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LOI CAM ON

Loi dau tién, chiing em xin gti 10i cdm on chan thanh nhat dén Ban T8 chtic va cac anh chi
mentor PIMA 2021. Mac du tinh hinh dich bénh con dang dién bién phtc tap nhung moi
ngudi da tao moi diéu kién tét nhat dé ching em c6 thé duoc tiép can véi nhiing kién thic
Toan hoc no6i chung va Data Science néi riéng. Bén canh d6 chung em con duoc ren luyén
va trau ddi cac ky nang thiét yéu nhu lam viéc nhém, nghién cttu, viét bao céo...

Tiép dén, chiing em mudn déc biét cdm on anh Vii Lé Thé Anh va anh Nguyén Dinh Hoang
Phuc da tryc tiép hd trg chiing em trong su6t qua trinh lam viéc. Néu khong c6 sy gitip do
clia cac anh, nhém em da khong thé hoan thanh tot phan thuyét trinh va bai bdo céo nay.

Chuing em clng xin cam on céc dién gia: chi Trinh Kim Chi, anh Tran Qubc Co, anh Lé
Thién, théy Ho6 Pham Minh Nhét, anh Nguyén Xuan Khanh, anh Ho Quéc bang Hung va
anh Pham Tudn Huy. Qua nhitng chia sé va bai gidng ctia cac dién gia, chung em da c6
nhitng cdi nhin sau sic hon vé mang Data Science va tich luj cho minh nhitng kinh nghiém
trong cudc song.

Loi cudi, ching em hy vong PIMA sé ludn phat trién khong ngitng trong thdi gian toi dé
tiép tuc mang nhitng kién thitc bd ich dén cac ban hoc sinh vi day 1a co hdi dang tran quy
dé chung em c6 thé chuan bj t6t cho tuong lai ciia minh.

Xin cdm on PiMA 2021 vi tat ca.

TOM TAT NOI DUNG

Trong Machine Learning, Support Vector Machine (SVM) la mo6 hinh hoc c6 giam sat, dugc
st dung pho bién trong bai toan phan loai dir liéu. Bai bdo cdo sau day la cai nhin tong
quan vé chti dé nay. Bat dau vdi y tudng co ban trong phan loai nhi phén, ta di xay dung bai
toan goc ctia SVM. Trén thuc té dé dé dang hon trong viéc tinh toan, ta thuong giai bai toan
déi ngau thay vi bai toan goc. Tiép dén, ta xem xét cac truong hop ma dix liéu la khong tach
biét tuyén tinh hay truong hop xuat hién cac diém nhiéu bﬁng phan loai bién mém SVM
va phuong phap Kernel. Cudi cting, ban béo céo sé gidi thiéu bai toan phan loai nhiéu l6p
SVM va md phong thuat toan SVM véi di liéu cu thé.
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BANG KY HIEU

Ky hiéu Y nghia

a,b,c Dai lugng v6 hudng duoc ky hiéu bang chit in thuong
XY,z Vector dugc ky hiéu bang cac chi in thuong dam
A,B,C Ma tran dugc ky hiéu bfing cac chir in hoa dam

xT, AT Vector chuyén vi, ma tran chuyén vi

(x,9) Tich v6 hudng cta x va y

B = [by, by, bs] Ma tran dugc tao bdi cac vector cot

R Tap sb thuc

R" Khong gian Euclid 7 chiéu

Vi Véi moi i

x>y Céc phan t ctia x khong nhé hon phan tir tuong tng cia y
x <Xy Céc phan tit ctia x khong 16n hon phan tir tuong ting ctia y
a:=>b a dugc dinh nghiala b

X Tap hop X

ac A a1a mot phan t ctia tap hgp A

D S6 chiéu, trongd = 1,...,D

N S6 diém dt liéu, trongn =1,...,N

Iy Ma tran don vi kich thuéc N x N

OrixcN Ma tran khong kich thuéc M x N

IpxN Ma tran mot kich thudée M x N

-l Norm

YN X Tong ctia xp, : X1 + ...+ XN

TN xu Tichcta x, : x1-...-xN

domf Tap xac dinh ctia ham f

% Dao ham riéng theo x cua f

\Y Gradient

L Lagrangian

sup S Can trén dung cua tap s6 thuc S

infS Can dudi dung cua tap sb thuc S

x* = argminy f(x)

Gia tri x* ma ham f(x) dat gia tri nhd nhat

SVM
KKT
SGD

QP

Support Vector Machine
Karush-Kuhn-Tucker
Stochastic Gradient Descent
Quadratic Programming




1 NEN TANG VE TOI UU
1.1 Toi wu Io6i

1.1.1  Ham I6i, tap hop 16i

Dinh nghia 1.1 (Tap hgp 15i). Mét tap hop D dugce goi 1a tdp 16i néu véi bat ki x, xp € D va
batkiso thucfvsi0 <6 <1tacd:

6x1 + (1—0)x, € D. (1)
Tinh chét 1.2. Giao ctia nhiéu tap 16i 1a mot tap 15i.

Chitng minh: Gia st { Dy } 4 4 1a mot trong cac tap 16i va D := Ny 4Dy VOibatkixy, xp € D
ta luon c6 x1, xp € D, v6i moi & € A. Tu dinh nghia ta c6: 6x1 + (1 — 6)xp € D, v8i moi
an€Ava0<6<1.Suyrafx;+ (1—0)x, €D.
Vay giao ctia nhiéu tap 16i la mot tap 16i. B
Dinh nghia 1.3 (Ham 16i). Ham f : X C R" — R dugc goi la ham 16i néu X' 1a mot tap 16i
va thoa man bit ding thiic Jensen:

fx+(1-0)y) <0f(x)+(1-0)f(y), (2)

voix,ye X,0<6 < 1.

0f(x)+(1=0)f(y) = f(0x+ (1-0)y)
Hinh 1: Bt ky doan thang nao ndi hai diém ctia ham 16m déu nam & phia trén db thi ham
Vi du 1.4. Moi norm va ham max trén R" déu 1a ham 16i.
Chung minh: Gid st métnorm f : R” - Rva0 <6 <1 thi:

fx+(1-0)y) < f(6x)+ f((1—-0)y) (Bat dang thic tam gidc)
= 0f(x)+ (1—0)f(y). (Do 6 la dai lugng vo hudng)

Gia st ham h(x) = maxx; thoAman 0 < 0 <1 thi:
1

H(ox+ (1-0)y) = max(x; + (1-0)y) ®
< f#maxx; + (1 — ) maxy; 4)
= 0h(x) + (1 —0)h(y). (5)

Vay ta c6 diéu phai chiing minh. B



Pinh nghia 1.5 (Ham 16m). Mot ham 1a 16m néu bat ky doan thang nao & gitta, nbi hai
diém ctia ham 16m déu nam & phia dudi do thi ham.

Dinh nghia 1.6 (Ham 16i chat). Ham f : X C R"” — R duoc goi la ham 16i chit néu X 1a
mot tap 16i va thda man:

fl0x+(1—-0)y) <0f(x)+(1—-0)f(y), (6)
voix,ye X,x#y,0<6<1.

Tinh chat 1.7. Ham 16i dat gia tri nho nhét tai cac cuc tiéu ctia né. Ham 16i chat dat gia tri
nho nhét tai duy nhat mot diém.

Chirng minh: Gié st tap hop cac diém cyc tiéu ciia ham sb 1a khong rong va ton tai £ € X 1a
mot cyc tiéu dia phuong ciia ham f, mot diém x* € X sao cho f(x*) < f(%). V6i0 < 6 < 1:

fOx*+ (1-0)%) <Of(x") + (1-0)f(%) < f(%)

mau thuan véi viéc £ 1a diém cyc tiéu dia phuong.
Con dbi voi ham 16i chat, gia st ¢ hai diém cyc tri x,y € X sao cho:

f(x) = fly) < f(z),Vz € X,

Xétz = #, ta co:

£z = £ (5Y) < 350+ 3F) = 30+ 3F ) = F)

mau thudn vdi gia thiét trén.
Vay ta c6 diéu phai chiing minh. B
1.1.2 Bai toan t6i wu tong quat
Dinh nghia 1.8 (Bai toan t6i uu tdng quat). Bai todn toi uu tong qudt c6 dang:
min fo(x)
subjectto fi(x) <0, i=1,...,m (7)
hi(x) =0, j=1,...,p,

vGi vector x = (x1,x2,...,X,) 1a bién t6i uu, ham s fy : R" — R 1a ham muc tiéu, cac ham s6
fi,hj R" = R,i=1,...,m;j=1,...,placac ham rang bugc.
Tap xac dinh cta bai toan tbi wu: D = Nitodom f; N ﬂ]’?:l dom /;
Mot diém x € D 1a khd thi néu n6 thod man cac rang budc. Tap hop tat ca cac diém kha thi

duoc goi 1a tdp khd thi. Khi tap nay rong thi ta goi bai toan t6i wu 1a bat khd thi, nguoc lai thi
goi 1a bai todn toi wu khd thi. Gid tri toi wu cta bai toan toi vu téng quat dugc dinh nghia la:

p* =inf{fo(x) | filx) <0,i=1,...,mhi(x) =0,j=1,...,p}. (8)



1.1.3 Bai todn t6i wu 16i va dang dac biét quy hoach toan phuong
DPinh nghia 1.9 (Bai toan t6i wu 16i). Bai todn t0i uu 16i c6 dang:

min fo(x)
subjectto fi(x) <0, i=1,...,m )
]’l](X) — O, j: ]-/'*'Ipl

vOi :
Ham muc tiéu phai la ham 16i.
Ham f; la nhitng ham 16i.
hjla cac tap hop 16i.
Tinh chat 1.10. Tap kha thi cia mot bai toan t6i wru 16i 1a mot tap hgp 16i.

Chitng minh: Dé dang nhén théy vi tap kha thi ctia bai toan 1a giao cta tap xac dinh D ma
D 1a mot tap 16i. B

Dinh nghia 1.11 (Bai toan quy hoach toan phuong). Bai todn quy hoach toan phuong cé dang
tiéu chuan:

1
min ExTPx +qTx+r
subjectto Gx < h
Ax = b,

v6i P € 57 (Tap cac ma tran nira xac dinh duong).

1.2 Bai toan doi ngau
1.2.1 Lagrangian va ham doi ngau Lagrange
Xét bai toan toi uu tong quat:

min fp(x)
subjectto fi(x) <0, i=1,...,m (10)
hi(x) =0, j=1,...,p,
vdi bién x € R” va tap xac dinh D = Nitgdom f; N ﬂle dom /; khong rong.
Dinh nghia 1.12 (Lagrangian). Ta dinh nghia Lagrangian £ : R" x R™ x R? — R ang v6i
bai toan trén la:

m P
[,(x, /\,1/) = fo(x) + g)ufi(x) —+ Z‘iv]h](x), (11)
i= j=

v6idomL = D x R™ x RP. Trong d6 A;, v; dugc goi 1a céc nhin tir Lagrange, hay bién sb dbi
ngau.



Lay can trén dung ctia Lagrangian ta sé c6 bai toan toi uu ban dau:

m p
sup L(x,A,v) = sup <f0(x) + Y Aifi(x) + Zv]-h]-(x)>
- =

A=0 A=0 i=1

i fo(x) khi fi(x) S 0 Vi, h](x) =0 V]
RS cac truong hop khac

Tuong duong bai toan toi uu gbc:

p* =infsup L(x, A, v).
Y A0

Dinh nghia 1.13 (Ham d6i ngiu Lagrange). Ta dinh nghia ham doi ngdu Lagrange g : R™ x
R? — R 1a can dudi dung cta Lagrangian voi A € R, v € RP:

m 4
g(Av) = inf L(x,A,v) = inf (fo(x) + Y Mifi(x) + Zujhj(x)> . (12)
i=1 j=1

Néu Lagrangian khong bi chan dudi, ham déi ngau tai A, v sé léy gia tri —oo.
Dinh nghia 1.14 (Bai toan d6i ngiu Lagrange). Bai todn doi ngdu Lagrange c6 dang:

max g(A,v) (13)
subject to A = 0. (14)

Ta goi (A*,v*) 1a nhan tir Lagrange t6i vu néu chiing ti ru véi bai toan. Bai todn ddi ngau
Lagrange 1a mot toan t6i wu 10 vi :

1. Ham Lagrangian la mo6t ham bac nhat vdi A, v nén 1a mot ham 16m. Ham dé6i ngau
Lagrange la mot can dudi dung cua mot ham 16m nén g(A, v) la mot ham 16m.

2. Céc rang buoc 1a 16i.
Gia tri toi wru ctia bai todn d6i ngdu Lagrange la:

d* = supinf L(x, A, v).
A=0 %

Ta thdy véi moi f : W x Z — R thi

inf ,z) < inf ,Z).
e i A e S

Tir do suy ra
d* =supinf L(x,A,v) < infsup L(x,A,v) = p~.
A=0 ¥ ¥ A0

Tinh chat 1.15 (Tinh chat d6i ngau yéu). V6i moi bai toan tdi uu, ta c6 tinh chat déi ngdu
yéu:
ar <p*. (15)



1.2.2 Do6i ngau chat va dinh ly Slater

Khi d* = p* thi c6 dbi ngdu chit. Khi dbi ngau chat xay ra thi viéc giai bai toan déi ngau sé
gitp ta tim dugc gia tri ti vu ctia bai toan goc. D6i ngau chat sé xay ra trong bai toan toi
uu néu diéu kién dudi day duge thda man:

Dinh 1y 1.16 (Dinh ly Slater). Néu ton tai mot diém x trong tdp khd thi, théa man f;(x) < 0 vdi

i=1,2,...,mvabai toin géc la bai todn t6i wu 16i thi dbi ngau chat théa man.

1.2.3 Diéu kién Karush-Kuhn-Tucker (KKT) cho bai toan téi wu 16i

Trong trudng hgp bai toan 1a bai toan t6i uu 16i va d6i ngdu chit thda man thi KKT la diéu
kién can va da ctia nghiém:

—_

Cfilx*) <0 vl i=1,2,...,m.
hi(x*) =0 véi j=1,2,...,p.
CAF>0 voii=1,2,...,m.

A fi(x) =0.

g W N

V() + X AV fi(x) +Z]p:1 viVhi(x*) =0v6ii=1,2,...,mvaj=1,2,...,p.

Chirng minh: Vi 4 diéu kién con lai ctia diéu kién KKT c6 thé dé dang thay dugc nén viéc
ching minh diéu kién nay chi tap trung vao chitng minh diéu kién : A*f;(x*) = 0 v6i
i=1,2,..m.

Gia st x* 1a bién t6i vu ban dau va A*, v* 1a nhan tr Lagrange t6i wu. Ta c6:

fo(x*) = g(A*,v*) =inf L(x*,A*,0%)  (Dbingdu chat va theo dinh nghia Lagrangian)
X

< L(x*, A7)
m p
= fo(x*) + Y _ Al fi(x™) + Zv}‘hj(x*)
i=1 =1
< fo(x™) (Virang budc A*fi(x*) < 0va hj(x*) = 0)

Tix trén ta suy ra moi phan ti trong Y ; A} f;(x*) phai bang 0 va chinh la diéu phai ching
minh. W

2 PHAN LOAI NHI PHAN CO GIAM SAT

Trong nhiéu trudng hop, ching ta mudn mé hinh mdy hoc phan loai dit liéu vao cac 16p da
cho trude. Nhitng bai toan phan loai nay c6 thé dé dang quan sét thay trong cac vi du:

1. Gmail phai phan loai giup ngudi dung email nao la email rdc, chita nhirng thong tin
quang céo hodc quan trong dén ngudi dung dé tao trdi nghiém st dung t6t nhat cho
ngudi st dung.

2. Heé théng nhan dién gian lan tin dung phai xac dinh xem trong hang triéu cac giao
dich dién ra hang ngay, giao dich nao c6 dau hiéu gian lan dya trén cac thong tin nhu
dia chi IP nguai dung, lich st giao dich, ...



3. Dua trén moét loat cac két qua xét nghiém va nhirng thong tin vé sirc khoe, mot mo
hinh sé dua ra du doan rang mot ngudi c6 mac mét bénh nao do khong.

Phan loai nhi phan thudc 16p cac bai toan Hoc cd gidm sdt, du dodn dau ra mot dix liéu méi
dua trén cac cap (dit liéu, nhin) da biét trude. Gia tri ciia nhan cta bai phan loai nhi phan c6
tinh nhi phan.

Mot cach toan hoc, tir tip hudn luyén (da biét trude) (x1,y1), (x2,y2), - - -, (XN, yn), trong d6
xi € RPvay; € {-1,+1}, ta di im mét ham s6 f : RP — {—1, +1} sao cho:

f(xl):yz \VIZZL,N (16)
V&i mot diém d liéu mdi z, ta c6 thé dua ra du doan vé nhan tuong ing ciand y = f(z).

Trong nhitng phan tdi ctia bao cdo, chiing t6i sé trinh bay mot hudng tiép can cta bai toan
phén loai nhi phan la m6 hinh mdy vector hd tro (SVM). SVM la mot trong nhirng thuét toan
phan loai phé bién nhat. SVM c¢6 mot nén tang ly thuyét manh va trong nhiéu linh vuc dugce
ap dung SVM mang lai két qua an tuong hon so v6i cac thuat toan khéc.

3 BAITOAN GOC CUA SVM
3.1 Siéu phang phan tach
Pinh nghia 3.1 (Siéu phang). Mot siéu phing 1a mot tap hop c6 dang:
{x [ (a,x)=b}. (17)

Trong d6a € RP,a #0vab € R.

Vidu 3.2.
Trong IR?, mot siéu phang c6 dang: {(xq,x2) | a1x1 + axxo = b}.
Trong ]RS, mot siéu phrfmg co dang: {(xl, X2, X3> | aix1 + arxp + azxz = b}

Dinh nghia 3.3 (Ntra khong gian). Mot siéu phang chia khong gian R” thanh hai ntra. Mot
nira khong gian dong 1a mét tap hop c6 dang:
{x| (a,x) < b}. (18)

Bién ctia nita khong gian (18) 1a mot siéu phang {x | (a,x) = b}. Tap hop c6 dang {x |
(a,x) < b} goila nita khéng gian mg.

Dinh nghia 3.4 (Tinh tach biét tuyén tinh). V&i S = (x1,y1), (x2,42), ..., (xn,yn) 12 tap
diém dt liéu va nhan tuong tng, trong d6 x; € RP vay; € {—1,41}. Tap S c6 tinh tdch bi¢t
tuyén tinh néu ton tai siéu phang (w, x) + b = 0 sao cho y; = sign({w, x) + b). Diéu kién
nay c6 thé viét lai thanh:

yi((w,x) +b) >0 Vi=1,...,N. (19)

10
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Hinh 2: Trong khong gian R? siéu phang c6 dang la mot duong thang va trong R3, siéu phang la
mot mat phéng.

C6 thé hiéu dinh nghia 3.4 c6 nghia la ton tai siéu phang (w, x) + b = 0 phan tach khong
gian di lieu R? thanh hai nita khong gian (w, x) + b > 0 ctia nhitng diém dit liéu thudc
16p duong va (w, x) + b < 0 ctia nhiing diém thudc 16p am.

Trong phan loai nhi phan, néu tap du liéu huan luyén co6 tinh tach biét tuyén tinh thi ta c6
thé xem xét 16p ham s

f:RP - R (20)

x — f(x):= (w,x)+Db, (21)

dugc tham s6 héa béi w € RP va b € R. Do tinh chit tach biét tuyén tinh ctia tap hudn
luyén, ton tai (w, b) sao cho

sign(f(x;)) =vy; Vi=1,...,N. (22)
V6i mot diém di liéu méi z, ¢6 thé tinh nhan tuong ng cta z bang y = sign(f(z)).

C6 thé thdy rang trong trudng hop dit liéu tach biét tuyén tinh, 6 v6 s siéu phang phan
tach. Tuy nhién khd ning tong qudt héa cia md hinh, lam viéc tot v6i nhitng diém dit liéu
méi, phu thudc vao vi tri cia siéu phang phan tach ma mo hinh lya chon.

Vi du 3.5. Xem xét vi du vé mot tap dit liéu tach biét tuyén tinh & hinh 4. C4 hai duong gach
den va duong xanh déu phan chia hai 16p diém vé hai nita khong gian riéng biét nhung
truc quan cua ta thay rang duong gach den sé la duong thang phan tach t6t hon. Dé giai
thich cho nhéan xét truc quan nay ta gidi thiéu khai niém Ié & muc tiép theo.

3.2 Baitoan toi wu Ié cia SVM

Lé 1a khodng céch tir siéu phang phan tach ti diém di liéu gan nhat, véi gia thiét bo di
liéu c6 tinh tach biét tuyén tinh. Siéu phang c6 1 rong hon sé mang lai hiéu ting phan 16p

11
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Hinh 3: Siéu phang (a, x) = b trong R? chia khong gian thanh hai ntta. Ntta khong gian (a, x) > b
(khong t6 ddm) la nira khong gian theo chiéu vector a. Nita khong gian (a, x) < b (khong to
dam) la nita khong gian ngugc chiéu vector a.

t6t hon vi su phén chia gitra hai 16p 1a rach roi hon. Bai toan t6i uu trong SVM chinh 1a bai
toan di tim siéu phang phan cach c6 1é rong nhat.

Vi muc tiéu ctia ching ta la tim mot siéu phang phan tach (w, x) + b = 0 sao cho 1é ctia nd
12 16n nhét, ta c6 thé c6 gang tham s6 khodng cach nay theo w, b. Nhan xét rang ta c6 thé
thay vector w bang kw va b bang kb ma khong lam thay déi mat phan tach, do dé ta chon
w va b sao cho (w, x;) + b = 1 véi x, 1a diém d liéu gén nhét.

Khong mat tinh téng quat gia st x, & phia duong. Néu ta ki hiéu r 1 1é ctia siéu phang
phan tach, r ciing chinh khoang cach giita siéu phang vdi x,, ta co:

- (23)

Do x, la diém dir liéu gan siéu phang nhat nén cac diém dir liéu con lai phai cach siéu

phang mot khoang 16n hon hoéc bang r = T

< yn((w,20) +b) > 1. (24)

Két hop muc tiéu tdi da 1é véi diéu kién cac diém di liéu cac diém dit liéu phan 16p dung,
bai toan t6i vu ctia ching ta trd thanh:

1
max —- (25)
wh |wl|

subjectto y,((w,x,)+b) >1V¥n=1,...,N. (26)
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o

Hinh 4: Hai duong thang gach den va xanh 14 déu c6 thé phan tach nhitng diém dit liéu dé va xanh
lam vé hai ntra khong gian riéng biét.

Ta c6 thé giai bai toan c6 nghiém tuong duong nhung thuan tién trong hon tinh toan:

.1 2
— 27
min 5wl @7
subjectto —y,((w,x,) +b) < -1Vn=1,...,N. (28)

Nhan xét :

Hinh 5: Bai toan t6i wu 1é SVM trong R?. Khoang cach gitra hai siéu phang (w,x) +b = 0 va
(w,x) +b=11alé can tbi vu.

1. Ham ching ta can t6i wu la norm nén ham muc tiéu 1a ham 16i hon nita ham muyc tiéu
c6 dang w! [w v&i I 1a ma tran don vi nén xac dinh duong.
2. Céc rang budc 1a tuyén tinh véi w, b.

Vay bai toan t6i wu 27 ¢6 dang quy hoach toan phuong.



3.3 Phan loai bién ci'ng SVM
Phuong trinh 27 dugc biét dén 1a bai toan t6i wu ctia mo hinh phdn logi bién citng SVM béi vi
diéu kién 28 yéu cau cac diém di liéu phai dugc phan tach ding & hai nita khong gian hai

bén1é1a (w,x) +b > 1va (w,x) +b < —1.

Tir ddy mo6 hinh bai toan bién cing SVM:

Algorithm 1 Giai bién ciitng SVM
Input: Tap dir liu X = [x1,x,...,xn]7 € RN*D va tdp nhan tuong tng ¥ =

Y1, Y2,y € RV
Output: w va b
: Z+ [X 1N (p11)

1
2 G = [yjZlil
3. h —1Inx1
4: q < 0(D+1)><1
P ( Ip del)

O1xp 0 (D+1)x (D+1)
solve QP with (P,q,G,h) — S
w < S[: D]
b+ S[—1]
return w,b

5L

Algorithm 2 Truy van md hinh bién ciing SVM
Input: Diém di liéu méi z € RP, w, b
Output: Nhan du doan y caa z

if (w,z) +b < 0 then

[¢°]
)
72}
(¢

4 BAI TOAN POI NGAU SVM

4.1 Kiém tra diéu kién Slater

Véi gia st dit liéu 1a tach biét tuyén tinh nén tap kha thi ctia bai toan 1a khac réng, ta luon
tim duoc (wy, by) sao cho :

yn({wo, xn) +b9) >1Vn=1,...,N
& yn({ 2w, xy) +2bp) >2 Vn=1,...,N

Chon (w1, by) = (2w, 2bg) ta cd :
yn({wy,xy) +b1) >1VYVn=1,...,N.

Vay dinh ly Slater thoa man cho bai toan nay.

14



4.2 Ham Lagrangian, d6i ngau Lagrange cua bai toan goc
Ham Lagrangian tng vdi bai toan 1é cing 1a :

N
L(aw,b,w) = 3wl Y an(yn( (w0, 0) +5) 1), 29)
n=1

voia; > 0Vi=1,...,Nlanhan ti Lagrange tuong ting v4i mdi rang budc cta bai toan
goc.
Ham d6i ngau Lagrange chinh la can dudi dung cua Lagrangian:

N
8(a) = inf (%nwnz = X wnlym (o, ) +) - 1>>) . 0)

Tir day ta c6 bai toan ddi ngdu tuong ting vdi bai toan gbc 27:

N
o —argma (it (Sl - £ otz +0-1))). @

4.3 Dung diéu kién KKT giai bai toan t6i wu mai

Bai toan chung ta 1a mot bai todn 10i va doi ngau chat xay ra nén ta c6 dieu kién KKT trd
thanh dieu kién can va du ctia nghiém. Ta c6 hé dieu kién cho a*, w* va b*:

1—yn({w,x,) +b) <0, (32)
(Xn Z O/ (33)
an(1—yn({w, xn) + b)) =0, (34)
oL N
peill n; AnYuxy = 0, (35)
oL X
- = ;anyn =0. (36)

Nhan xét 4.1. Dua vio diéu kién thii vi 34 va 83, ta cé nhin xét:
1. Ta thdy gid tri toi wu w* cd dang t6 hop tuyén tinh ciia cic diém dit ligu:
w' = th}kyixi. (37)
2. Tir 34, néu a* = 0 la nhiing diém khong dong gop vao viéc tinh w*.

3. Néul—y,({(w*,x,) +b*) =0 = (w*,x,) + b* =y, tiic la nhitng diém nam trén 1é va
dong gop vao viéc tinh toan w*, b* do a; # 0. Cdc diém nay gitip kien tao siéu mdt phang
phén cdch nén duoc goi la cdc vecto ho trg. Va tir do, cdi tén mdy vector ho tro ra doi.

Thay diéu kién 83 va 36 vao ham Lagrangian, ham d6i ngau Lagrange trd thanh:

1N N N N
g(a) = 5 Y ) winyiy(xi, ag) — Y ) ey, x;)

i=1j=1 i=1j=1
N N
—b) yini+ ) a (38)
i=1 i=1
1 N N N
= =5 ) ) wnjyiy{ X %) + )i (39)

i=1j=1 i=1

15
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O phan 1.2.1, ta da trinh bay bai todn dbi ngau duéi dang tbi da ham d6i ngdu Lagrange
g(a). Diéu nay tuong duong vdi viéc toi thiéu hda —g(a), ta phat biéu bai toan dbi ngdu
SVM:

1N N N
min =YY wajyiyi(x, x) — )
x D 4
i=1j=1 i=1
subjectto —«; <0 Vi=12,...,N (40)

N
Zyiﬂéi = 0
i=1

Dat V = [y1x1, y2%x2, ..., ynxn] L, S = [ag, a0, ..., an]. Him muc tiéu cta bai toan déi ngau
c6 thé duoc viét lai thanh:

—g(S) = —%STVTVS +17s. (41)

Bai toan dbi ngéu 40 giéng nhu bai toan g6c 27 cting la mot bai toan quy hoach toan phuong.
Khi da tim dugc cac bién s6 ddi ngau af, c6 thé tinh duge nghiém tdi vu ctia bai toan goc
w* dua vao diéu kién 83.
N
w* =Y apYnkn. (42)
n=1

Dé tinh b*, ta xem xét diém dix liéu x,, ndm & diing duong bién 18, (w*, x,,) + b = y,,. Do dé:

b* =y, — (w”, xp). (43)

Tuy nhién mét phién ban khac dé tinh b* thuong duoc st dung v6i uu diém 1a 6n dinh hon
trong tinh toan la:

1 1
A — (w,x)) =

)3 (}/n— Y fx;ym<xm,xn>>, (44)

neSv meSV
v6i SV = {i | af # 0} la tap cac vector ho trg.

Dé dua ra du doan nhan cho moét diém dir liéu mai, xét:

N
fz) = (w", z) +b" = Y alyn(z, x4) + |Sl—V| Y. (yn - ) afnym<xm,xn>> . (45)

n=1 nesSv mesv



Alg

orithm 3 Gidi bai toan dbi ngiu bién ciing SVM

Input: Tap dit lieu X = [x;,x,...,x5]7 € RN*P va tap nhan tuong ung ¥ =

[]/113/21---/3/N]T e RN*1,

Output: wva b

1:

O I N e e e e e
© O NI O Uk WNRPR O

b« %
: return w,b

Vo [yi[Xje
P« Vv

q < —1Inx1
G+ —In

h 0N><1

A« Y

b0

solve QP with (P,q,G,h,A,b) — S
w < Opx1

SV <0

c e+ 107°
: for all 7 such that S[i] > e do

SV« SV+1
w < w + S[i]y;x;

: end for
: for all i such that S[i] > e do

b+ b+ (yi— (w,x;))

: end for

b

4.4

1.
2.

Nhirng wu diém khi giai bai toan doi ngau
Vai tro ctia cac vecto ho trg dugc théy ro qua nhan xét 4.1.

Boi vi ta gan s6 nhan tir Lagrange a v6i mbi rang budc nén né c6 s chiéu bang véi
s6 diém dit liéu ta duing dé huan luyén trong khi bai toan gbc w gan véi s6 chiéu dir
liéu, bai toan d6i ngau c6 thé gidi quyét cac bai toan dit liéu c6 sb chiéu 16n nhu di
liéu la hinh anh.

. Viéc giai bai toan ddi ngau sé cho két qua 1a mot vector chira rat it phan tir khac khong
(tinh thua) nén cho phép mot s6 phuong phéap xap xi nghiém ap dung dé tim két qua
nhanh.

. Bai toan t6i wu 40 va budc truy van 45 déu chi phu thudc vao tich vo hudng gitrta diém
dit liéu cho phép phuong phéap Kernel dugc ap dung. Chi tiét vé phuong phap nay sé
duogc gidi thiéu & phan 6.

17
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5 PHAN LOAI BIEN MEM SVM

5.1 Dong lvc ra doi

Trong trudng hop di liéu 1a khong tach biét tuyén tinh thi stt dung phan loai Ié ctiing SVM
dé ap dung cho bo dit liéu sé khong thé tim duge w*, b* 1a nghiém ctia bai toan tdi wu.

Ngoai ra, ké ca khi tap di liéu la tach biét tuyén tinh bai toan 1é ciing cting rat nhay cAm véi
diém nhiéu trong tap di liéu va dé xay ra qua khdp véi dit liéu dung dé huan luyén.

il

Hinh 6: Duong bién quyét dinh ctia m6 hinh phan loai bién ciing SVM (nét lién) va bién mém SVM
(nét gach).

Phién logi bién mém SVM la bién thé ctia 1é ciing SVM cho phép mét vai diém di liéu "vuot
18". Viéc cho phép mot s6 161 trong viéc gén nhan hodc roi vao trong khu vuc 1é sé giup
ching ta tim dugc siéu phang phan tach c6 1é 16n hon. Nhung ta can han ché s6 diém bi
gan sai nhan lai vi viéc chap nhan qua nhiéu 16i sé 1am 1é qud 16n, thuat todn da chdp nhan
hau hét cac diém bi sai. Vay gitra viéc t6i uu 1é va viéc han ché s6 diém sai nhan, viéc nao
nén duoc uu tién hon?

5.2 Baitoan goc bién mém SVM

Ta dua ra khai niém bién ¢, 1a bién bt (slack variables) ing v&i méi cip (xy, v ). Sut hy sinh
mot s6 diém bi nam sai phia so vdi siéu mat phrfmg phan chia dugc thé hién qua bién bu &,,.

1. &, = 0la nhitng diém da dugc gan nhan ding.
2. 0 < & < 11anhitng diém nam ding ntra mat phang nhung nam & trong 1é.
3. & > 11a nhitng diém nam sai phia so v6i dudng bién.

4. {w,xy) +b>1—¢néuy, = 1va(w,x,) +b > -1+ & néuy, = -1 < y,((w,x, +
b) >1 _gn-



Viéc thém bién b1 vao ham muc tiéu sé gitup ching ta gidm thiéu nhirng diém dit liéu bi
gan sai nhan nhung van dam béo Ié ctia bai toan khong nho.
min 1||w||2 +C % &
whbe 2 =1 "
subjectto v, ((w,x,) +b) >1—¢, (46)
& >0¥n=1,...,N,
trong d6, C > 0 1a hing s6 phat:
C thé hién mitc do wu tién gitra toi da 1é ctia siéu phang phan tach vé tdi thiéu cac
bién bu.
C cang 16n thi 16i phan loai trong huan luyén cang bi phat nang.

Vay mo hinh bai toan bién mém SVM:

Algorithm 4 Giai bién mém SVM
Input: Tap du liéu X = [x1,%0,...,25]T € RN*P, tdp nhan tuong ung Y =
(Y1, Yo -yt € RV*va C.
Output: w va b.
1 Z < [X 1N« (D41

2 G~y [Z]]k]]'k
3. G+ <0 G _;N)
Nx(D+1)  TEN/ 2N)x (D+N+1)

4: h <_1NX1)
Ons1 / anyx (1)

5 4 < [0ps1)x1, C-Inxa]”

6: P < (0 Ip ODXE)NH))
(N+1)xD (D+N+1)x(D+N+1)
7: solve QP with (P, q,G,h) — S
8: w < S[: D]
9: b« S[D]

10: return w,b

5.3 Bai toan doi ngau cta bién mém SVM

Kiém tra diéu kién Slater: Vi moin = 1,..., N, va moi (w, b) luén tim dugc cac sé6 duong
¢y du 16n sao cho:
én > 1 - yn(<w,xn> + b).

Bai todn nay thoa man dieu kién Slater, vay xay ra doi ngau chat.

Ham Lagrangian ing véi bai toan 1é mém:

N
L(w,b, &0, 7) =%||w||2 ey )
=1

- ‘Xn ]/n <w xn>+b _1+§n Z’)’nénr

n=1

19
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trong d6 a,, > 0 va 7, > 0la cac nhan t Lagrange tuong ung voéi hai rang budc cta bai
toan t6i uu.

Bai toan déi ngiu ctia bién mém SVM:

£ inf b : 4

Vi bai todn cta chuing ta la bai toan 16i va d6i ngau chit xay ra tuong tu nhu vdi bai toan
dbi ngau ctia bién ciing, hé diéu kién KKT trd thanh diéu kién can va da. Hé diéu kién KKT
ctia bién mém SVM:

1—G¢n —yn({w, xs) +b) <0, (49)
ay >0 Yn >0, (51)
on(1 = Gn — yn({w, xn) + b)) =0, (52)
YnGn =0, (53)
oL al
% =w — 1; EnYnXn = 0, (54)
oL al
- = — Z anyn — O, (55)
ob =
oL
@—C—“n—')’n—o. (56)
Tir phuong trinh (54), (55) va (56) ta c6 bai toan d6i ngau trd thanh :
1NN N
min 5 ) ) agyiy;(xi x) = ) (57)
i=1j=1 i=1
N
subjectto ) " yx; =0 (58)
i=1
0<wg; <CVi=12,...,N. (59)
Viét lai duédi dang bai toan quy hoach toan phuong ta c6 :
min %STVTVS —17s (60)
subjectto —a; <0 Vi=1,2,...,N (61)
v <CVi=12,...,N (62)
N
Y yin; = 0. (63)
i=1

Tur day ta sé tinh duge a* ta quay lai tim b* va w* tuong tu nhu bai toan do6i ngau cta bién
cting SVM. Bai toan trén giéng v6i bai toan d6i ngau ctia bai todn SVM bién cting chi khac
1a ta c6 chan trén cho mdi A; bdi C va (59) duoc goi la diéu kién hip. Diéu kién hop ddm béo
ham Lagrangian dugc chan dudi diung bdi mot ham phu thudc vao « va v.

Nhan xét 5.1. Phuong trinh (52) ciia diéu ki¢n KKT cho ta két qud thii vi



1. Néu ay = 0 thi y;({w*,x,) +b) > 1. Ddy la nhitng diém nam ding phia so vdi duong
thang phan cdch.

2. Néu 0 < ay, < C thiy;({w*,x,,) + b) = 1. Ddy la nhitng diém duoc gin diing nhin va nim
trén le.

3. Néu a, = C thi y;({w*,x,) + b) < 1.Nhitng diém nay ndam trong 1é ké cé chiing cé nam sai
va diing phia so véi duong thing phdn cdch.

4. Khic v6i bai todn bién ciing, tdp cdc vecto hd trg bay gio bao gom cic diém ndm trén 16 va cd
cdc diém ndm sai phia & bén trong le.

Céch cai dat ctia bai toan do6i ngau cho bién mém :

Algorithm 5 Gii bai toan d6i ngau bién mém SVM

Input: Tap dr liu X = [x,x0,...,xn5]7 € RN*D tap nhan tuong tng Y =
(Y1, Y0 - yy]T € RN*IvaC
Output: w va b.
1. V<« [y][X]]k]]k
2 P« V'V
3 g < _1N><1

4: G (_IN)
IN J anyx()

b+ 0

solve QP with (P,q,G,h,A,b) — S
w < Opx1

10: SV <0

11: € < 107°

12: for all i such that S[i] > ¢ do

13: SV <+ SV+1

14:  w <+ w+ S[i]y;x;

15: end for

16: for all i such that S[i] > ¢ do

172 b+ b+ (y; — (w,x;))

18: end for

19: b+ &

20: return w,b

6 PHUONG PHAP KERNEL TRONG SVM
6.1 Dong luc

Kha ndng phan tach cta siéu phang bi gidi han trong truong hop di liéu ¢ tinh tach biét
tuyén tinh. Dé khac phuc han ché véi cac bo dix liéu khong tach biét tuyén tinh, ta c6 thé
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dua di liéu ban dau 1én mot khong gian khac (c6 thé cao chiéu hon) va tim siéu phang
phan tach dir liéu trong khong gian mai.

Ta c6 thé phat biéu y tudng stt dung mo hinh phan loai tuyén tinh cho di liéu phi tuyén
nhu sau:

1. V6i khong gian d liéu X, ta chon mot anh xa ¢ : X — F, v6i khong gian dac trung
F la mot khong gian Hilbert.

2. Tir tap dir liéu huan luyén ban dau, S = (x1,1), ..., (xn,yn), tinh tap anh, S =
(¥(x1),y1), - (P(xN), YN)-

3. Huén luyén mo hinh £ trén S.

4. Dy doan nhan cta diém dit liéu méi, z, bang h(y(z)).

a)
Hinh 7: a, Dt liéu ban dau. b, Dit liéu dugc bién déi qua ¢((x,y)) = (x,y, x> + y?).

Tuy nhién, néu tap dich ¥ 1a mot khong gian cao chiéu (c6 thé 1a vo han chiéu), thuc hién
cdc tinh todn trong d6 trd nén cuc ky dat do. Véi truong hop khong gian vo han chiéu thi
tim bi€u dién ctia w trong khong gian dic trung 1a khong thé. Phuong phép kernel dugc
gidi thiéu trong muc t6i 1a gidi phap cho van dé ve tinh toan dit liéu cao chiéu.

6.2 Phuong phap kernel

Dinh nghia 6.1 (Ham nhan - Kernel function). Ham nhin K : X x X — R tuong ing véi
anhxay : X — F, F lamot khong gian Hilbert, la:

K(xi, xj) = (p(xi), p(x))).- (64)
Trén thuc té, c6 rat nhiéu thuat toan c6 dac diém 1a cac dix liéu dau vao chi xuat hién duéi
dang cac ham nhan ctia cc cdp diém, ma déi ngau SVM la mot vi du sé duge de cap trong
muc t6i. Sy thuan 1gi ma nhiing thuat toan dé dem lai nam & viéc ta khong can phai dinh
nghia r6 rang ¢ va di tinh todn ¢(x). Viéc thay thé cc tinh vd hudng bang ham nhan dugc
goi la phuong phép kernel (kernel trick).

Vi du 6.2 (Ham nhan da thitc). Ham nhan da thitc bac k dugc dinh nghia la:
K(x,x') = (14 (x,x'). (65)



Ta sé chitng minh rang day 1a mot ham nhan duing, bang céch chi ra mot anh xa ¢ sao cho
K(x,x'") = (p(x),¥(x')). Kihiéu xg = x{; = 1. Ta co:

Kx,x')= (14 (x, ) =1+ (x,x)...(1+ (x,x')) (66)

= (%)) ... (Y xx)) (67)
=0 =0
k
- Z H x]ixgi (68)

Jje{0,1,..n}tki=1
k

k
= 2 JIully, (69)
Je{On o ntki=l =1
Ta 6 thé dinh nghia ¢ : R" — RO+D" vaiméi ] € {0,1,...,n}¥ c6 mot phan tir ctia 9 (x)
bang vdi H?:l x;.. Do do ta co:

K(x, ') = ((x), p(x)). (70)

Do ¢ bao gom nhitng don thitc bac khong vuot qué k, tim mot siéu phang phan tach véi
trong tap dich cta i tuong ung véi mot mod hinh phan loai c6 dang da thitc bac k trong
khong gian dit liéu ban dau. Mot nhan xét nira 1a do phuc tap cua viéc tinh toan ham K chi
1a O(n) trong khi s6 chiéu ctia khong gian déc trung la k.

Céac ham nhan c6 thé dugc thiét ké tir mot anh xa ddc trung ¥, nhung thong thuong thi
chiing déu dugc thiét ké mot cach tryc tiép. Tinh ding cia mot ham nhan c6 thé duge kiém
tra thong qua bo dé sau:

B6 dé 6.3. Ham dbi xiing K : X x X — R la ham nhan diing khi n6 ban xac dinh duong,
nghia la v6i mot tap httu han {x1,...,x,} € X, ma trgn Gram, G = (k(x;, x;));j, la ban xac
dinh duong.

Mbt s6 ham nhan théng dung:
Ham nhan tuyén tinh: K(x, z) = x7z.
Ham nhan da thuc: K(x,x') = (14 (x,x'))7?, v>0
Ham nhan RBF: K(x, z) = exp(—7||x — z||3), 7> 0

Ham nhan Sigmoid: K(x, z) = tanh(yxTz + )

6.3 Kernel SVM

Nhu da dugce gidi thiéu 6 muc trude va phan 4.4, cac diém di liéu huan luyén & d6i ngau
SVM chi xuét hién duéi dang tich vd huéng véi cac diém di liéu khac, diéu nay cho phép
SVM (stt dung mot siéu phang phan tach tuyén tinh) c6 thé phan loai duge nhiing dix liéu
phi tuyén tinh ma chi phi tinh toan khong bi ting 1én qua nhiéu thong qua phuong phap
kernel.

Ap dung phuong phéap kernel, ham muc tiéu va budc truy van ctia déi ngdu SVM c6 thé
viét lai:

mm = Z Z ey K xl,x] Z o, (71)

11]
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N
f(2) = Y wyik(z %) + oo ¥ (= ¥ ahynK@nx) | 02)
= |SV]|

meSV
Nhan xét 6.4. Phuong phdp kernel hoat dong rat hiéu qud khi ding trong SVM:

Tix 72 6 thé'thay ring dé dua ra du dodn cho mot diém dit liéu mdi, ta phdi tinh ham nhdn ciia
diém mdi vdi tat cd cdc diém dit lidu trong tdp hudn luyén. Tuy nhién, nho vao tinh thua ciia
a* trong SVM nén chi can tinh ham nhén ciia diém mdi vdi sé nhd cdc vector hé tro (diém co
o* tuong ving khic 0 - tir nhdn xét 4.1) dé dua ra nhan dit dodn.

Homn nita, tir diéu kién ban xdc dinh duong ciia ham nhdn, bai todn téi wu van la bai todn tbi
wu toan phuong.

7 BAITOAN TOI UU MEM KHONG RANG BUOC

7.1 Xay duwng bai toan bai toan t6i wu mém khong rang budc
V6i SVM, ta xem xét 1p ham du doan f(x,, w, b) : RP - R b dang :
f(x) = (w,x) +0b

Dé danh gia kha nang phan loai ciia ham du doén ta st dung ham mat mat £(y,, §) V6i yn
1a nhan dung va 7, 1a nhan dy doan ma ham f duara (9, = f(x,)). Ham mat mat sé nhan
gid tri 0 néu f(x,) = y, va 16n hon 0 néu du doan dua ra la sai. Him mat mat dugc dung
trong SVM 1a hinge loss, c6 dang :

l(xy) =max(0,1 —ynf(xn)) vOi f(xn) = (w,xn) + b (73)
Viéc st dung ham hinge loss cho ta két qua nhu sau :

1. Néu nhan dy doan trung v6i nhan that thi v, f (x,) > 1 va ham hinge loss c6 gia tri
bang 0.

2. Néu 0 < y,f(x,) < 1 thi diém dit liéu nay cing dugc gan nhan ding nhung ndm bén
trong khoang lé.

3. Néu y,f(x,) < 1 thi diém di liéu bi gan nhan sai vi vdy ham hinge loss sé tra lai 1 gia
tri 16n tuy vao do léch ctia nhan that véi nhan du doan.

Ta can tim w, b 1am cho t6ng gia tri cia ham hinge loss qua toan bo diém huan luyén nho

nhéat :
N

min max (0,1 —yuf(xn)) (74)
(2 —

Khi dit liéu ta dting huan luyén la phan tach tuyén tinh nén gia tri tbi uu c6 thé bang 0.
Néu goi (w*, b*) la nghiém t6i wru thi néu thay (cw*, cb*) ta 6 y, (1 — {cw*, x,) + cb*) <
0 Vn=1,...,N,vay (cw*, cb*) cling 1a diém t6i vu ctia bai toan. Viéc giai bai toan tbi wu
trén sé cho ta vo sd diém t6i uu.

Vay chiing ta sé thém vao ham muc tiéu mot dai lugng thé hién sy uu tién cho mot sd wvi
véy lam cho diém t6i wu trd nén duy nhat. Dai lugng nay dugc goi la chinh quy. Ngoai dong
luc ta da néu bén trén viéc thém dai lugng chinh quy con cho ta mot s6 tinh chét:

24
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penalty (loss) size
3

_—— 5 —
incorrectly classified ' correctly classified
distance from boundary

Hinh 8: Minh hoa cho ham hinge loss.

1. Viéc thém dai lugng chinh quy sé déng nhét vdi viéc tdi uu 1é theo goc nhin hinh hoc.

2. Ngoai ra viéc thém dai lugng chinh quy gitip cho bai todn dugc cai thién tinh tong
quat trong tap truy van bdi vi dai lugng chinh quy khong cho phép cac diém dir liéu
huan luyén c6 anh hudng 16n dén gia tri ham mat mat.

Pai lugng thém thuong duoc sit dung la Cl|w||?. D€ viéc tinh dao ham dé dang ta nhan
thém véi dai lugng nay %, cudi cling ta c6 bai toan tbi wru :

min Y max(0,1—, (F(xn))) + S el? 75)

wbnl

Bai todn SVM bién mém gdc va bai toan khong rang budc la hai bai toan tuong duong.
Viéc t6i thiéu lam hinge loss chinh Ia t6i thiéu tong cac bién b1 tiing v&i méi diém dir liéu
(xn,yn). That vay:

Gi>0vag; >1— ((w,x;)+b) (76)
< & >max (0,1 — ((w,x;) +b)) (77)

Vay néu gia st (w*, b*, ) 1a nghiém t6i wu ctia phén loai bién mém SVM thi tir (77) ta ¢ :
& =max (0,1 — ( (w*, x;) +b%)).

7.2 Ap dung Stochastic Gradient Descent giai quyét bai toan

Kl —yix;  khi y;((w,x;) +b) <1 (78)
ow |0 khi y;({(w,x;) +b) > 1
ig _ )i kh1 yi({w,x;) +b) <1 (79)
ob 0 khi y;((w,x;) +b) >1



Tir day ta dao ham ham muc tiéu J(w,b) = Y0 max(0,1 — yuf(xs)) + §|wl? theo 2
bién w, b:

J —VYixi — Qw khi (W, X; + b) <1
5w (@:b) = _yﬁw 2 khiyfi -> | o
: vi({w,x;) +b) > 1
Kl (w,b) = —y; khiy;((w,x;) +b) <1 (81)
ob 0 khi y;((w, x;) +b) > 1

Ap dung thuat toan Stochastic Gradient Descent dé tim w*, b*:

Algorithm 6 SGD cho bai toan Soft Margin SVM khong rang budc
Input: Tap d@ litu X = [x;,x0,...,2n5]7 € RNXP, tip nhan tuong ung Y =
(Y1, Y0, - yy]T € RNXL tbc d6 hoc a, s6 vong lap T
Output: w* va b*
1: Khoi tao gia tri wy va by.
2: fori =0to T do
3:  Chon 1 diém di liéu bat ky (x;,y;)

4. if ((w,x;) +b) < 1then

5: Wi = w; — a(—Yixi — %wl)
6: b1 = b; — “(_yi)

7. else

8: Wit = W; — “(—%wi)

9: bit1=10;

10: end if

11: end for

12: return w; 1, b1

8 MuLTI-CLASS SVM

Bai toan SVM ma ta xay dung & trén chi phuc vu phan loai nhi phan tic la phan chia d
liéu thanh 2 16p. B&i vi m6i mo hinh SVM chi phan biét gitra 2 16p nén mot cach ty nhién dé
md rong mo hinh dé phéan chia nhiéu 16p 1a str dung nhiéu thuat todan SVM trong mot mo
hinh dé6 chinh la y tudng cta ki thuat one-vs-one va one-vs-rest.

Trong one-vs-one, chung ta stt dung mo6i mo hinh SVM dé phan loai 2 16p, b6 qua cac diém
ctia cac 16p con lai. Diéu nay 6 nghia sy phan tach chi quan tam dén di liéu cta 2 16p can
phan chia.Vi vay dé phan chia hét m 16p chiing ta can @ mo hinh SVM. Khi ¢ mét dir
liéu mai dugc dua vao thi no sé dugc dua qua toan b cac mo6 hinh SVM va cudi cung nhan
ctia dit liéu sé dugc quyét dinh dya trén 16p ma né duge phan vao nhiéu nhét.

Phuong phéap thudng dugc sit dung nhiéu hon 1a one-vs-rest. Néu ¢6 m nhém chuing ta sé
stt dung m md hinh phan loai, mi mot mo hinh SVM sé tim mét siéu mat phang dé tach dir
liéu thudc moét 16p véi cac 16p khac. Chéng han mo hinh phan loai 1 sé chia dit liéu thanh
hai phan thuoc 16p 1 va khong thudc 16p 1.

26
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A — -
A X

Hinh 9: Miéu ta cac viing quyét dinh 1a két ndi vdi nhau va c6 tinh 16i

Nhung khi dung phuong phép trén dan t6i mot ving chira dit liéu khong duge gan nhan.
Dé tranh dugc van dé trén ta sé gdp ca m phuong trinh duong thang phan cach ctia m mo
hinh SVM bang mdt phuong trinh duy nhat c6 dang:

yi(x) = (w;,x) +b;, Yi=1,2,...,m. (82)
Mot diém sé thudc 16p k néu y(x) — y;(x) > 0 v6i k # j. VAy siéu mat phing phan téch 16p

k valdp j c6 dang;:
(wy —wi, x) + (by — b;) = 0. (83)

Sau khi xay dung 16p ham nhu vay ta thay moi mat phang phan cach gio day déu lién két
va sé chia mat phang thanh m viing c6 tinh chat 15i.

Ching minh: Gia st hai diém x4 va xp thudc ving Ry. Bit ki diém nao thudc dudng thang
ndi x4 va xp sé dugc biéu dién dudi dang:

=0x4+(1—0)xp,voi 0<0<1.
Nho sy tuyén tinh ctia phuong trinh (83) ta c6 :
V(%) = Oyr(xa) + (1 —0)yx(xp),voi 0 <6 < 1.

Vi ta gia str x4 va xp thudc Ry nén yi(xa) > yj(xa) vayr(xg) > yi(xp) vay yx(%) > y;(%)
tuong tu thi y (&) > y;(%), vay & thudc 16p Ry. B

Vay tir day van dé néu & trén ctia phuong phép one-vs-rest da dugc khac phuc.

9 THUC HANH

9.1 Chay trén du liéu tv sinh

Dt liéu dugc sinh tir sklearn.datasets gom 4 bo dit liéu nhu sau:

o Dit liéu 1a tach biét tuyén tinh: C6 duding thang phan tach di liéu thanh 2 tap.
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o Dit liéu van tach biét tuyén tinh nhung c6 diém nhiéu: Van ton tai duong thang phan
tach dit liéu thanh 2 tap nhung duong thang d6 sé bi léch vé mot phia.

o Dit liéu gan tach biét tuyén tinh: Khong ton tai dudng thang phan tdch hoan toan
nhung van phan tach dugc cho phan 16n diém du liéu.

o Dit liéu hoan toan khong tach biét tuyén tinh: Hoan toan khong ton tai dudng thang

nao cho két qua tot.

Mbi tap dit liéu gom 100 diém di liéu, c6 hinh danh nhu sau:

Di liéu khéng linearly separable nhung gén linzarly separsble

Dif liéu hosn toan khéng linearly separable

Dit liéu I3 linzarly separable Dif liéu vén lingarly separable nhung cé diém nhigu
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Chay thir md hinh SVM théng thuong 1an luot véi C=100000 va C=2 thi ta dugc duong

thang phan cach va margin nhu sau:

SVM with C=100000

SVM with C=100000

SVM with C=100000 SVM with C=100000
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Con khi chay md hinh SVM véi kernel rbf 1an lugt véi C=10 va C=100000, hang s
gamma=0.1 thi ta dugc dudng thang phan cach va 1é nhu sau:

SVM with Kemnel="rbf C=10 gamma=0.1

‘SVM with Kemel='rbf’ C=10 gamma=0.1

VM with Kernel='b" C=10 gamma=0.1 VM with Kernel= b C=10 gamma=0.1
T
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Ta rut ra dugc mot sd nhan xét nhu sau:

o SVM bién mém hoat dong t6t khi dit liéu c6 dang tach biét tuyén tinh.
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o Khi di liéu khong tach biét tuyén tinh thi SVM véi kernel="linear’ khong thé cho ra
dap an.
e V6i SVM kernel mo hinh chay t6t v6i nhiéu dang dit liéu, nhung can phai diéu chinh

cac tham s6 mot cach hop 1i.

9.2 Chay trén dir liéu MNIST

Bai todn gbc: nhan dién s viét tay tir 0 dén 9
Dt lieu MNIST gom 70000 &nh 28x28 da dugc trai ra thanh vector, véi nhan tir 0 dén 9 va c6
su phan bd déu gitra cac nhan

pixell pixel2 pixel3 pixeld ... pixel782 pixel783 pixel784 class
4] % e % e 4] e e 5
1 %] 5] %] 5] 5} 5} @ 5]
2 % e % e 4] e e 4
3 %] 5] %] 5] 5} 5} @ 1
4 % e % e 4] e e 9
69995 % e % e 4] e e 2
69996 %] 5] %] 5] 5} 5} @ 3
69997 % e % e 4] e e 4
69998 %] 5] %] 5] 5} 5} @ 5
69999 % e % e 4] e e 6

[70000 rows x 785 columns]

2000

dass

Dé 4p dung SVM trong phan loai nhi phan ta sé ldy tur tap di liéu trén cac diém di liéu c6
nhan la 8 va 9. Bai toan trg thanh phan biét s6 8 va s6 9.

Dau tién ta sé 14y tir tap di liéu cac diém di liéu c6 nhan 1a 8 va 9. Vi dit liéu da duge xir Ii
nhung chura dugc chudn héa, nén ta sé chuan héa dir liéu dé cac cot c6 di liéu thi déu c6
mean=0 va std=1.

for col in X.columns.values:
value = np.std(X[col])
if (value > @):
X[col] = (X[col] - np.mean(X[col]))/value

Do khong c6 tap test san nén ta chia dit liéu thanh cac tap train va test vdi ti 1& 7:3.
Chay mo6 hinh SVM trén tap train va danh gia d6 chinh xac trén tap test.
Khi chay SVM thong thuong véi cac C 1an luot 1a 10°, 10, 0,01 ta duge két qua nhu sau:



C = 1leoeoe
precision
8 a.97
9 a.97
accuracy
macro avg a.97
weighted avg @8.97
[[1979 71]
[ 57 2028]]
C =18
precision
8 a.97
9 a.97
accuracy
macro avg a.97
weighted avg @8.97
[[1979 71]
[ 57 2028]]
C =m9.01
precision
8 @.98
9 9.98
accuracy
macro avg @.98
weighted avg 2.98

[[2018 32]
[ 34 2051]]

recall fil-score

@.97 8.97
@.97 8.97
0.97

@.97 8.97
@.97 8.97
recall fil-score
@.97 8.97
@.97 8.97
0.97

@.97 8.97
@.97 8.97
recall fil-score
@.98 8.98
@.98 8.98
0.98

@.98 8.98
@.98 8.98
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support

2050
2085

4135
4135
4135

support

2050
2085

4135
4135
4135

support

2050
2085

4135
4135
4135

Chay v6i cac kernel thong dung v6i gamma 1a 10 va 1072 ta dugc bang két qua nhu sau:

kernel = sigmoid gamma
precision
8 0.81
9 0.82
accuracy
macro avg 0.82
weighted avg 09.82
[[1675 375]

[ 389 1696]]
kernel = poly gamma = 10

precision
8 8.99
9 1.00
accuracy
macro avg 0.99
weighted avg 9.99
[[2040 18]
[ 17 2068]]
precision
8 0.00
9 0.58
accuracy
macro avg 0.25
weighted avg 9.25
[[ © 2058]
[ e 2085]]

Nhu vay kernel = poly, gamma = 10 cho két qua t6t nhat, ké dén la kernel = rbf, gamma =

=10

recall fi1-score

0.82 9.81
@.81 9.82
9.82

0.82 9.82
@.82 9.82
recall fi1-score
1.60 0.99
@.99 9.99
9.99

0.99 0.99
@.99 9.99
recall fi1-score
0.00 2.00
1.00 8.67
9.50

0.50 8.34
@.50 8.34

support

2050
2085

4135
4135
4135

support

2050
2085

4135
4135
4135

support

2050
2085

4135
4135
4135

kernel = sigmoid gamma =

2.081

precision recall fil-score

8 9.98 @.98 2.98

9 0.98 9.98 9.98

accuracy 9.98

macro avg 9.98 @.98 2.98

weighted avg .98 .98 0.98
[[2009 41]
[ 51 2034]]

kernel = poly gamma = ©.001

precision recall fil-score

8 9.99 @.97 2.98

9 0.97 9.99 9.98

accuracy 9.98

macro avg 9.98 @.98 2.98

weighted avg .98 .98 0.98
[[1988 62]
[ 29 2056]]

kernel = rbf gamma = ©.001

precision recall fil-score

8 9.98 @.99 2.99

9 9.99 9.98 2.99

accuracy 8.99

macro avg 9.99 @.99 2.99

weighted avg 8.99 8.99 ©.99

[[2035 15]

[

0.001 va ca hai déu c6 accuracy rat cao 1a 0.99

34 2051]]

support

2850
2885

4135
4135
4135

support

2850
2885

4135
4135
4135

support

2850
2885

4135
4135
4135
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9.3 Cai dat SVM bién cirng va SVM bién mém bang qpsolvers va cvxopt

Code cho phan bién cting:

# data generator

from _ future_ import print_function
import numpy as np

import matplotlib.pyplot as plt

from scipy.spatial.distance import cdist
np.random.seed (22)

means = [[2, 2], [4, 21]

cov = [[.3, .21, [.2, .3]1

N = 30

n = 60

X0 = np.random.multivariate_normal (means[0], cov, N)

X1 = np.random.multivariate_normal (means([1l], cov, N)

X = np.concatenate ((X0, X1), axis = 0)

y = np.concatenate((np.ones((N, 1)), -l*np.ones((N, 1))), axis = 0)

# Primal problem
from cvxopt import matrix, solvers
from gpsolvers import solve_dgp

GO = np.vstack ((-X0.T[0],-X0.T[1],-np.ones(N))).T

Gl = np.vstack(( X1.T[0], X1.T[1l], np.ones(N))).T

G = np.concatenate( (G0, Gl), axis = 0)

h = —-np.ones ((n,))

P = np.array([[1,0,0],[0,1,0],[0,0,0]],dtype=np.float64d)
g = np.zeros((3,))

(
(
S = solve_gp(P,q,G,h,solver='cvxopt’)
S[:2]

w_primal = w_primal.reshape(l,2)
b_primal = S[2]

w_primal =

# Dual problem
from cvxopt import matrix, solvers

# build P

V = np.concatenate ((X0, -X1), axis = 0)
P = matrix(V.dot (V.T))

g = matrix (-np.ones((n, 1)))

# build A, b, G, h

G = matrix (-np.eye(n))

h = matrix (np.zeros((n, 1)))

A = matrix(y.T)

b = matrix(np.zeros((l, 1)))
solvers.options [’ show_progress’] = False
S = solvers.gp (P, g, G, h, A, Db)

1l = np.array(S['x"1])

w_dual = matrix(np.zeros((1l,2)))

SV =0
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e = le-6
b_dual = 0
for 1 in range(0,n) :
if 1[i] > e:
SV = SV + 1
w_dual = w_dual + 1[1i]*V[i]
for 1 in range(0,n):
if 1[i] > e:
b_dual = b_dual + (y[i]-w_dual.dot (X[i]))
b_dual = b_dual / SV

Code cho phan bién mém

# Data generator

from _ future_  import division, print_function, unicode_literals
# list of points

import numpy as np

import matplotlib.pyplot as plt

from scipy.spatial.distance import cdist

from matplotlib.backends.backend_pdf import PdfPages
np.random.seed (22)

means = [[2, 2], [4, 2]1]

cov = [[.7, 01, 1[0, 711

N = 30

n = 60

X0 = np.random.multivariate_normal (means[0], cov, N)

b
H
Il

np.random.multivariate_normal (means[1l], cov, N)
X = np.vstack ((X0, X1))
np.vstack ((np.ones ((N,1)), -np.ones((N,1)))).reshape((2*N,))

=
Il

# Primal problem
from cvxopt import matrix, solvers
from gpsolvers import solve_gp

#build G

c = 100

GO = np.vstack ((-X0.T[0],-X0.T[1],np.ones(N))).T

Gl = np.vstack(( X1.T[0], X1.T[1l], np.ones(N))).T

G = np.concatenate ((GO, Gl), axis = 0)

G2 = np.zeros((n,3))

G = np.concatenate ((G,G2),axis = 0)

I = —np.eye(n)

I = np.concatenate((I,I),axis = 0)

G = np.concatenate ((G,I),axis = 1)

#build h g P

h = np.concatenate((-np.ones((n,1)),np.zeros((n,1))),axis = 0)
g = np.concatenate ((np.zeros((3,1)),c*np.ones((n,1))),axis = 0)

P = np.zeros((n+3,n+3))

P[O][0] = P[1][1] =1

S = solve_gp(P,q,G,h,solver='cvxopt’)
w_primal = S[:2].reshape((1,2))
b_primal = S[2]
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# Dual problem

from cvxopt import matrix, solvers

c = 100

# build P

V = np.concatenate ((X0, -X1), axis = 0)

P = matrix(V.dot (V.T))

g = matrix (-np.ones((n, 1)))

# build A, b, G, h

G = matrix (np.vstack((-np.eye(n), np.eye(n))))
h = matrix (np.concatenate((np.zeros((n, 1l)),c*np.ones((n,1))),axis = 0))
A = matrix(y.reshape((n,1)).T)

b = matrix(np.zeros((1l, 1)))
solvers.options[’show_progress’] = False

S = solvers.gp (P, g, G, h, A, Db)

1l = np.array(S['x"1])

w_dual = matrix(np.zeros((1,2)))

SV =0

e = le-5

b_dual = 0

for 1 in range(0,n):
if 1[1i] > e:
w_dual = w_dual + 1[1]*V[1]

for 1 in range(0,n):
if 1[1i] > e and c-1[1] > e:
SV = SV + 1
b_dual = b_dual + (y[i]l-w_dual.dot (X[1]))

b_dual = b_dual / SV

Chi tiét phan thuc hanh c6 thé tham khao thém & cac notebook dinh kém.
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