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Spectral Clustering la gi?

Cac budc tién hanh
= Dit liéu diu vao
m M& hinh héa
m Thuat todn Spectral Clustering
= Chon sb cum

Ap dung

The Mathematics of Data Science

Céc phién ban cai tién
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NGi dung

Spectral Clustering 13 gi?

3/41



Spectral clustering

LSpectral Clustering la gi?

V4
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Spectral clustering

LSpectral Clustering la gi?

V4

Y nghia tén goi

— Clustering: 13 mét I6p bai toan chia diém dir liéu thanh cac
cum (cluster).

— Spectral: tinh tir ca spectrum, tip cic gia tri riéng cla ma
tran.

— Spectral graph theory.
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Spectral clustering

LSpectral Clustering la gi?

Mét sb thuit ng

Ma tran ké (adjacency matrix)

Ma tran ké ctia mét db thi vo huéng G = (V, E) 13 mét ma trén
W = (wj)ij=1,..n € R™" v6i wj; la trong s6 clia canh ndi 2 dinh
vi va v;. Trudng hop w;jj = 0 nghia Ia khong cé canh noi giifa
ching.
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Spectral clustering

LSpectral Clustering la gi?

Mét sb thuit ng

Vi du: Cho mdt db thi cé6 n = 4 dinh va ma tran ké tuong Gng nhu
sau:
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© o ©
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Spectral clustering

LSpectral Clustering la gi?

Mét sb thuit ng

Ma trén bic (degree matrix)

Ma tran bic |a mét ma trdn dudng chéo D sao cho D;; = d; véi d;
la bac cta dinh v; dugc dinh nghia theo céng thic:

n
d; = E wij
j=1
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Spectral clustering

LSpectral Clustering la gi?

Mét sb thuit ng

Vi du: Cho mdt db thi c6 n = 4 dinh nhu trén vd ma tran bac
tuong ng nhu sau:

34 0 0 O
0 15 0 O
0 0 17 O
0 0 0 18
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Spectral clustering
L Céc buéc tién hanh

NGi dung

Cac budc tién hanh
= Dir liéu diu vao
m M& hinh héa
m Thuat todn Spectral Clustering
= Chon sb cum
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Spectral clustering
L Céc buéc tién hanh
LD lieu ddu vio

NGi dung

Céc buéc tién hanh
m D liéu dau vao
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Spectral clustering

L Céc buéc tién hanh
LD lieu ddu vio

M3i dinh 13 1 diém di lidu, giita 2 dinh c6 trong sb, cang "gibng
nhau" thi trong sb cang I16n.
— Similarity graph.

8/41



Spectral clustering

L Céc buéc tién hanh
LD lieu ddu vio

M&i dinh 13 1 diém di lidu, giita 2 dinh c6 trong sb, cang "gibng
nhau" thi trong sb cang I6n.
— Similarity graph.

Céng thic dé do db "gibng nhau":

1% = xl1?

S(X,',Xj) :eXp(_ 20_2
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Spectral clustering

L Céc buéc tién hanh
LD lieu ddu vio

Cac loai similarity graph

The e-neighborhood graph

Trong e-neighborhood graph ta ndi canh nhitng dinh c6 khoang
cach bé hon ¢ bing nhiing canh khéng trong sb.
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Spectral clustering

L Céc buéc tién hanh

LD lieu ddu vio

Cac loai similarity graph

Vi du: e-neighborhood graph xay trén tap dir liéu tu sinh:

epsilon-neighborhood graph(epsilon = 0.75)

B Khé chon tham sb .

B Trong dataset véi cac vlung
khéng cung "mat dé", vung
c6 mat dd thua hon sé khé
két ndi v6i nhau.
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Spectral clustering

L Céc buéc tién hanh
LD lieu ddu vio

Cac loai similarity graph

k-nearest neighbor graphs

Trong k-nearest neighbor graphs, véi m3i dinh ta ndi né véi k dinh
gan dinh dang xét nhat. C6 2 loai k-nearest neighbor graphs:
k-nearest neighbor graphs: M8i dinh nbi canh v huéng téi k
dinh gan né nhat.
Mutual k-nearest neighbor graphs: Chi ndi canh v; véi v khi
vj n3m trong k dinh gan nhit véi v; va nguoc lai.
C3 hai trudng hop déu 13 dd thi c6 trong sb bing do gibng nhau
gitra 2 dinh.
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Spectral clustering

L Céc buéc tién hanh
LD lieu ddu vio

Cac loai similarity graph

Vi du: k-nearest neighbor graph trén tap dit liéu tu sinh:

k-nearest neighbor graph(k=5)

B Cé thé ndi cac viing c6 mét
dé khac nhau lai v6i nhau.

B Cé thé tich cac viung c6 mat
dé thua néu ching da xa.
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Spectral clustering
L Céc buéc tién hanh

LD lieu ddu vio

Cac loai similarity graph

Vi du: Mutual k-nearest neighbor graph trén tap dir liéu tu sinh:

mutual k-nearest neighbor graph(k=5)

74
6 1 .
54 N A- 7 N 7
B Thudng ndi cac vlung cé
4l chung méit dé nhung khéng
noi cic vung ¢ mat do khic
31 nhau lai véi nhau.
5]
14 .
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Spectral clustering

L Céc buéc tién hanh
LD lieu ddu vio

Cac loai similarity graph

The fully connected graph

Trong fully connected graph, tht c3 cic c3p canh déu duoc nbi véi
nhau bdi cac cdp canh vd hudng véi trong s6 la d6 gidéng nhau
gitra 2 dinh.
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Spectral clustering

L Céc buéc tién hanh
LD lieu ddu vio

Cac loai similarity graph

Vi du: Fully connected graph trén tap dif liéu tu sinh:
Fully Connected Graph

B Ma tran dau ra khéng phai
la mét ma tran thua.
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Spectral clustering
L Céc buéc tién hanh
M5 hinh héa

NGi dung

C4c budc tién hanh

m M6 hinh héa
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Spectral clustering
L Céc buéc tién hanh
M5 hinh héa

Bai toan db thi

m Truc gidc: Phan hoach similarity graph thanh k phan
A1, ..., Ak sao cho 2 cum A;, A; khic nhau.
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Spectral clustering
L Céc buéc tién hanh
M5 hinh héa

Bai toan db thi

m Truc gidc: Phan hoach similarity graph thanh k phan
A1, ..., Ak sao cho 2 cum A;, A; khic nhau.

—— Do "dd khac nhau":

W(A,B) =

Z Wi.j

Vi€EA
vieEB
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Spectral clustering
L Céc buéc tién hanh
M5 hinh héa

Bai toan db thi

m Truc gidc: Phan hoach similarity graph thanh k phan
A1, ..., Ak sao cho 2 cum A;, A; khic nhau.
—— Do "dd khac nhau":

W(A,B) = ZW,J

ViEA
vieEB

—— Cin YK, W(A;, A) dat GTNN.
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Spectral clustering
L Céc buéc tién hanh
M5 hinh héa

Van dé

- C4ch 1am ndy thudng chia thanh tiing diém riéng 1é [WL93].
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Spectral clustering

L Céc buéc tién hanh

M5 hinh héa

Bai toan db thi

Cho db thi G = (V, E) va k nguyén ducong. Tim phan hoach
A1, ...,Ax cta V sao cho:

k —_
o W(ALA)
P = ;—1 A dat GTNN
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Spectral clustering

L Céc buéc tién hanh

M5 hinh héa

Mot vai két qud ly thuyét

Dinh nghia

Cho dé thi G = (V, E) véi D, W Ian lugt |3 ma tran bac va ma
tran ké. Khi dé (unnormalized) Laplacian matrix L dugc dinh nghia
la:

L=D—-W
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Spectral clustering
L Céc buéc tién hanh
M5 hinh héa

Mot vai két qud ly thuyét

Vé6i moi vector v = (vi,...,v,)| € R" ta cé:

1 n

T 2

v Lv = 5 E 1W,-j(v,- vj)
1=
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Spectral clustering
L Céc buéc tién hanh
M5 hinh héa

Mot vai két qud ly thuyét

n n
vTDv—vTWv:E v,-2d,-,,~— g ViViw; j

i—1 ij=1

_1 ( vid;i— Z 2viviwij + Z
ij=1

1[G oL
:5 ZV’?ZW’.J Z2VIV_,W:,J+Z ZWJ,"
i=1 j=1 ij=1
= % > vj)*
i
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Spectral clustering
L Céc buéc tién hanh
M5 hinh héa

Mot vai két qud ly thuyét

L c6 n gia tri rieng thuc khong am 0 < Ay < Ao < -+ < A,
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Spectral clustering

L Céc buéc tién hanh

M5 hinh héa

Bai toan tbi uu

Ménh dé
Ta c6 ding thic:

W(A;, Ai) T
0D pT Ly,
|Ail
;, vj € A;
trong dé h, = (h]_’,7 e 7hn’i)7— Vé h_j,l = V |AI| .
0, TH khéc

Hon nita ma trAn H nhan h; 1am cot théa HTH = I,
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Spectral clustering
L Céc buéc tién hanh
M5 hinh héa

Bai toan tbi uu

;LA R
m Ta cé bién dbi:

n

1
h,TLh, = 5 Z Wj,k(hj,i - hk’i)z
k=1
1 1
:‘ZWJk /— 245 2 wik(-—==)
JEA; ’ 2jeA, Al
kEA; kEA;
_ W(AHKI)
|Ail
m hi-hj =0 do cic A; d6i mot khdng giao va
hi-hi =3 ca % =1
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Spectral clustering
L Céc buéc tién hanh
M5 hinh héa

Bai toan tbi uu

Ta c6 ding thic

W(A;, A;)

= hl Lh; = [HT LH];,
|Ail ’

Tu désuyra P =Sk, Wﬁf\’i’lf") = trace(HT LH).
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Spectral clustering
L Céc buéc tién hanh
M5 hinh héa

Bai toan tbi uu

Ta c6 ding thic

W(A;, A;)

= hl Lh; = [HT LH];,
|Ail ’

Tu désuyra P =Sk, Wﬁf\’i’lf") = trace(HT LH).

W Lhi = > hiiheilllin = > [HT)ij[LjalHlki = [HT LH); ;.
J k=1 j,k=1
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Spectral clustering

L Céc buéc tién hanh

M5 hinh héa

Bai toan tbi uu

Bai todn tbi uu 1

Tim min trace(H"LH) véi HTH = .
HeRnxk

Dinh Iy (Hé qua 4.3.39,[HJ13])

Cho LeR™ céngidtriritng0 < A\ <---<Apval<k<n

Khidé min trace(HTLH) = Ay + - + Ak. -
HT H=1,

21/41



Spectral clustering
L Céc buéc tién hanh

LThuét todn Spectral Clustering

NGi dung

C4c budc tién hanh

m Thuat todn Spectral Clustering
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Spectral clustering

L Céc buéc tién hanh

LThuét todn Spectral Clustering

Thuit toan

Thudt todn Spectral clustering

Cho dif liéu ddu vao I similarity matrix S € R"™*", k € N 13 sb
cum.
Tinh (unnormalized) Laplacian matrix L.
Tinh k vector riéng uy,--- , ux Ung véi k gid tri riéng nho
nhit cla L. Goi U € R"™ X |3 ma trin gém cic cot la cic u;.
Dung k-means dé phan cic y; thanh G, - -, Cy, Véi y; la
vector dong clia U.
Dif lidu ddu ra I3 Ay, -+, A v6i A; = {vjly; € G}
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Spectral clustering
L Céc budc tién hanh
LChon sb cum

NGi dung

C4c budc tién hanh

m Chon s6 cum
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Spectral clustering
L Céc budc tién hanh
LChon sb cum

Chon s6 cum

— La vAn dé chung clia bai toan clustering.
— Nhiéu phuong phap dugc phap trién cho nhiu loai mé hinh
khac nhau.
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Spectral clustering
L Céc budc tién hanh
LChon sb cum

Chon s6 cum

— La vAn dé chung clia bai toan clustering.
— Nhiéu phuong phap dugc phap trién cho nhiu loai mé hinh
khac nhau.

— Eigengap heuristic: Chon k sao cho A1 — Ag tuong déi 16n.
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Spectral clustering

L Céc buéc tién hanh
LChon sb cum

Motivation

Dinh Iy

Cho G 13 db thi vé hudng va véi trong sb khéng am. Khi dé bdi k
clia gié tri riéng 0 ctia L b3ng s6 thanh phan lién thong cla G.
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Spectral clustering

LAp dung

NGi dung

Ap dung
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Spectral clustering

LAp dung

Ap dung
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Spectral clustering

LAp dung

k-nearest neighbor graph (k=12) eigenvalues
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Spectral clustering

LAp dung

Ap dung

Spectral Clustering Kmeans
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Spectral clustering
LAp dung

Ap dung
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Spectral clustering

LAp dung

Ap dung

k-nearest neighbor graph (k=8) eigenvalues
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Spectral clustering

LAp dung

Ap dung

Spectral Clustering Kmeans
15 1 15 1
g & .0&.7 °
4
10 10 d . U:J
L
8y Y Sy .
(L3 Ll ]
5] .-‘f-s e 5 ? -.‘P-s e
rel [} ry) [}
: &
04 ., :‘ 09 4 ..
3 Y 3
_s | ¥ -5 ¥
: 5
-
; £
-10 . -10
ey et g
. g°
—151 T T T T T T —151 T T T T T T T
-15 -10 -5 0 5 10 15 -15 -10 -5 0 5 10 15

33/41



Spectral clustering

LAp dung

Uu diém

— K-means dua ra mét gid s manh, dé 13 cic cum 13 cic khébi
tron. Mgt so trudng hgp thi spectral clustering sé phan hiéu
qua hon.

— Khéng can chay nhiéu 1an nhu k-means.
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Spectral clustering

LAp dung

Mot so6 van dé

— Chon céc siéu tham sé.

— Né&u ma trdn Laplacian dense thi tinh cac vector riéng sé tén
thgi gian.
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Spectral clustering

L c4c phién ban cai tién

NGi dung

Céc phién ban ci tién
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Spectral clustering

L_Céc phién ban cai tién

Normalized symmetric Laplacian

Bing cach tiép cip hoan toan tuong tu nhu trong phién ban
unnormalized Laplacian matrix nhung thay |A;| bang

vol(A) = > d;

IRASA)

Thi ta thu ducc bai toan tbi wu

Bai todn tbi uu 2

Tim min trace(KT D 2LD32K) véi KTK = I.
KeRnxk

1 1 . . . .
Ma trén Lsym = D™ 2LD2 dugc goi la normalized Laplacian matrix.
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Spectral clustering

L c4c phién ban cai tién

Random walk Laplacian

— M6t qué trinh di tu 1 dinh v; t8i dinh v; mét cach ngiu
nhién, véi xac xult 13 pij ti 1€ véi wj;, tic pjj = %.

— Ta mubn tim mot phan hoach sao cho qué trinh nay & cang
lau trong mdi cum cang tbt.
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Spectral clustering

L c4c phién ban cai tién

Random walk Laplacian

— M6t qué trinh di tu 1 dinh v; t8i dinh v; mét cach ngiu
nhién, véi xac xult 13 pij ti 1€ véi wj;, tic pjj = %.

— Ta mubn tim mot phan hoach sao cho qué trinh nay & cang
ldu trong moi cum cang tot.

— P =D W I3 ma tran luu xéc sudt va L, = | — P ciing duoc
goi la normalized Laplacian matrix.
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Spectral clustering

L c4c phién ban cai tién

Random walk Laplacian

Dinh Iy

Ta c6 ding thic

%’?) — P(A[A) + P(AIA).

Trong d6 P(A|B) Ia xéc subt dé& budc qua dinh thudc A biét dang
ding & B, véi A, B khong giao nhau.
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Spectral clustering

L c4c phién ban cai tién

Nhan xét

Khi 4p dung thuat todn, ta mubn diém gilta 2 cum khac nhau va

diém trong cling cum giong nhau.
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Spectral clustering

L c4c phién ban cai tién

Nhan xét

Khi 4p dung thuat todn, ta mubn diém gilta 2 cum khac nhau va

diém trong cling cum giong nhau.

= Unnormalized Laplacian: chi thuc hién muc tiéu 1, do |A|
khong danh gid dugc muc tiéu 2.
m Normalized Laplacian: thuc hién cd 2 muc tiéu do

W(A, A) = W(A, V) — W(A,A) = vol(A) — W(A, A).
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Spectral clustering

L c4c phién ban cai tién
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