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Principal component analysis



Gidi thiéu vé Principal component analysis
Phuong phap PCA dua trén mét quan sat:
+ Dit liéu thudng khéng phan bd ngiu nhién trong khéng gian.
+ Thay vao dé chiing phan bd gin cac siéu phing nao dé.
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Gidi thiéu Principal component analysis

Xét tap dit liéu {x,} va n=1,...,N. Cic x, la cic bién thudc khdéng
gian vector Euclid véi sb chiéu D.

Input: Cac vector {x,} n=1,..., N thudc khdng gian vector Euclid -
D chiéu

Output: Cic vector {z,} n=1,.., K thudc khéng gian vector K chiéu.
Hé co s truc chuan U sao cho: Z = U;X

(Uk tao bdi K cot dau tién cla Ma tran truc giao U)
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Principal component analysis - Xay dung bai toan PCA

N K D — K| N
_ K Z
D X = |pUk [Ug
D-K Y
Original data An orthogonal matrix Coordinates in new basis
K N
= x Z +
pUg D

Ngudn anh: Blog Machine Learning co ban

Theo hinh V&, ta c¢é6: X = UxZ+ UkY

—_ 1T
2_8§X
Y =UgX
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Principal component analysis - Xay dung bai toan PCA .

Y ~b1"

(17 e R™N 13 vector hang c6 toan bé cac phan ti bing 1)
Gid sir da tim duoc U, ta cin tim b thod man:

b =argminy|lY — blTII% = b =U;?

(x - 13 vector trung binh cta toan bd dir liéu)

Nhan xét: S& thuan tién hon néu vector trung binh X =0. Viéc nay
dat dugc néu ngay tir ddu khi ching ta trir mi vector dit lidu di
vector trung binh cla toan bd dir liéu.
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Principal component analysis - Xay dung bai toan PCA .

Bai todn tré thanh:

X~X=UxZ+UxUpx1T

1 o D
J= NIIX—XIIZF= Y ul Su;
K+1
v6i S 1a ma trdn hiép phuong sai cta dir liéu.
Dinh nghia:

N T
S= ;(Xn—X)(xn—Y)

=~
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Principal component analysis - Xay dung bai toan PCA .

Xét L=YP ul Su;

Ta cé: L= ZP:I uI.TSu,- = Trace(S) = Z,Dzl )\i

V6i Ay =Ap=---=Ap =0 |3 cic gid tri riéng clia ma trdn nla xac
dinh duong S.

Viéc téi thifu ham mit mat J=ZQ+1 uI.TSu,- tuong duong véi viéc
téi da ham F := L - J= Y% u;Su]
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Principal component analysis - Nghiém cia PCA

(=)8
S'D.);

Bo D
F=Z,-:1UiSU,-T dat gia tri I6n nhit khi va chi khi u; 13 cic vector
riéng Gng véi K tririéng A; i=1,K

PN

K
max F = Z A
i=1
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Principal component analysis

Cac budc thuc hién PCA:
Budc 1: Tinh vector trung binh cta toan bé dit liéu

_ 1N
X=Nr;Xn

Buéc 2: Trir mbi diém dir liéu cho vetor trung binh cta toan bo dit
liEu.
Xp=Xnp—X
Buéc 3: Tinh ma tran hiép phuong sai S cda dit liéu d3 dugc chuin
héa
S =

=2~

i T
; (Xn —=X) (xn —X)
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Principal component analysis

Budc 4:

+ Tinh cac tri riéng va vector riéng cé norm bang 1 clia ma tran S,
s3p xép ching theo thi tu gidm dan cla tri riéng.

+ Chon K vector riéng ting véi K gia tri riéng 16n nhit d& tao lap
ma tran truc giao Uk.

Budc 5: Chiéu dit liéu ban diu d3 chuin hoa xubng khéng gian con

tim dugc.
(D@ liéu méi chinh 13 toa do cla céc diém dir liéu trén khong gian
méi)

PiMA 2021: The Mathematics of Data Science 10



Kernel principal component analysis



Diém ybu ciia PCA va dong Iuc nghién ciu &

VI’ du (phan b(”:‘) d‘é“)ng tém). 15, Original space 15 _Projection by PCA
' 10 10
2 A o 05 é 05
e Sir dung khéng gian con . o S o"
A s A —05 E -0.5
tuyén tinh (PCA) cho dau o I k\.‘,‘
ra khang C(/) |/Ch (méu Vén 215160500 05 10 15 215150500 05 10 15
04 Projectio: by KPCA Orig‘u‘iad sl;;::)g":f‘t):lrcwivzig:néransform

gitt nguyén). o3 ° ot
i e o B o JL
— Kernel PCA & day chiéu tap o ¢ ool8&% o S

~ 1A X N . 02 ,‘:‘.‘ l s-- . - m o ofe
dit liéu ban dau thanh hai = *?,. g NEC\ S

N W a s s 3 1045
vliing (mau dé va mau ls?pfmc?;;ciipoiifn‘lpﬂimé’u‘lefsi4, e ";.° v
xanh) rdi nhau. lijiancheng0614.github.io
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Y tudng cho Kernel PCA

o) khéng gian hai chidu, m3u phan b déng tam 13 khéng thé phan
tach tuyén tinh dugc (khdng ton tai mdt dudng thing chia tap dif
liéu thanh hai phan ma m&i phan chi chita mdt mau).

B3ng 4nh xa @: R? — R3, (x1,x2) — (x1,x2,x2 + x2) thi tap dif liéu
d3 c6 thé phan tach tuyén tinh duoc.

Rita Osadchy
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M& dau chia Kernel PCA .

Cho mét tap dif liéu {xp} véi n=1,2,..., N c¢6 sb chiéu D, va
N
ZX,’ =0.
i=1
Ma trén hiép phuong sai cta tap di liéu nay I3
il
S=—) x;x;.
N;”

Bay gid ta chiu cic diém dif liéu x, vdo mét khéng gian dic trung
F théng qua anh xa @:

®:RP—F, x—d(x).
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Dan ra cong thic

G ring trung binh cong clia cac dif liéu qua ham ® bing 0, tdc

ia st
N

13 Zq)(x,-):O.
i=1

Khi dé ma trén hiép phuong sai tré thanh
. N
S=— Z (x;)®@(x;)*

Ta ap dung thuat todn PCA |én khéng gian d3c trung nay, tdc 13 ta
di tim cac tri riéng A; va vector riéng v; cla S:

§V,’ = )\,‘V,‘
sao cho A; 16n nhét.
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Dan ra cong thic

Thay dinh nghia ciia ma tran S vao, ta dudc

1 N
NI:ZiCDX

Tv,-] = 7\,'V,'.

Ta c6 v; thudc span{®(x1), @(x2), ..., ©(xp)} nén cé thé viét

N
v, = Z ain®(xp)
n=1

Thay v; vao va nhan bén trai hai v& cho ®(x/)", ta dugc

1dD(x,)Tdb(x,,).

Mz

! D(xp) Z aim®@(xn) ' ®(xm) = A;

E

||M2
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Kernel trick

Nh3c lai phuong trinh can giai 13

N

N
O(xp) 21 aim®@(xn) ®(xm) =A; Y. ®(x)) @(x,).

n=1

1
N~

||M2

Trong phuong trinh ndy, cac vector ®(x;) chi xut hién duéi dang
tich v huéng. Do d6 ta khong can phai thuc hién 4nh xa ® mét cach
tudng minh, ma chi can tinh cac tich vé huéng nhu @(x)) ®(x,)

mot cach hiéu qua.
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Dan ra cong thic (tiép theo) .

Str dung phép dit ham kernel k(xm,Xp) = ®(xm) ®(x,) va ma tran
kernel cd N x N:

k(x1,x1)  k(x1,%x2) -+ k(x1,%xn)
B k(Xz,Xl) k(XQ,XQ) k(x2,XN)
k(xp,x1)  k(xp,x2) -+ k(xn,xpn)

ta can gidi phuong trinh tri riéng
Ka,- = )\,-Na,-,

trong dé a; la vector cot cé cic phan ti la a,; v6in=1,2,..., N.
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Tinh chit ham kernel va cic ham kernel thudng dung .

Dbi v6i m&i ham kernel k(x,y), ludn ton tai 4nh xa ® sao cho tich
vd hudng cha hai phan t&r bat ky & khéng gian dic trung F déu
dugc tinh theo céng thiic clia ham kernel ta chon.

Cac ham kernel théng thudng dugc st dung:

e Kernel da thic: k(x,y) =(x-y)".

lix=yli?
202

e Kernel co sé xuyén tam (RBF): k(x,y)=e
)+0O).

e Kernel sigmoid: k(x,y) =tanh(x(x-y
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Trudng hdp téng quat cha ®

N
Thuc t&, ZCD(X,') # 0 trong mdt sb trudng hop. Do dé ta can "tinh

m&i diém dif liéu sao cho trung binh céng chia chiing bing 0,

N
D(xp) = D(xn) — Z
Ma tran K ban diu ta diing dé gidi phuong trinh tri riéng trd thanh
R = K—].NK— K1N+ 1NK1N;

. Y SR |
trong d6 1y 1a ma trAn ¢ N x N va c6 moi phan tir bang N

Phuong trinh tri riéng lGc ndy can gidi dugc rdt gon thanh

Ka, Ajaj.
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Céac budc tién hanh Kernel PCA

Budc 1. Chon mot ham kernel k(x,y).
Budc 2. Tinh cic phan ti clia ma tran kernel K.

Budc 3. Trong tdm hda lai ma trdn K thanh
R= K—].NK—K].N+1NK1N.

Budc 4. Gidi bai toan tri riéng Ka; = A;a;.
Budc 5. Ung véi m8i thanh phan chinh A;, hinh chiéu ctia diém dit liéu

x |én vector v; 13

N
yi(x) = (I)(X)TV,' = ;1 aink(x,Xp).

PiMA 2021: The Mathematics of Data Science 20



So sanh PCA va Kernel PCA, nhudc diém cita Kernel PCA @)

e PCA 4p dung dé tim tri riéng cta ma tran hiép phuong sai S
cé kich ¢ D x D, con Kernel PCA tim tri riéng cia ma tran
kernel K cé kich c& N x N.

e Tacin tim tri riéng cla ma tran K c6 kich c& phu thudc vao
sb diém dit liéu ban ddu N. Do dé dbi véi cic tap di lidu 16n

ngudi ta thudng xap xi.
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Thuc hanh bang Python



Thuc hanh - Céc buéc PCA bang Python

A = array([[1,2,3],
A

9
8
7
array([[1, 2, 3], S
[4: 5) 6]) ;
[73 8’ 9]) 12
[2, 3, 1],
[6: 3) 4])
[5, 2, 71D

Tao dir liéu A nhu trén. Ap dung PCA gidm con 2 chiéu.
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Thuc hanh - Céc buéc PCA bang Python

n=2

M = mean({A, axis=8)
C=A-M

V = cov(C.T)

eigen_values, eigen_vectors = eigh(V)
eigen_vectors=eigen_vectors.T[::-1] pca = PCA(2)

S = eigen_vectors[:n] peca.fit(A)

P 1=5.dot(C.T).T P_2 = pca.transform(A)

P_1 P2

array([[ 3.94781377, -©.14848076], array([[-3.94781377, -©.14848076],
[-1.17675134, -8.72218272], [ 1.17675134, -8.72218272],
[-6.30131644, -1,29588469], [ 6.30131644, -1.29588469],
[ 4.34821662, -1.40117416], [-4.34621662, -1.40117416],
[ ©.14231865, ©,9806@456], [-0.14231865, ©.98068456],
[-e.95828127, 2.58711777]]) [ ©.95828127, 2.58711777]1)

Thuit todn PCA: tu x3y dung va st dung cua sklearn.
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Thuc hanh - Céc buéc PCA bang Python

25 .
20
15
10 L ]
05
0.0
0.5
-1.0
-15

Truc quan hdéa dit liéu sau khi thuc hién PCA.
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Thuc hanh - PCA cho dir liéu Swiss Roll

Shape: (l1eea, 3)

<mpl_toolkits.mplot3d.art3d.Path3DCollection at @x2481426a3c8>

Hinh anh dif liéu Swiss Roll ban diu.
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Thuc hanh - PCA cho dir liéu Swiss Roll

pca = PCA(2)

pca.fit(X)

P_3 = pca.transform(X)

data2 = pd.DataFrame(P_3)

data2.head()

plt.scatter(data2[@8], data2[1], c = color)
plt.show()

15 e * % 4
ot = e

g 4}' ity

—1I.0 -5 0 5 16

Hinh anh di liéu Swiss Roll sau khi s&t dung PCA.
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Thuc hanh - PCA cho dir liéu Swiss Roll

-i0 05 oo os 10 15 -100 -075 -050 -025 000 025 05 075 100

Sir dyng kernel sigmoid Sir dyng kernel cosine

Ap dung Kernel PCA cho Swiss Roll.
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Thuc hanh - PCA cho dir liéu Swiss Roll

o e
AR AL
ol gt et o .'.1'%'.
I 2 A wfn Lk
(Y ot TN~ 02 e :’u_;.*
b’ & Lt
i - o, R e . H *l
<, - 00 . ...)z H
02 - e
g -« & Gote %3
08
04 =02 [ L] 0z 04 02 a0 02 04
gamma gamma = 9.88
o
0
[ 3%
oo
o
02
03

gamma = ,12000000000000001

Ap dung Kernel PCA cho Swiss Roll (tt). S dung kernel = 'rbf’ véi

cac thong s6 y khac nhau.
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Thuc hanh - PCA cho di lidu ty chon: Make Moons &

10 4
08 -
06
04 -
02 A
00 1
-0.2
—0.4 |

-1.0 -05 0.0 05 10 15 20

Dit liéu ban dau.
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Thuc hanh - PCA cho di lidu ty chon: Make Moons &

PCA

0.8

0.6

0.4 1

Component 2
o
=]

T T T T T T
=15 -1.0 -0.5 0.0 05 10 15
Component 1

Ap dung PCA théng thudng Ién dif liéu.
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Thuc hanh - PCA cho dit liéu tu chon: Make Moons

Kernel PCA

04

02

0.0

-03 -02 -01 00 0.1 02 03 04

Ap dung Kernel PCA 1én dii liéu: kernel = rbf, y=15.
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Thuc hanh - Ap dung PCA dé nén anh

100

200

300 4

400 4

500

600

Anh béi Ryan Nakamura.
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Thuc hanh - Ap dung PCA dé nén anh

N Blue o Green N Red
100 100 = 100
200 200 200
300 300 300
400 00 400
500 500 500
600 00 600
00 400 00 800 200 400 &0 800 00 400 600 80D

Shape: (669, 1008)

St dung cv2 dé chia thanh 3 kénh mau.
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Thuc hanh - Ap dung PCA dé nén anh

o 200 400 600 800

Shape sau khi sir dung PCA: (669, 28)
Shape sau khi inverse_transform: (669, 1669)

Ap dung PCA gidm chiéu ma tran cla titng kénh.
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Thuc hanh - Ap dung PCA dé nén anh

Anh ban dau

Anh sau khi nén

100
200
300
400
500
600

] 200 400 600 800

Mean squared error: 142.67377188374587

Gop lai cac kénh sau khi sit dung PCA.

: . 20 _»no
Compression rate: 1000 =2%.
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Thuc hanh - Ap dung PCA dé nén anh

N Blue o Green N Red
100 100 = 100
200 200 200
300 300 300
400 00 400
500 500 500
600 00 600
00 400 00 800 200 400 &0 800 00 400 600 80D

Shape: (669, 1008)

St dung cv2 dé chia thanh 3 kénh mau.
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Thuc hanh - Ap dung PCA dé nén anh

Patch-based.
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Thuc hanh - Ap dung PCA dé nén anh

ggsedE,

Ap dung PCA gidm chiéu ma tran ca tirng patch.
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Thuc hanh - Ap dung PCA dé nén anh

Anh ban dau

Anh sau khi nén

100
200
300
400
500
600

0 200 400 600 80O

Mean squared error: 25.66137772365858

Merge cac kénh lai tao hinh anh d3 nén.

: . 522300 _ 0
Compression rate: g55505 = 16.7%.
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