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Loi cam on

Trudc hét, chiing toi xin gUi 15i cdm on tran trong dén véi ban t8 chic trai he Toan hoc va Ung
dung PiIMA, va cdc don vi tai tro da tao diéu kién tét nhit cho ching toi trong subt quang
thoi gian hai tuan tham gia trai. Mac du 13 ndm dau tién t6 chic online do cac nguyén nhan
khach quan, nhung cac anh chi trong ban t6 chiic da c¢b gang hét minh dé trai he cé thé dién
ra thanh céng va sudn sé. Nhing kién théic ma ching téi tich liy duoc trong 2 tuan tai trai
thuc su cé y nghia rat 16n dbi véi mbi thanh vién cla nhém, va 13 hanh tranh quy bdu cho ban
than méi ban trén con dudng theo duéi khoa hoc sau nay.

Chung téi ciing gUi 1ong biét on chan thanh nhit dén cdc anh chi mentor da nhiét tinh chi day
va dan dat ching téi trén nhiing budc dau trong cong viéc nghién ctu. Ching tdi ciing mubn
gui 16i cdm on dén cac giang vién khach moi dd mang dén cho tat ca cac ban trai sinh nhiing
kinh nghiém thiét thuc vé van dé nghién ctiu ciing nhu co hoi viéc lam sau nay.

Cudi cung xin cadm on tit ca cac ban trai sinh da cung nhau déng hanh véi ching minh trong
ky tral vira qua.

Do thdi gian hoc tap ciing nhu nghién ctiu c6 han nén nhiing thiéu sét 1a khéong thé tranh khoi.
Vi vay nhém ching em rdt mong nhan duoc su déng gép clia cic anh chi mentor ciing nhu cdc
ban dé dé tai cé thé duoc hoan chinh hon.

Tém tat noi dung

Bai bdo cdo chi yéu xoay quanh y nghia toan hoc cla thuat todn Unnormalized spectral
clustering, cdc phién ban cai tién cta né va cdc van dé lien quan nhu Similarity matrix va
Eigengap heuristic, dong thoi dua ra mot vai vi du cu thé dé minh hoa cdch van hanh cdc
phuong phap nay.
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1 MG dau

1.1 Dat van dé

O section nay, ching ta sé ban luan vé& van dé can thuat toan Spectral Clustering giai quyét.

Unsupervised learning

Trong mén May hoc ndéi chung cé hai phuong phap hoc chinh dé la unsupervised learning va
supervised learning. Thuat toan Spectral Clustering dugc trinh bay trong bai bdo cdo nay thudc
|6p phuong phap hoc unsupervised learning.

Unsupervised learning |a mét phuong phap hoc v6i muc dich tim ra ciu truc dir liéu khi khéng
c6 dau ra hay nhan cla di lieu dé. Thuat toan Spectral Clustering nam trong dang phan nhém
dir lieu sé duoc néi & phan tiép day.

Bai toan Clustering

Nhu dd néi 6 phan trudc, Spectral Clustering thudc dang phan nhém di liéu (Clustering) 12
dang bai todn gom nhém mbét tap cdc dbi tuong thda man cac dbi tuong trong cing mét nhém
(goi 1a cum, tén tiéng Anh: Cluster) sé cé tinh gibng nhau hon so v6i nhiing déi tugng khac
nhém.

Mot thuat toan phan cum phd bién la thuat toan k-means clustering ciing thuéc dang phan
cum dir liéu nhung cé mdt sbé nhuoc diém nhat dinh:

- Thuat toan dua ra mét giad dinh c6 anh hudng manh dén két qua: cdc cluster cé dang mot
khoi cau (Véi dataset la 2 vong tron dong tam thi k-means khong thé cho ra cluster nhu y).

- Ké&t qua dau ra bi anh hudng manh mé bsi nhitng diém khai tao ban dau khién cho thuat
todn phai thuc hién lai nhiéu |an dé tim ra dap an tdi uu.

Thuat toan Spectral Clustering cé nhiing tinh chat uu viét hon thuat todn k-means va cé thé
giadi quyét nhiing nhuoc diém trén. Tiép theo trong phan bdo cdo sé di sdu vao thuat todn
Spectral Clustering va cdch ma né hoat dong.

1.2 Mét sb ki hiéu dé thi

Trong toan bai bdo cdo, chiing téi st dung mot sb ki hiéu dé thi chung dugc néu dudi day su
dung cho toan bai bao cao.

Cho mot do thi don vo hudng c6 trong s G = (V, E) véi tap cac dinh V = {v;, ..., v,}. Gilia 2
dinh v; va v; bat Ki c6 canh nbi gitta chiing, canh ndi d6 dugc danh bang moét gid tri thuc khong
am w;; > 0. Tu cac gia tri w;; ta dung mot ma tran ké (adjacency matrix) W = (wj;)ij=1...n
la ma tran trong so gitta céc dinh clia dd thi. Néu w;; = 0 thi gitra 2 dinh v; va v; dugc xem
la khéng ¢6 canh ndi. Vi G la don do thi vo hudng nén ma tran ké W |a ma tran déi xting c6
dudng chéo bang khoéng.

Bac clia mdt dinh v; € V 13 mdt sb thuc d; ducc dinh nghia bang téng trong sé cic canh ndi

gitra dinh v; va cac dinh khac trong do thi. Vi ta da dinh nghia néu giita 2 dinh v; va v; khéng
c6 canh ndi thi w;; = 0 nén ta cé thé viét lai cong thiic todn hoc bac cla dinh v; nhu sau:

n
d,': E Wi;
j=1



Ma tran bac clia do thi G = (V, E) la mdt ma tran dudng chéo véi cac gid tri bac di, do, . . ., d,
nam trén dudng chéo:

d 0 ... 0
0 d ... 0
0 0 ... d,

Cho mét tap con cac dinh ctia d6 thi A C V/, ta ki hiéu phan bu V' \ A 1a A. D€ tién trong phan
viét, ching toi ki hiéu i € A cho i € {i|lv; € A}.

Chiing téi dinh nghia “trong s6” gilta 2 tap con A, B C V nhu sau:

WA B) = ) w

I€EAJEB

Thém vao dé, ching téi dinh nghia thém hai cach dé do ludng “d6 16n” clia moét tap con
A C V nhu sau:
|A| := s6 dinh trong tap con A

vol(A) := Z d;

i€EA
2 Unnormalized spectral clustering

2.1 X ly dataset

Dir liéu dau vao cla thuat toan |a cdc data points cling véi mot sb hyperparameter cu thé tuy
thudc vao loai mé hinh ngudi dung lua chon. Thuat todn lam viéc trén do thi vi thé nén ta phai
chuyén cac diém di liéu thanh mot do thi dé thuat todn lam viéc trén do thi do.

V4i mot dataset cho trudc, cé kha nhiéu cach phé bién dé chuyén dataset tir cac diém cé mbi
quan hé khoang cédch hodc giébng nhau gitia hai diém thanh mot dé thi, diém chung giia cac
cach chuyén déi 1a xem cdc diém dit liéu 13 dinh cla dé thi va cac canh thé hién mbi quan hé
gitia cac dinh dé. Muc dich cta viéc chuyén déi do thi 1a thé hién mbi quan hé gan ké gilia cac
diém dit liéu.

Khi nhac dén khai niém “do6 giéng nhau” gitta hai diém di liéu, ta cé thé dinh nghia bang bat
Ki ham nao thda man cdc diém cang gan nhau thi dd gibng nhau cang I6n, ham ducc dinh
nghia theo cach nay duoc goi la similarity function. Mt similarity function phé bién 13 Gaussian
similarity function dugc dinh nghia nhu sau:

s(.) = exp (50 )

202

Trong Gaussian similarity function c6 mét siéu tham sb6 o dung dé tuy chinh muc do gidng
nhau. Thém vao dé norm & day cling cé thé xem a siéu tham sb vi c6 thé st dung bat ki loai
norm nao tly y, thuong sé stt dung 2-norm vi cé y nghia hinh hoc la khodng cach gitia 2 diém.
Binh phuong clia norm con cé y nghia ting dé tuong phan I6n nhd cho dé gibng nhau, norm
cang I6n thi dé gibng nhau sé cang tién vé dén 0.

Sau day la mot sb similarity graph phé bién:

The e-neighborhood graph



Trong e-neighborhood graph ta nbi nhiing dinh cé khoang bé hon ¢ lai v6i nhau. Vi cac canh
dugc nbi c6 khodng cach cé thé xem nhu clung ti & (déu bé hon €) nén viéc gan trong sb
cho cac canh khéng mang lai bat ki théng tin hiu ich nao cho thuat toan. Vi thé, do thi
e-neighborhood thuong la db thi khéng trong sb.

epsilon-neighborhood graph(epsilon = 0.75)

Dic diém: Graph & hinh trén 1a moét e-neighborhood graph trén tap dii liéu tu sinh ngau nhién.
Ta cé thé thay rang viéc chon hyperparameter € moét cach hop ly va hitu dung véi dataset da
cho 1a mét viéc rat khé. V6i lua chon € = 0.75 & dataset trong hinh anh trén, viing cdc diém
nam & gitta dudc két ndi moét cach chat ché véi nhau nhung viing phia bén phai thi két ndi véi
nhau moét cich rat thua thét. Van dé nay luén xdy ra véi mét dataset gdm nhiéu viing cé “mat
dd" khac nhau.

The k-nearest neighbor graphs

Trong k-nearest neighbor graphs, ta sé nbi canh dua trén k diém gan diém dang xét nhit,
nhung diéu nay sé cé thé dan dén dd thi tao nén cé hudng, dé€ gidi quyét van dé cé huéng, ta
dé xuat 2 loai k-nearest neighbor graphs:

- k-nearest neighbor graph: Loai nay la loai théng thudng. Ta sé ndi 2 dinh v; va v; lai v6i nhau
néu v; nam trong k dinh gan v; nhat hodc v; nam trong k dinh gan v; nhit.

k-nearest neighbor graph(k=5)




Dac diém: Graph & hinh trén 1a mot k-nearest neighbor graph véi k = 5 trén cung tap di liéu.
Khac v6i e-neighborhood graph, k-nearest neighbor graph cé thé lam viéc trén mot dataset
cé nhiéu ving di lieu c6 mat do khac nhau. M3t khac, graph duoc tao theo cach nay cé thé
thé hién mbi tuong quan gitta nhitng vung di liéu cé mat dé khac nhau, vi du nhu & dataset
& hinh anh trén, vung di liéu & bén phai c6 mdt sd canh nbi véi vung di liéu & gidia cling nhu
vung dir liéu & gitra v6i vung di liéu bén trai. Tinh chit chung nay cla k-nearest neighbor
graph sé rat hitu dung trong viéc ap dung thuat todn. Doi khi k-nearest neighbor graph con
c6 thé tach cdc vung di lieu c6 mat dd day dac thanh cac thanh phan lién théng néu ching
& khoang cach vira dd xa nhau.

- Mutual k-nearest neighbor graph: Ta chi ndi canh v; va v; khi v; nam trong k dinh gan v
nhat va v; ndm trong k dinh gan v; nht.

mutual k-nearest neighbor graph(k=5)
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D3c diém: Graph & hinh trén 1a mot mutual k-nearest neighbor graph véi k = 5 trén cling
tap di liéu. Mdt mutual k-nearest neighbor graph cé thé ducc xem 1a mot su két hop gilia
e-neighborhood graph va k-nearest neighbor graph khi né chi cé thé nbi canh cac diém ndm
trong mot vung di liéu cé “mat dd” nhat dinh nhung cé thé st dung trén mot dataset gom
nhiéu vung ¢ “mat dd” khac nhau. Mutual k-nearest neighbor graph sé 1a mét lua chon tbt
néu ta mubn cdc cluster c6 dang “mat do" khac nhau gifia cic cluster.

Trong ca 2 loai k-nearest neighbor graphs, dd thi sinh ra déu la dé thi c6 trong sb va trong s6
gilta mot cap dinh c6 canh ndi 13 d6 gibng nhau giita ching cé gid tri bang similarity function
da chon.

The fully connected graph
Nhu tén goi cia minh, trong fully connected graph, moi cap dinh déu c6 mdt canh vd hudng

ndi gita ching (@ cdp dinh). Mé&i canh cla fully connected graph duoc danh trong sb bang
doé gidng nhau cla cap dinh dang xét.



Fully Connected Graph

Dic diém: Thong thusng, fully connected graph sé thuong do ludng su gibng nhau bang Gaus-
sian similarity function: s(x;, x;) = exp (—||x; — x;||?/202) véi hyperparameter o giit vai tro
tuong tu € trong e-neighborhood graph. Gilra nhiing diém gan ké nhau sé c6 canh ndi cé trong
sb tuong ddi 16n trong khi nhiing dinh xa nhau sé c6 canh ndi ¢6 trong s duong nhung dudng
nhu khéng dang ké. Thé nhung mot diém trir kha I6n 1a ma tran ké tao ra tu fully connected
graph khoéng phai 13 mét ma tran thua, din dén viéc tinh todn trén ma tran bi tang dé phtic
tap lam gidm dé hiéu qua vé thoi gian va cé thé 1a bd nhé trong thuat todan.

2.2 Mo hinh hoa bai toan
2.2.1 Bai toan t6i uu do thi

Sau khi chon mét loai similarity graph va bién dataset thanh mét dé thi cé trong sb, ta cé thé
nhin bai todn phan cum dudi géc nhin cta bai todn phan hoach dd thi. Mét cich hinh dung
don gian la ta chia cic diém theo su “gibng nhau” cta chdng. Tic 13 ta can 2 diém & 2 cum
thi khdc nhau (c6 trong sb thap), con 2 dinh trong cling 1 cum thi gidng nhau (c6 trong sb
cao). Cu thé, véi cach dinh nghia W(A, B) trong muc 1.2, bai toan phan cum tré thanh: Cho
dd thi G = (V, E) va k 1a s6 cum, ta can tim mot phan hoach (A;)%, cla V dé tbi thiéu biéu
thic

D WAL A).

O day ta g3p mot van dé chinh dé 13, do ban chat cla ham W, bai todn phan hoach trén
thuong dan dén két qua khéng nhu y mubn, cu thé 13 né sé chia do thi cia minh thanh nhiing
di€ém riéng & nhu trong Hinh 1 .

Hagen va Kahng [2] da dé xudt mot cach dé gidi quyét van dé nay, dé la yéu cau cac tap A;
phai gdm nhiéu diém, hay néi cich khac Ia cic |A;| di 16n. Cu thé ta can phai tim mot phan
hoach (A;)k, clia V dé tdi thiéu dai lugng

P=> —W(é\"i’f"). (1)

=1 ‘

Day |a bai todn tbi uu do thi.
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Hinh 1: Vi du vé phan hoach khong toi uu [6]

2.2.2 Bai toan t6i uu ma tran
Bay gid ta sé dua biéu thiic (1) vé dang tbi uu ma tran. D€ lam dugc vay thi ta can gidi thiéu
hai loai ma tradn dac biét.

Dinh nghia 2.1. Cho do thi G = (V, E) véi D, W lan luct 1a ma tran bac va ma tran ké clia
G. Khi dé unnormalized Laplacian matrix L ctia G dugc dinh nghia la

L=D-W.

Moi Laplacian matrix tir day tré vé sau déu hiéu la unnormalized Laplacian matrix trir khi cé
giai thich thém.

Dinh nghia 2.2. V6i méi phan hoach (A;)%_, cla V, ta dinh nghia k vector h; = (hy;, - -+, hp;)"
VO
—,1—, vV, € A,‘
hjy,’ = Al ’ ' (2)
0, TH khac

va H la ma trdn nhan h; lam cot tha /.

Do cac h; mang day du théng tin cta phan hoach (A;)X; nén viéc tim mot phan hoach clia V/
trd thanh viéc tim ma tran H. Vi vy tiép theo ta sé tim hiéu mot vai tinh chit cia ma tran H
(va L).

Ménh dé 2.3. Cac vector h; tao thanh hé vector truc chuan. Néi céch khdc, HTH = I.
Chiing minh. Ta c6 h;-h; = 0 do A;, A; khdng giao nhau véi i # j va hj-h; = ZjeA, 4 =1. 0O

i ‘Ail
Ménh dé 2.4. V6i moi vector v = (vq, .. ., v,)" € R" ta co:
1 n
vilv = 5 > wi(vi — ).
ij=1

Chitng minh. Ta c6 bién d6i sau

n n
vilv=viDv—vIWv = E v,-2d,-,,- — E ViV W
i=1

iJj=1
1 n n n
=5 (Z vidii = ) 2vviwi+ ) Vfdu>
i=1 iJj=1 Jj=1

n n n n n
_ 1 2 L 2ViViw: 2 .
=52 2w ViviWig Qv ) W
i=1 Jj=1 Jj=1 =1

ij=1
1 n
=52 wivi—v)*

ij=1



Nhu vay véi moi v € R” thi v Lv > 0. Két hop v6i tinh chat dbi xting cua L ta cé két qua sau.
Hé qua 2.5. L c6 n gid tri riéng 1a s6 thuc khdng am 0 < A\; < Ao < -+ < A,
Ménh dé tiép theo cho phép ching ta lién hé biéu thiic (1) véi vét cla mdt ma tran.

Ménh dé 2.6. B
W (A;, A)
Al
Tu d6 suy ra P = trace(H" LH).

= h] Lhj = [HTLH];,.

Chiing minh. Theo ménh dé 2.4 ta cé

1 1 1 1 1
hiLhi=5 > wik(hi—h)? =35> wik(—==)"+35 D> wik(———==)*
21,;1 K XA: VIAIT 2 XA: Al

keA; keA;
_WALA)
Al
Hon nira ta cling co

n

hiLh = i hibilllix = D [HT (L Hl = [HTLH], .

Jk=1 Jk=1
T hai bién déi trén ta c6 dpcm. O

Nhu vay bai todn téi uu cé thé dugc viét lai la

min trace(H" LH), H dugc dinh nghia nhu & (2).
1y--es k
Bai toadn tdi uu mdéi thu duoc tuong duong véi bai todn téi uu dé thi, va van la mot bai toan
khé. Tuy nhién néu bd di diéu kién 2 ma chi doi hdi H thoa tinh chat & 2.3 thi ta thu duoc bai
toan toi uu ma tran

min trace(H"LH), HTH = I,. (3)

HeRnxk

Dinh ly sau day cho ching ta biét dugc nghiém cla bai toan (3).

Dinh ly 2.7 ([3, Hé qua 4.3.39]). Cho L € R"™" dbi xiing c¢é n gid tri riéng 0 < A\; < --- < A\,
trng voi cac vector riéng uy, . . ., u, val < k<n. Khi do

min trace(H LH) = Ay + - + A
HT H=I,

Déu bang dat tai Hy = [uy . .. uy].

Ma tran H; chinh 1a nghiém cla bai toan tdi uu ma tran, va ciing |a nghiém bai toan do thi da
gidm diéu kién. Hay ndi cach khdc né 1a phién ban gidm diéu kién ctia ma tran H can tim.
2.3 Thuat toan Unnormalized Spectral Clustering

Ta da dua bai toan téi uu dé thi vé bai toan téi uu ma tran bang cdch don gidn bét diéu kién.
Nhu vay ta cé thé tiép can bang cach st dung k&t qua cla bai toan t&i uu ma tran 13 ma tran
H; va “xap xi nguoc lai” dé thu duoc két qua cla bai todn ban dau Ia ma tran H. Day ciing 13
y tudng cbt 16i clia thuat toan Spectral Clustering.



(Unnormalized) Spectral Clustering
D lieu dau vao 1a similarity matrix S € R™", s cum k € N.

1. Tinh Laplacian matrix L.

2. Tinh k vector riéng uq, .. ., U, Ung véi k gid tri riéng nhé nhat cia L. Goi U € R™"
la ma tran nhan u; lam cbt tha /.

3. Dung thuat todn k-means dé phan cdc y; thanh cac cum Cq, ..., Cx V6i y; la hang
thar 7/ cia U.

Dit liéu daura la Ay, -+, Ac v6i A = {vily; € C;}.

Ma tran U ma thuat toan tinh & buéc 2 chinh 1a ma tran H; xap xi H ma ta can tim. Tu dinh
nghia cla ma tran H, ta cé thé thiy rdng 2 dinh v;, v; thudc cing mét cum néu va chi néu
dong thtt / va j cla H bang nhau, hay khodng cich Euclide ctia chdng 1a 0. Nhu vay viéc st
dung k-means budéc thit 3 chinh 1a budc “xap xi nguoc lai”, nhdm chia cac dong clia U theo
khodng cach Euclidean, ttic 1a cdc diém thudc cuing mot cum thi khodng cach Euclidean nho.
Hay ndi cdch khac, ta phai bién déi nguoc lai ma tran thuc U thanh dang phan hoach roi rac
cla H can tim.

2.4 Chon dir liéu dau vao

TUu thuat todn ta ciing thiy rang chi hai yéu t6 anh hudng téi két quad cua thuat toan la
similarity matrix S va s6 cum k. Va day ciing |a hai yéu t6 ma ngudi cai dat thuat todn phai
quyét dinh trudc khi tién hanh st dung thuat toan.

Nén chon loai similarity graph nao ?

Cau tra 15i cho cau hoi nay tuy thudc vao mong mudbn clia ngudi cai dat thuat todn, néu ngudi
cai dat mudn cé duogc mdt sb tinh chit dic diém nhat dinh cla cluster thi ho sé lua chon loai
similarity graph phu hop v6i mong muén cta minh. Nhung mot cach téng quat thi néu ban
chua biét nén st dung loai similarity graph nao thi dé xuat tdét nhat dé 1a sir dung k-nearest
neighbor graph 1am lua chon dau tién vi nhiing dic di€m uu viét ma né mang lai, k-nearest
neighbor graph rat dé dé lam viéc vdi va ma tran ké tao ra tir né 1a moét ma tran thua sé gidp
ich cho viéc tim cdc eigenvalues sau nay. Theo cdc kinh nghiém thuc té dic két duoc, viéc lua
chon hyperparameter cu thé |a s6 k cho k-nearest neighbor graph 1a don gidn nhat trong sb tat
ca cac similarity graph con lai.

Chon s6 cum k

Chon sb6 cum |3 mét van dé chung cla hau hét cac thuat toan phan cum. D3 c6 nhiéu phuong
phdp dugc nghién cliu nhu phuong phap gap statistic [7], phuong phdp average silhouette [4].
Va tat nhién tit cd cac phuong phap nay déu cé thé ap dung ducc cho Spectral Clustering.
Tuy nhién c6 moét phuong phdp duoc phdat trién danh cho Spectral Clustering 1a eigengap
heuristic. Muc tiéu cta phuong phap nay la chon k sao cho A4, ..., Ak Nhd con Agyq 16n, hay
hiéu Axi1 — Ak 16n hon han cac hiéu truéc dé. Dong luc chinh cla viéc chon k nhu vay 13 dua
vao két qua quan trong sau cla spectral graph theory:.

Dinh ly 2.8. Cho G = (V, E) la db thi vé hudng va cac canh mang trong s6 khéng am. Khi do
s6 boi k cua gid tri riéng O cua Laplacian matrix L ciing chinh la s6 thanh phan lién théng cta
G.

Nhu vay trong truong hop tét nhat 13 G c6 k thanh phan lién théng thi ta mubn k thanh phan
Ay cling 1a cdc cum cta minh. Va lic dé thi Aep1 — Ak = Axq1 > 0 nhung céc hiéu A\jg; — X\ =0

8



véi | < k. Vi thé néu chon theo eigengap heuristic thi ta sé duoc két qua tbi uu. Ching téi sé
ap dung minh hoa thuat todn nay cling véi spectral clustering vao phan tiép theo.

3 Ap dung mé hinh

Ap dung Spectral Clustering vao dataset circles gém 2 hinh tron déng tam duoc |3y tir thu vién

scikit-learn.
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Ta xay dung 2 loai similarity graph la k-nearest neighbor graph véi k = 12 va fully connected
graph str dung Gaussian similarity function véi o = 0.125 thi dugc nhu hinh:

k-nearest neighbor graph (k=12)
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Tur 2 loai graph da xay dung ta tinh dugc Laplacian matrix va tinh cac gia tri riéng (eigenvalues)
clia Laplacian matrix tuong (ng:

eigenvalues eigenvalues
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Dua vao cac gia tri riéng cla k-nearest neighbor graph, ta thay rang ta cé thé phan dataset
thanh 2,6 hodc 9 cluster va ta ¢ thé thi cac gid tri d6. Con & fully connected graph, eigengap
gilta Ao va X3 khéng 16n hon cdc eigengap khac qud nhiéu do viéc st dung fully connected
graph khién |4t c3t gita 2 hinh tron cé gid tri tuong dbi 16n va eigengap heuristic khéng hiéu
qua.

Sau khi thuc hién clustering trén fully connected graph va k-nearest neighbor graph véi sb luong
cluster bang 2 ta cé cling k&t qua nhu hinh bén trdi. Ta thay rdang spectral clustering cé kha
nang phan cum nhiing cum c6 hinh dang phtc tap thay vi chi chia dugc cac cum hinh cau nhu
k-means.

Spectral Clustering K-means
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Dataset MNIST |a tap hop cac hinh anh chit s6 viét tay v6i méi anh cé kich thudc 28 x 28
pixel. M&i pixel c6 mot s6 nguyén thudc [0, 255] tugng trung cho dé dam nhat cta pixel d6 (s6

cang I6n thi mau cang dam).Ta cho rang tap dii liéu gébm x;, xo, .
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kich thudc 28 x 28.
Tu dé ta cé similarity function:

—llxi — xl?
s(xi, x;) = exp <TJF :

Véi ||x; — ;|| 1a Frobenius norm ctia ma tran x; — x;.
Dua vao cong thic trén dé tinh similarity graph va Laplacian matrix véi o = 100. Ta thuc hién
clustering va dugc két qua nhu sau(cac chii s6 cling hang thudc cling cluster):

4] M @] 4] [4]

|be]l9]

i
-

NNERNNREIES

N[ N[W][ QN[ ][+l [#]
[ M [ [3][e][O][~][=] [
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] N[ [l €[S ~][ =
(>[N [ ][ e[ Of <[~

(][ [l [ [ Ol ][] [ =] £
[AIN][ss][S[ NS [=][R][£]

[\ ] [N [N[S][e][=] e] [
BN N R R

3] 3]

Ta thiy rang do cach tinh similarity function dua vao su khac nhau gitta cac pixel & vi tri tuong
duong nhau khién két qua clustering chua dugc chinh xac(chit s6 1 duodc viét thang ding thudc
cluster khac so véi chit sb 1 viét nghiéng). Tur d6 ta thiy dugc vai tro quan trong cuta similarity
function trong Spectral clustering.

4 Phién ban cai tién
Trong phan nay ta gia st loai fully connected graph duoc dung cho similarity graph.

Nhé lai rang trong muc 2.2.1, mot giai phdp duoc dua ra dé trdnh viéc thuat toan cit cac diém
rieng 1& (va dan t6i bai toan téi uu db thi) 1a chia trong s W (A,, A;) cho sb luong diém trong
mot cum, tuc |A;|, d€ yéu cau mbi cum cé nhiéu diém. Tuy nhién ciing nhé lai rang, mét trong
nhiing muc dich cla viéc phan hoach 1a cic diém trong cing mét cum phai ¢ trong sb 16n,
nhung |A;| chi cho biét s6 diém chit khong cho biét gi vé théng tin nay. Vi thé Shi va Malik [6]
dé xudt mot cach cai tién thuat todn bang cach st dung vol(A;) thay cho |A;| dugc dinh nghia
& muc 1.2. Nhac lai, véi mbi phan hoach (A;)¥ ;| cla V ta dinh nghia

vol(A) =Y d;.

JEA;

Nhu vay bai todn do thi dugc cai tiénla: Cho db thi G = (V, E), ta can tim phan hoach (A))X,

clia V' dé tbi thiéu dai luong
k

W(A, A)
Prew = —_ 4
e 2
Véi cach lam hoan toan tuong tu nhu trong muc 2.2.2, ta ciing cé thé dua bai toan tbi uu do
thi duoc cai tién vé bai toan tbi uu ma tran bang cach don gidn bét diéu kién. Trudc hét ta
dinh nghia 2 loai normalized Laplacian matrix.
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Dinh nghia 4.1. Cho G = (V, E) c6 D, W lan luct 1a ma tran bac va ma tran ké clia G. Khi
dé symmetric Laplacian matrix va random walk Laplacian matrix dugc dinh nghia la

Leym=D"7LD3, (5)
L =D (6)

Hai normalized Laplacian matrix nay cé quan hé chdt ché véi nhau théng qua gia tri riéng va
vector riéng cla ching.

Ménh dé 4.2. Hai normalized Laplacian matrix théa man cac tinh chit sau:

1. XA la mot gid tri riéng cla L,, Ung véi vector riéng u khi va chi khi X 1a gid tri riéng cua
, . N 1
Lsym Ung véi vector riéng Dz u.

2. X la moét gia tri riéng cla L,, Ung véi vector riéng u khi va chi khi A va u la nghiém cla
phuong trinh gid tri riéng tdng quat Lu = ADu.

Chiing minh. Y (1):

Lygu=Au<s (D' u=Au< D 2Lu=AD2u<x (D 2LD 2)(D2u) = A(D?u)
& Lym(D2u) = A(D?u).

Y (2):
Lyyu=Xu<e D Lu=X ue Lu=\Du.
O]
Bay gid ta bat dau dinh nghia lai ma tran H va cac tinh chit cla né.
Dinh nghia 4.3. V&i m&i phan hoach (A;)%_; cla V, ta dinh nghia k vector h; = (hy;, -+, hpi)"
VO
Ly eA
h_]l — vol(A;) (7)
0 TH khac

va H la ma trdn nhan h; lam cot tha /.
Ménh dé 4.4. Ta c6 dang thic H' DH = I,.

Ménh dé 4.5. B
W(A;, A)
vol(A))
Tu d6 suy ra Phe,, = trace(HT LH).

=h! Lhj=[H"LH];,.

Nhu vay bai todn toi uu cé thé dugc viét lai la

,min trace(H" LH), H duoc dinh nghia nhu & (7).
1seeey k
Tuong tu ta bd di diéu kién (7) ma chi doi hoi H thoa tinh chat 6 ménh dé 4.4 va thé K = D>H
thi ta thu dudc bai toan téi vu ma tran

min trace(K' LsymK), KTK = Iy. (8)

KeRnxk
Do Lgym dbi xiing nén theo dinh ly 2.7 nghiém cta bai toan nay la Ky = [uy ... u] véi cac u;
la cac vector riéng Ung vGi k gia tri riéng nhé nhat cla Lgy,. Theo ménh dé 4.2 thi ma tran
H, = D3Kj,, phién ban gidm diéu kién clia H can tim, gdm k vector riéng (ing véi k gia tri
12



rieng nho nhat cta phuong trinh Lu = ADu. Nhu vay tir day ta c6 duoc thuadt todn Normalized
Spectral Clustering ctia Shi va Malik [6].

Normalized Spectral Clustering theo Shi va Malik
D liéu dau vao la similarity matrix S € R"™*", s6 cum k € N.

1. Tinh Laplacian matrix L.

2. Tinh k vector riéng uy, ..., uc Ung véi k gid tri rieng nhd nhat cla phuong trinh
Lu= XDu. Goi U € R™" |a ma tran nhan u; lam cot tha J.

3. Dung thuat toan k-means dé phan cdc y; thanh cac cum Cq, ..., Cx V6i y; 1a hang
thit / cia U.

Dit liu dau ra la Ay, ---, Ax v6i A = {vly; € Ci}.

7

Tuong tu nhu Unnormalized Spectral Clustering, ma tran U 1a ma tran H; va budc k-means dé
chuyén H,; vé dang roi rac phan hoach cta ma tran H can tim.

Thuat toan cai tién cé thuc su tét hon ?

Ta nhac lai 2 muc dich clta viéc phan cum trén similarity graph 1a: trong sb gilta cdc cum khac
nhau thap va trong sb trong cuing mét cum cao. C3 hai thuat todn Unnormalized va Normalized
déu thuc hién muc dich dau tién do st dung ham W(A, A) trong ham can t6i thiéu. Tuy nhién,
chi c6 Normalized spectral clustering thuc hién muc tiéu thi hai, cu thé

W(A, A) = W(A,V) — W(A, A) = vol(A) — W(A, A).

Néu ta tbi thiu Ppe, cling déng nghia 1a ta mudn W (A, A) nho con vol(A) 16n, tic 1a W (A, A)
hay trong sb trong cing mét cum I16n. Con dai luong |A| khéng danh gid dugc muc tiéu nay vi
mot cum cé thé cé nhiéu diém nhung chua chic cac canh gita chiing da cé trong sb 16n.

5 KEét luan

Nhu vay, ching ta c6 thé thiy Spectral Clustering |a moét cach tiép can phd bién va hitu dung
cho bai todn phan nhém dit liéu vi cé nhitng uu diém nhu:

- Phan cum duoc dataset dua trén dod két nbi cta cac diém trong cung mét cluster thay vi cac
cluster cé dang mdt khéi cau nhu k-means clustering.

- Khéng can chay nhiéu lan budc khdi tao thuat todn nhu k-means clustering, diéu nay khién
cho két qua khéng bi anh hudng bsi budc khai tao va gitp cho téc dé thuat toan nhanh hon.

Tuy vay, khi sir dung thuat toan, ta can phai chi y mét vai van dé tiém nang nhu:

- D6 hiéu qua cla thuat todn phu thudc nhiéu vao cach ching ta chon hyperparameter va
similarity graph.

- Cac Laplacian matrix cang dense thi viéc tinh cac gia tri riéng va vector riéng sé lau hon, anh
hudng dén téc do cla thuat todn.

Tém lai, thuat todn Spectral Clustering la mot thuat todn manh, cé thé dung duoc cho nhiéu
truong hop khdc nhau, tuy nhién né ciing can dudc dp dung mot cach can than.
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