((0, X.shapel[1]))
neighbor = []

for id in range(G.indptr[i], G.indptr[i+1]):
neighbor.append(G.indices[id])
Z = np.vstack((Z, [X[G.indices[id]]- x1))

# Bao loi neu eps qua nho dan toi tinh trang
# 1 diem khong co bat cu neighbor nao
if not len(neighbor):

raise (’eps is too small’)

C=27202Z.T
_eps = 0.001 * np.trace(C)
C =C + _eps * np.eye(C.shape[0])

one = np.full((C.shapel[0], 1), 1)
w = np.linalg.solve(C, one)

w /= np.sum(w)
for id, wj in enumerate(w):
W[i, neighbor[id]] = wj

# Tim cac diem bieu dien Y
A = np.eye(W.shape[0]) - W
A= AT QA

eigen_values, eigen_vectors = np.linalg.eig(A)
id = eigen_values.argsort ()

eigen_values = eigen_values[id]

eigen_vectors = eigen_vectors[:,id]

return eigen_vectors.T[l:out_dim + 1].T
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Hinh 7: K&t qua trén tap s curve sit dung thuat todn e-neighborhood

Qua minh hoa két qua, c6 thé thay si dung thuat todn k-nearest neighbors, e-neighborhoods
trong LLE cho két qua tuong tu nhau (e-neighborhoods c6 phan nhinh hon véi € € [3.6;3.8]).
Tuy nhién, viéc lua chon e phti hop ¢6 phan phiic tap hon so véi viéc lua chon k, va phu thuéc
kha nhiéu vao tinh chat hinh hoc ciing nhu phan bé mat dé di liéu cta bd di liéu.

3.3 Ung dung LLE vao bai toan nén anh

Nén anh la mdt phuong phap coé tinh ting dung cao trong khoa hoc dit liéu. N6 gidp giam kich
thuéc clia mot buic anh - tic gidm sé luong di liéu can thiét dé moé ta mot buc anh. Viéc nén
anh sé gép phan bdéc tach cac tinh chit dic trung cla anh ciing nhu ting téc cic thuat todn
thi giac may tinh. O day, cong dung gidam chiéu di liéu cla LLE sé duoc tan dung dé nén mot
bic anh den trang nhu sau.

Hinh 8: Hinh den trdng can nén

M&éi biic anh duoc coi 1a mdt ma tran kich thuéc H x W véi mdi gid tri tuong (ing véi mot
diém anh. Cac budc thuc hién nén anh nhu sau:
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e Phan mang:

— Tién hanh phan nho btc anh thanh n mang nho x; kich thudéc hxw (h < H,w < W)
(cac mang c6 thé chdng mot phan 1én nhau).
— Trai phang tling mang x; thanh ma tran dong, ta dusc mot ma tran X kich thudc
X1

nx (hx w) c6 dang nhu sau ( : ).
Xn

e Ap dung LLE: Coi ma tran X |3 mot ma tran biéu dién n diém dit lieu véi sé chiéu Ia

h x w. Ta ap dung thuat todn LLE dé gidm sb vé d chiéu, thu ducc mdt ma tran cé kich
Vi

thusc nx dlay =(:).
Yo
e Biéu dién anh nén dudi dang heatmap: V6i mdi ma tran cot clia ma tran Y ta c6 thé biéu
dién lai né sao cho vi tri cia mdi phan tir ting véi vi tri ctia cdc mang ban dau. Qua do,
ta sé duoc k heatmap.

. 2 A < X A . : _ wxhxd
e Tinh ti I& nén bang cong thiic compression rate = S7-2F

Duéi day la mot dé xuat cai dat sir dung LLE dé nén buc anh trén va cac két qua duoc biéu
dién dudi heatmap.

import matplotlib.pyplot as plt
import numpy as np

def compress(image, height, width, slice_h, slice_w, feature):
# Them cac vung dem
h, w = image.shape
data = np.zeros((h + slice_h, w + slice_h))
datal:h,:w] = image

# Chia anh thanh cac mang
patches = np.zeros((0, height * width))

cur_h, cur_w = 0, O
cnt = 0

while cur_h < h:
while cur_w < w:

np.append (patches, [datalcur_h:cur_h + height, cur_w:cur_w +
width] .flatten() .tolist ()], axis
=0)

patches

cur_w += slice_w
cnt += 1
cur_h += slice_h
cur_w = O

# Nen cac mang bang LLE

embedding = LocallylLinearEmbedding(n_components=feature, n_neighbors=15,
random_state=117)

Y = embedding.fit_transform(patches).T

# Bieu dien anh nen duoi dang heatmap
fig = plt.figure()
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fig.set_size_inches (15, 4)

for i in range(feature):
ax = fig.add_subplot (2, feature//2, i+1)
ax.imshow(Y[i] .reshape((cnt, Y[i].shape[0] // cnt)))
plt.xticks([]), plt.yticks([])

plt.subplots_adjust (left=0,
bottom=0,
right=1,
top=1,
wspace=0.3,
hspace=0.3)
plt.show ()

# Tinh ti le nen

rate = Y.shape[O] * Y.shape[1l] / (image.shape[O] * image.shapel[1])
print (f’Compression rate: {ratel}’)

# Ti le nen thu duoc la 0.17857142857142858

# Anh duoc luu trong bien grayscale
compress (grayscale, 10, 10, 7, 8, 10)

Hinh 9: Cac heatmap thu dugc sau khi nén

Mbi heatmap thu ducc biéu dién mét tinh chat dic trung nhat dinh cua anh gbc. Vi du:
heatmap 3 va 4 thé hién cic mang sang ti, heatmap 7 va 8 thé hién dudng nét clia cic vat
thé.
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4 Mot so6 cai bién cta Locally Linear Embedding

4.1 Hessian Locally Linear Embedding

Hessian Locally Linear Embedding (HLLE) dugc nghién ciiu va phét biéu bsi D.L. Donoho
va C. Grimes. Cai bién cla HLLE so véi LLE 1a HLLE thuc hién gidm chiéu di liéu bang cach
tdi thiéu hod cac yéu tb phu thudc vao da tap chira tap di lieu. Qud trinh van hanh HLLE c6
5 budc:

1. e-neighborhoods va k-nearest neighbors déu dugc st dung & buéc dau tién (nhung

k-nearest neighbors thudng dugc st dung nhiéu hon). Chon hyperparameter k sao cho
(d+2)(d+1)

k > 5 .

2. Xac dinh toa do cla tangent space tai mbi diém dii liéu x; bang phuong phap PCA trén
viing 1an can cuta diém x; dé. Goi tap hop cac neighbors clia x; 1a X; = {x;1, X2, ..., Xik}.
Ap dung Principal Component Analysis dé tim ra hé truc chuan cta X; la mét ma tran
kxdlaVi=[wn w ... vy]. Suyra, cic vector cdt clia Vi 1a ham toa do tiép tuyén
cta X.

3.bat1=11,..., 1]" € R va Q; = [vi ¥ v}]; ;4 Dinh nghia ma tran

Vo =[1V, QJ]

~

Ap dung phuong phap Gram-Schmidt dé tim ra ma tran chuan hod [1, Vi, Q,} cua V,. Tu
d6, ham Hessian 1an can 13 W, = Q:(Q,)7.
4. Cho ma tran Kernel ban dau 1a ma tran 0 kich ¢ n x n. Céng thic cla K 1a
KN, N(i)) = KNG, NG)) + Wi

voi K(N(i), N(1))

4.2 Local Tangent Space Alignment

Tuong tu nhu LLE, Local Tangent Space Alignment (LTSA) tan dung céc tinh chat tuyén
tinh cuc bd clia manifold dé tim ra mbi quan hé cuc bd ctiia mét neighborhood. 1© Dé xdc dinh
mdi quan hé cuc bo nay, LLE xap xi mdi diém dit liéu bang mdt t6 hop tuyén tinh cé rang budc
cla cdc neighbors; LTSA st dung cdc tangent space. ' Cu thé, vdi input va output gibng cua
LLE, cac budc ctia LTSA nhu sau:

1. Xay dung neighbor graph,

10Neighborhood 13 mét khai niém trong topology. Neighbourhood clia mét diém 13 mot tap hop cac neighbors
clia diém dé.

1IM6t cach dé hiéu, tangent space clia manifold M tai diém p 13 moét khéng gian vector chita toan bd céac
vector tiép tuyén véi M tai p.
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2. Xét mot diém dir lieu x; va neighborhood N(i) tuong tng. Xac dinh tangent space tai
diém x;. Tim toa dd cuc bd cta cdc diém dif lieu thudc N(i) trén tangent space,

3. Cin chinh cdc tangent space dé dong nhit héa cac hé truc toa dd cuc bo trén cac
tangent space khdac nhau thanh mét hé truc toa toan cuc trong khéng gian d chiéu.

LTSA nhanh, nhung lai bt &n dinh khi tap di liéu cé noise (nhiéu). So véi LLE, LTSA nhay
cam vaéi kich thudc cta neighborhood, vi vay khi xay dung neighbor graph can phai xac dinh
thuat toan va kich thudc neighborhood phu hop.
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5 Két luan danh gia

Trong bai bao cdo nay, ching téi da trinh bay thuat toan Locally Linear Embedding, mét thuat
todn Manifold Learning thudng duoc st dung dé gidm chiéu dii liéu. V4i nén tang 1a gid thiét
da tap, LLE b3t dau véi viéc xay dung neighbor graph, biéu dién méi diém di lieu bang mot
td hop tuyén tinh cé rang budc cla cic neighbors, va dung ma tran trong s6 tim dudc dé xac
dinh tap dir liéu mai it chiéu hon.

So véi cac thuat todn gidm chiéu dir lieu phi tuyén tinh khac, LLE c6 nhiing uu diém quan
trong, bao gdom dam bao tim dugc nghiém téi uu toan cuc va yéu cau it siéu tham sb. Nhu
cau luu trit cla LLE chi giéi han bdng véi kich ¢d cia ma tran trong sb, tiic n x k, véi n |a sb
diém di liéu va k 1a sb neighbors. Hon nira, cdc ma tran duoc hinh thanh qua cac budéc cua
LLE thudng la cdc ma tran thua. 2 St dung cac ky thuat 1ap trinh, ta cé thé tan dung cac ma
tran thua dé gidm khéng gian luu trii va thoi gian chay thuat toan.

Khi ap dung thuat todn nay ciing can mét sb luu y. Nhu da dé cap tu dau, tap di liéu phai
nam (xap xi gan) trén mot da tap - day la gid dinh cin ban nhat cta LLE. Ddng thoi phai
chon phuong phdp va siéu tham sbé xay dung neighbor graph phu hop. Thudng trong thuc té
s€ chon phuong phap k-nearest neighbors vi phuong phdap nay khéng phu thudc vao kich cé va
chiéu cuia tap di liéu. Tuy nhién, viéc chon k cho mét tap di liéu 1a khéng dé. k quéd nhd hay
qud 16n déu sé anh hudng xau dén thuat todn. 3 V6i phuong phap e-neighborhood, viéc chon
€ phu hop that su rat kho, bdi vi gid tri phu hop phu thuéc rat nhiéu vao kich ¢& va hinh dang
cuc bd ctia manifold cluia dir liéu.

12Ma tran thua 13 ma tran ma da sbé céc phan ti 13 0. Khéng cé dinh nghia chit ché bao nhiéu phan ti can
bang 0 d&€ ma tran dudc coi |3 thua nhung véi mét tiéu chi chung 13 s6 phan tir khac 0 phai xap xi bang sé hang
hodc cac cot.

I3May man thay, LLE vin cho két qua kha tbt trén mot khodng k kha rong.
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6 Phu luc

6.1 Dai s6 tuyén tinh

6.1.1 Dinh thic

(Diéu kién kha nghich) Cho ma tran A = [a;;] € M,y,(R). Ta c6: detA # 0 < A kha nghich.

Chiing minh:

(=) Xét ma tran B = [Ay;], trong d6 Ay;; bang (—1)"* nhan véi dinh thdc ma tran A sau
khi bd di hang i va cot j. Goi dic 1a dinh thic cla A khi thay hang i bdi hang k. Dit C = BT A,
ta co:

det(A) khi i=]

Cij=) Bikay = Auay=dj= { _ (9)
k=1 k=1

0  khi i#]

do dé C = det(A)l. Vi det(A) # 0 nén detl(A) BTA =1, tir d6 suy ra ma tran A kha nghich.

(<=) Ma tran A kha nghich nén ton tai ma tran B thoa man AB = /. Vi thé:

1 =det(l) = det(AB) = det(A)det(B) (10)
do do6 det(A) #0

(Dinh thiic va gia tri rieng) Cho ma tran A € M,,,(R). Dinh thiic clia A bang tich cac gia tri
riéng (ké ca bdi) cia Ava (—1)".

Chting minh:

Gid st A1, Mo, ..., A\ 1a cdc gid tri riéng cla A, khi dé ching la nghiém cua phuong trinh an X 13
det(A — Xl) = 0. St dung khai trién phan phu dé tinh dinh thic cho det(A — \/), ta sé nhan
dugc da thiic bac n bién X, goi la P(\). Da thiic nay c6 hé s6 cao nhat 1a (—1)" va hé sb tu
do 1a P(0) = det(A). Theo dinh ly Viete:

_ det(A)

Az An = Ty =

(—1)"det(A). (11)

6.1.2 Ma tran Gram

(Dinh nghia ma tran Gram) G dugc goi 1a ma tran Gram néu G c6 thé biéu dién dudi dang
ATA.

(Diéu kién xdc dinh duong clia ma tran Gram) Ma tran Gram nla xac dinh duong. Ma tran
Gram xdc dinh duong khi va chi khi cac vector tao thanh ma tran Gram déc lap tuyén tinh.

Chtting minh:
Véi moi vector v € R”, ta cé:

viGy =vTATAv = (Av)T(Av) = ||Av|| > 0 (12)
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Nhu vay G la ma tran nira xac dinh duong.

G la nlra xac dinh duong, khi dé G xac dinh duong khi va chi khi det(G) > 0, diéu nay tuong
duong véi cac vector tao thanh ma tran Gram déc 1ap tuyén tinh.

Mat khac, G xac dinh duong néu véi vector v, v Gv = 0 thi v = 0, tuong duong v6i ménh dé
||Av|| = 0 kéo theo v = 0, hay la Av = 0 kéo theo v = 0, cé nghia la cdc vector tao thanh A
sé doc lap tuyén tinh.

6.1.3 Ma tran doi xiing

Tinh chat: cac gid tri riéng clia ma tran dbi xting thuc luén 1a sb thuc.

Chtting minh:
Goi A, v 1an luot |a gid tri riéng va vector riéng (cé thé phiic) clia ma tran thuc déi xiing A. Ta
cOA=AT = A= AT va:

AN v=0"W)=V"(A) =7V ATv=(Av)'v=(v)v=AV"v (13)

trong dé X 13 lién hop clia A trong tap sé phic C, ¥ |a vector phiic cé cac thanh phan tuong
ting lién hop v6i v, A 1a ma tran cé cdc phan t tuong (ing lién hop véi A.
Viviviachudnciavvatacév#0nénviv#£0, tihdé cd dugc A=A, dovay A € R

6.1.4 Chinh quy héa

Cho biét ma tran X va vector y. Tim vector w sao cho e(w) = || Xw — y||* dat min.

Bai todn trén la moét bai toan Linear Square Error - di tim trong sb chuadn muc. Tuy nhién
trong nhiing trudng hop bai todn trén cé vd sé nghiém, dé xac dinh nghiém duy nhat, ta su
dung phuong phdp chinh quy héa, tiic thém théng tin vé nghiém. Chinh quy hda cho phép ta
loi dung viéc bai todn cé v sb nghiém dé tim ra nghiém duy nhat cé tinh chat ta mubn. Y
tudng cla chinh quy héa la di chuyén nghiém téi uu dén mot diém gan né dé xdc dinh nghiém
duy nhat (tranh truong hop ton tai vo s6 nghiém téi uu) va gidm do phuc tap cla thuat toan
(dé tranh overfit).

D6i v6i cac bai todn tim trong sé nhu trong LLE, ta cé gid dinh rang giita vo6 sbé nghiém cling
lam cho ham mit mat tdi uu, viéc uu tién chon nghiém cé gia tri cac trong sé gan bdng

x|
nhau sé cho két qua thuat toan tét hon. Dat X = | : | (V4i xq, ..., x, | cdc vector cot) va
Xy
w1
w= |1 (v6i wy,..., w, € R). Khi wy ® wy, & ... & w, thi tam quan trong, hay mic do
Whn
déng goép, trong viéc xap xi y cla xi, ..., X, 1a gan nhu nhau, va ta gia dinh rang diéu nay 3

tot cho thuat toan.
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Nhan thdy wy =~ w, ~ ... = w, khi norm cla w nhé (hé qua clia bat dang thic Cauchy), ta
thém dai luong chinh quy héa o ||w||* vao ham mat mat va ta di t6i uu héa ham mat mat d3
dugc chinh quy hda nay:

€ (w) = IXw —y||* + || wl|*

Véi a la moét sd thuc duong, goi la bac chinh quy hda, thé hién tam quan trong cla tinh chat
norm nhd so véi viéc tim nghiém téi uu ham mat mat gdc. Néu o I6n, ta coi trong tinh chat
norm nhd hon, déng nghia véi viéc nghiém tbi uu mdi sé cang xa so véi nghiém tbi uu ban
dau. Nguoc lai, ta chi coi trong viéc téi uu ham mat mat gbc, va tinh chat norm nhd khéng
con quan trong nita. Vi vay ta phai chon o sao cho phu hop; thuong ta chon a trong khoang
[10-3,107Y].

6.2 Giai tich ma tran

(Binh nghia dao ham ctia ham vd hudéng theo ma tran)
Xét ham sb f(X): R™" —s R. Ta ki hiéu:

of _ |8f

%=1

la dao ham cua ham f theo ma tran X

Mot sb biéu thiic dao ham dung trong bdo cdo:
1. ZTr(X"BX) =BX+B'X
2. 2Tr(BX"X) =XB" + XB

6.3 Luwa chon siéu tham s6 neighbor - k

O cac budc trong thuat toan LLE néu trén cé nhic dén hyper-parameter k (sb neighbors cla
mot diém di liéu), thé lam cach nao dé xac dinh ducc siéu tham sb k phu hgp cho tiing tap
dir lieu? Day 1a mot phuong phap duoc sit dung phé bién: Phuong Sai Thang Du.

Phuong sai thang du dung dé tinh do sai léch gilia két qua thuc té va két qua du kién; trong bai
toan LLE, khodng cach gifta cdc diém dii liéu ban dau tuong trung cho “du kién” con khoang
cach gilia cdc diém di liéu sau khi gidm chiéu tuong trung cho “thuc t&". Do dé, gid tri k phu
hop 1a gid tri k cho gid tri phuong sai thing du bé nhat. Gid sir k € {1,2, ..., Kmax }- VGi moi
gid tri k, dung phuong phdp LLE dé tim tap nén Y cla tap dii liéu X ban dau. Goi Dx va Dy
lan lugt Ia ma tran khoang cach cdc phan tir trong X va Y, pp . la do tuong giao tuyén tinh

. N L2 o SDXxDY
gitia Dx va Dy. Ta c6 pp, p, = m
k dugc xac dinh bsi cong thiuc:

(S 1a do léch chuan). Phuong sai thing du theo bién

0i(Dx,Dy) :=1—pp, p,

Gid tri k phu hop nhat cho tap dir lieu X 1a gid tri cho két qua phuong sai thing du bé nhat.
Nghia la:
k := argmin o3(Dx, Dy)
X

20




Tuy nhién, ta c6 thé tranh viéc thir véi tat ca gid tri k € {1,2,..., Kmax + bang cdch phan
nhém theo thi bac. Ta tinh biéu thic L(W) 1 véi ting k € {1,2, ..., kmax} va rit ra cic bién
k cho gia tri L(W) bé hon so v6i khi bién 1a k — 1 hodc k + 1 (ttc diém cuc tiéu). Lic nay,
thuc hién quy trinh nhu trén méi cac diém cuc tiéu thu duoc suy ra gid tri k phu hop.
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